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Abstract

This paper presents a model of business cycles driven by shocks to
consumers’ expectations regarding aggregate productivity. Agents are hit
by heterogeneous productivity shocks, they observe their own productiv-
ity and a noisy public signal regarding aggregate productivity. The shock
to this public signal, or "news shock", has the features of an aggregate
demand shock: it increases output, employment and inflation in the short
run and has no effects in the long run. The dynamics of the economy
following an aggregate productivity shock are also affected by the pres-
ence of imperfect information: after a productivity shock output adjusts
gradually to its higher long run level, and there is a temporary negative
effect on inflation and employment.

The fraction of short run fluctuations explained by the news shocks is
increasing in the level of idiosyncratic noise and is non-monotone in the
precision of the public signal. For relatively high levels of idiosyncratic
uncertainty news shocks can generate realistic levels of short-run volatility.
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1 Introduction
This paper analyzes business cycle fluctuations in an economy where consumers
have imperfect information regarding the level of aggregate productivity. The
model formalizes the old idea that business cycles are driven by changes in
consumers’ expectations. In particular, it formalizes the idea that changes in
consumers’ expectations can generate fluctuations in expenditure that drive
output temporarily away from a natural equilibrium path entirely determined
by tastes and technology. In this view cyclical fluctuations in employment and
inflation are associated to these temporary deviations of output from the natural
path.
In dynamic stochastic general equilibrium models cyclical fluctuations can

be driven by a variety of shocks: technology shocks, preference shocks, shocks to
public expenditure, and so on. In these models consumers’ expectations move
together with aggregate variables but do not provide an independent source
of fluctuations. In recent work, Danthine and Donaldson (1998) and Beaudry
and Portier (2001, 2004) have studied equilibrium models where changes in ex-
pectations regarding future productivity have real effects on output. However,
equilibrium models of this type tend to generate a negative correlation between
consumption and investment and between consumption and labor supply fol-
lowing "news shocks". In a standard model of stochastic growth news regarding
future productivity induce workers to postpone labor effort and to dissave to
finance a current increase in consumption. To overcome this problem one can
construct models with embodied technical change or with limited transformation
between consumption and investment. In models of this type a future increase
in productivity can indeed generate an increase in investment and labor supply.
However, in this case consumption now drops following a positive expectations
shock1.

An alternative role for shocks to expectations arises in models with increasing
returns and multiple equilibria2 . In models with multiple equilibria changes in
expectations can clearly generate positive commovement between consumption,
investment and employment. However, in an important dimension models with
increasing returns are similar to models with exogenous productivity shocks: a
boom is always associated to a contemporaneous increase in total factor pro-
ductivity and the incentive to work more during booms is fully captured by
the corresponding shift in labor productivity3. This contrasts with the recent
observation by Hall (1997) that a large fraction of business cycle fluctuations
seems to be accounted for by shocks that resemble shifts in the marginal rate
of substitution between consumption and leisure rather than by shocks to labor

1See the thorough discussion in Section 6 of Beaudry and Portier (2004). It is possible to
write down models with some type of non-separability of consumption across time such that
an increase in future profitability raises both consumption and investment. Whether models
of this type can lead to a realistic account of expectation-driven cycles is an open question.

2Early contributions to this vast literature are e.g. Kiyotaki (1988) and Benhabib and
Farmer (1994).

3 See Murphy et al. (1989).

2



productivity.4 Therefore, we still lack a theoretical account of cycles due to
shifts in consumers’ expectations where the output and employment response is
not driven by a contemporaneous increase in labor productivity.
This paper shows that introducing imperfect information about aggregate

productivity in a dynamic equilibrium model it is possible to study consumers’
expectations as an independent source of fluctuations. In this context, a positive
shock to consumers’ expectations tends to increase consumption, employment
and inflation. The central point of the paper is that aggregate uncertainty about
persistent productivity shocks can generate short-run dynamics that are very
different from the long-run dynamics of the model. For example, in our model
a permanent productivity shock will have no effects on current employment if
it is perfectly observed. With imperfect information, however, agents will take
time to learn the new productivity level, output will adjust gradually to the new
productivity level and employment will temporarily decrease.
The mechanism we propose requires some type of friction on the supply

side, so that realized output can deviate temporarily from average productivity
without triggering an immediate price adjustment. It turns out that the same
informational imperfection that generates expectations’ shock on the demand
side introduces sluggish price adjustment on the supply side. The mechanism
on the supply side is analogous to the mechanism proposed by Phelps (1969)
and Lucas (1972) to analyze money non-neutrality.
The paper considers an island economy with local productivity shocks and

imperfect information. Each agent observes the productivity shock in his own
island and a noisy public signal of the aggregate productivity shock. The pres-
ence of a noisy public signal plays a crucial role because it leads agents to make
coordinated mistakes regarding the level of aggregate productivity. The shock
in the public signal, or "news shock", moves agents’ expectations independently
of movements in real productivity. Following a news shock average productiv-
ity remains constant. However, the average producer believes that productivity
has increased in other sectors, moving up the demand for his own good. He
responds by increasing his spending, increasing his target level of employment
and trying to increase the relative price of his good. This generates an increase
in output, in hours worked and in the price level.
The presence of imperfect information also changes the response of the econ-

omy to an aggregate productivity shock. In particular a permanent productivity
shock has a less than proportional effect on output in the short run and a tem-
porary negative effect on employment and inflation. Following a productivity
shock agents’ expectations regarding aggregate productivity increases less than
one-for-one with productivity itself. The average producer believes that pro-
ductivity has increased less in the other sectors than in his own. He responds
by increasing his spending less than his productivity, decreasing his target level
of employment and trying to decrease the relative price of his good. This re-
duces aggregate employment and nominal prices. The negative effect of perma-

4Recent estimated DSGE models, such as Smets and Wouters (2003), also tend to at-
tribute a sizeable fraction of output volatility to preference shocks that induce changes on the
consumption-leisure margin.
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nent productivity shocks on employment is consistent with the evidence in Gali
(1999) and in Francis and Ramey (2002).5 The latter result, i.e. the fact that
with imperfect information a positive productivity shock can have temporary
negative effects on employment, has been independently derived in a paper by
Kawamoto (2004).
The current paper is related to various strands of literature. First, it is

related to the early rational expectations models of the 70s and 80s that focused
on monetary shocks, in particular Lucas (1975) and Grossman and Weiss (1982).
We have already mentioned the relation with Lucas work and we will return to
it later. Grossman and Weiss (1982) first emphasized the role of imperfect
information regarding aggregate productivity shocks, although in a different
framework that focuses on investment and the credit market. In their model
agents have imperfect information regarding the productivity of capital, and
the nominal interest rate provides an imperfect signal about it. Their paper
shows that when agents look at the nominal interest rate to draw inference
about the marginal product of capital, investment will be responsive to shocks
on the money market. In this framework shifts in inflation expectations can
affect investment and activity through their effect on the nominal interest rate.
The role of imperfect information and higher order expectations in games

with strategic complementarity has been recently analyzed in a number of the-
oretical and applied papers. In particular Morris and Shin (2002) and Allen,
Morris and Shin (2004) have shown that the presence of strategic complementar-
ities amplifies the effect of public information and slows down the adjustment
of aggregate variables towards their "fundamental" value. Woodford (2002)
shows the link between this literature and the Phelps-Lucas approach to the
study of price adjustment. The link has been further studied by Hellwig (2002)
who emphasizes that the presence of a public signal regarding monetary policy
shocks can have ambiguous effects since it can help agents to coordinate their
mistakes. The main difference between our setup and the setup of Woodford
(2002) and Hellwig (2002) is that we consider imperfect information regarding
productivity shocks rather than money supply shocks. This is an important
distinction because the pricing decisions of individual agents depend directly on
their realized productivity. Therefore, in this context the price level is not an
additional noisy signal of the level of the aggregate shock. Rather, it reflects
the average expectation error in the economy regarding the aggregate shock,
given that prices depends positively on expected productivity and negatively on
realized productivity. This means two things. First, that we obtain opposite
price responses to the news shock and to the productivity shock. Second, that
prices are very informative signals, since they reflect the average error in agents
expectations. This means, in particular, that we have to add considerable idio-
syncratic noise to the model in order to reduce the speed of learning of the
agents in the economy.
The fact that the information contained in prices is used to evaluate the

"gap" between realized output and underlying productivity shows the connec-

5See Chrisitano, Eichenbaum and Vigfusson (2003) for a critical view on this evidence.
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tion between the current paper and a different strand of literature. Namely, the
literature on monetary policy with imperfect information. In recent work Aoki
(2005), Svensson and Woodford (2003, 2005) and Reis (2003) have considered
sticky price models where the monetary authority has imperfect information re-
garding macroeconomic fundamentals. In those papers the monetary authority
uses its observation of current inflation to make inferences on the "natural" level
of output (or employment). In our paper the same inference problem is faced
by each agent in the economy. As agents observe past output and inflation they
update their beliefs regarding productivity and they converge towards the full
information equilibrium.

2 The model

2.1 Setup

Preferences and technology. The model is a version of a Dixit-Stiglitz model
of monopolistic competition with heterogeneous productivity shocks. Consider
an economy with a continuum of islands indexed by i ∈ [0, 1]. On each island
there is a continuum of infinitely lived households indexed by k ∈ [0, 1]. Each
household is composed of two agents, a consumer and a producer.
There are two type of commodities. A durable good, H, and a continuum of

perishable specialized goods indexed by island and by household. The durable
good can be transported across islands and will take the role of commodity
money, as it will be used both as the medium of exchange and as the numeraire.
Each period t the consumers from island i travel to a finite set of m islands

randomly drawn. They can carry good H with them and exchange it for the
goods produced in the island they visit. The assignment of consumers to islands
is a uniform random draw from the set of assignments such that each island is
visited by a unit mass of consumers coming from m islands. Therefore, the mar-
ginal probability of traveling to any other island is uniform for each consumer,
and the marginal probability of selling to consumers from any other island is
uniform for each producer. The set of islands visited by the consumers from
island i is denoted by Bit.

Household preferences are represented by the utility function

E

" ∞X
t=0

βt
µ
logCit + α lnXit +

1

1 + η
N1+η
it

¶#
,

where Cit is a composite good defined below –which aggregates the specialized
goods produced on the islands in Bit–, Xit is consumption of services from
the durable good H and Nit is hours worked in the production of good i. All
households on island i are identical. Therefore, whenever possible we save on
notation and use only the island subscript i.
The composite consumption good is a standard CES aggregate including all
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the varieties produced in the islands visited in period t

Cit =

⎛⎝X
j∈Bit

Z
C

σ−1
σ

ijkt dk

⎞⎠ σ
σ−1

,

with σ > 1, where Cijkt is the consumption of the good produced on island j
by producer k.
The production function on island i is linear and is given by

Yit = AitNit.

where Ait is productivity on island i. Different islands receive different pro-
ductivity shocks. The productivity parameters Ait are the crucial source of
uncertainty in this economy.
We can describe good H as "hens". Each period the household has an

initial endowment of Hit hens. Consumers travel with the entire stock Hit to
the islands in Bit. They transfer Hit−Xit hens to the local producers. The rest
of the hens, Xit, travels back with the consumers and on the return trip produces
a flow of services that is immediately consumed ("eggs"). The Hit −Xit hens
transferred to the producers do not produce a flow of services at date t6. At
the end of the period household i has a stock Ĥit of hens. Hens on island i
reproduce at the rate Rit+1 between period t and t + 1, so the stock of hens
next period is

Hit+1 = Rit+1Ĥit.

The rate of return Rit is random and island specific. We will discuss its role
below.

Uncertainty and information. At the beginning of each period t all
agents in island i observe the productivity level Ait and the rate of return Rit.
Let ait denotes the log of Ait. Island i productivity ait has two components: an
aggregate component at and an island-specific component it:

ait = −1
2
σ2 + at + it

The aggregate component at follows the random walk7

at = at−1 + ut

where ut is an aggregate productivity shock. The log rate of return rit = logRit

also has two components, one aggregate and one island-specific

rit = −1
2
σ2v + rt + vit.

6That is, when hens change owner they do not make eggs for one period. The role of this
assumption is to make sure that the cash-in-advance constraint in the trading stage is never
binding.

7 It is straightforward to add a deterministic component to the growth process. To save on
notation we normalize it to zero.
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The aggregate component rt is given by

rt = ut.

This means that the aggregate rate of return rt is perfectly correlated with the
innovation in the aggregate productivity of the specialized goods sector8. The
role of this assumption is to ensure that the stock of H grows, exogenously,
at the same rate as average productivity. This ensures that the price level Pt
is stationary. The advantage of this assumption is that it allows the stock of
the medium of exchange to adjust to output automatically in a simple real
model. This happens without the intervention of a money authority with su-
perior knowledge and without breaking the informational heterogeneity in the
model. As we will see, in the full information case this assumption will imply a
constant price level. In the case of imperfect information, on the other hand, all
fluctuations in the price level will be associated to endogenous changes in the
velocity of money.
The cross sectional distribution of the it and vit satisfies:Z 1

0
itdi =

Z 1

0

vitdi = 0.

At the beginning of each period agents observe a public signal regarding
current aggregate productivity. The signal st is given by

st = at + et.

The noise in the public signal et will be the source of autonomous shifts in
consumers’ expectations.
Let Pit denote the vector of the prices of the goods purchased by consumer

i at date t,
Pit = {Pjt}j∈Bit .

Agents in island i can observe the following variables: the local productivity
ait, the local rate of return rit, the public signal st, the price vector Pit and the
quantity of the good sold Yit. In the next paragraphs we will be more specific
about the timing of the information flows.
The aggregate shocks in this economy are represented by the productivity

shock ut and the news shock et. These shocks are independent and serially
uncorrelated Gaussian random variables with zero mean and variances

¡
σ2u, σ

2
e

¢
.

The island-specific shocks are also Gaussian, with zero mean and variances¡
σ2, σ2v

¢
. The island-specific shocks are independent across islands for each

finite sample of islands, they are also serially uncorrelated and independent of
the aggregate shocks.

8The average expected return on the durable good is e
1
2σ

2
u . Adding a constant one would

get an average return er0+
1
2
σ2u . The effect of the constant r0 is to introduce a nonstochastic

trend in the money to output ratio and thus a drift in the price level. For simplicity, we let
r0 = 0.
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Trading. The only type of trades allowed in this economy are spot trades
and the only good that can be transported across islands is good H. Let us
describe in detail the trading sequence and the information flows in this economy.
At the beginning of period t, all agents in the young household i observe the
productivity ait, the public signal st and the rate of return rit. Then, the
producer sets the price Pit and stands ready to deliver any quantity of the
specialized good at that price9. This is called the "pricing stage".
After prices are set the consumer travels to the islands in Bit and observes

the prices of the specialized goods produced in those islands. Let these prices
be denoted by the vector Pit = {Pjt}j∈Bit . Then, he exchanges good H for
specialized goods. Then, he consumes the vector {Cijt}j∈Bit and the services
Xit of the durable not used for transactions, where

Xit = Hit −
X
j∈Bit

PjtCijt.

This is called the "trading stage." Consumers do not communicate with pro-
ducers during the trading stage, so consumers do not know the quantity sold in
the home island when they are making their spending decisions.
At the end of the day, the consumer returns and observes the quantity sold

Yit and the total revenues PitYit. The end of period stock of H is Xit + PitYit.
Thus we can write the law of motion for the stock of H of household i as

Hit+1 = Rit+1

Ã
Hit + PitYit −

X
l∈Bit

PltCilt

!
.

Aggregating across agents, using market clearing on the goods markets and
using the fact that the individual rate of return shocks are i.i.d. one obtains the
law of motion for the aggregate stock of H

Ht+1 = Rt+1Ht.

The pattern of trade across islands is represented in Figure 1.

The crucial ingredients of this setup are three: the presence of unobservable
aggregate productivity, the presence of partially revealing prices and quantities,
the presence of variable velocity in the circulation of the medium of exchange.
The island structure of the model is constructed to obtain the first two features.
The latter feature is necessary if we want to study demand driven fluctuations
that are not caused by monetary policy shocks. The presence of a durable good
that can be used either for trading or for direct consumption allows us to have
variable velocity in a simple framework with commodity money.

9To be more precise let producers set a maximum supply Y it, satisfy any demand in£
0, Y it

¤
, and adopt some rationing rule if demand exceeds Y it. As usual in models of price

setting we assume that the size of the shocks is small enough that the demand for good i is
always smaller than Y it in equilibrium.
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Consumer and 
producer  
observe st and ait. 
Set price Pit. 

Consumer spend 
ititCP  

Consumers spend 
PitYit Island i 

Islands that buy in i at t 

Islands that sell to i at t 

Final balance 
ititititit CPYPH −+  

Figure 1: Timeline.

Before defining a competitive equilibrium it is useful to describe more for-
mally the information available to market participants. Producer i makes
his pricing decision based on the information in IIit={At

i, R
t
i,P

t−1
i , Y t−1

i , st}10 .
Consumer i observes the prices of the goods in Bit and makes his consump-
tion decision based on IIIit = {At

i, R
t
i,P

t
i, Y

t−1
i , st}. We will use the following

notation for agents expectations at the pricing stage and at the trading stage:

EI
it [.] = E [.|I∗it]

EII
it [.] = E [.|Iit]

Also, we will use the following notation for the cross sectional averages of the
first order expectations of any variable xt+s

xIt+s|t =

Z
EI
it [xt+s] di

xIIt+s|t =

Z
EII
it [xt+s] di.

10We use the notation Xt = {Xt, Xt−1, ...}.
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2.2 Rational Expectations Equilibrium

Consider a consumer from island j shopping on island i. Given his level of
consumption Cjt his demand for each good k will be

Cjikt =

µ
Pikt

P jt

¶−σ
Cjt

where the price index for island j, P jt, is defined11 as

P jt = m−
1

1−σ

⎛⎝X
l∈Bjt

P 1−σlt

⎞⎠ 1
1−σ

. (1)

Therefore, the demand faced by the producer of good i at date t is given by

Yikt = P−σikt

1

m

X
j:i∈Bjt

CjtP
σ
jt

which aggregates the demand of all consumers shopping on island i at date t.

A symmetric rational expectations equilibrium is defined by two stochastic
processes Pit and Cit that satisfy

Pit = Pt
¡IIit¢ (2)

Cit = Ct

¡IIIit ¢ (3)

such that Pit and Cit maximize household i expected utility subject to the
constraints

Yit = P−σit

1

m

X
j:i∈Bjt

CjtP
σ
jt

Yit = AitNit

Xit = Hit − P itCit

Hit+1 = Rit+1

¡
Hit − P itCit + PitYit

¢
under the measurability constraints implicit in (2)and (3) and where the prices
in P it and P jt are taken as given.
The price Pit enters the index P jt for each j visiting island i at date t.

Nonetheless, each producer in island i takes P jt as given, as Pikt has a negligible
effect on Pit. The assumption of a continuum of monopolists on island i, together
with the assumption of an isoelastic demand function, implies that the pricing
decision of agent (k, i) has no effect on the information revealed by the sales
Yikt. For any Pikt chosen by agent (k, i) the variable YiktP

σ
ikt is a sufficient

11To simplify notation we use the fact that all prices in island i are identical in equilibrium.
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statistic for all the information revealed by Yikt and its informational content
is independent of the Pikt chosen. This eliminates any experimentation motive
from the price-setting problem of the monopolist.12

The economy-wide price and quantity indices are defined as

Pt =

µZ
P 1−σit di

¶ 1
1−σ

,

Yt =

R
PitYitdi

Pt
.

In a symmetric equilibrium the state Zt = (at, st) = {at, st, at−1, st−1, ...a0, s0}
is sufficient to characterize the aggregate behavior of the economy. In partic-
ular for a given state Zt it is possible to derive the conditional distribution of
past prices Pjt−s and quantities Cjt−s for s ≥ 0. Using that distribution and
the observed prices and quantities a Bayesian agent can derive the posterior
distribution of the state Zt. Then, using the equilibrium functions Pt (.) and
Ct (.) he can derive the distribution of prices and quantities at all future nodes.
Since the assignment of consumers to islands is uniformly drawn every period,
this is all the information needed by agent i. Therefore, in the pricing stage
the decision problem of agent i depends only on his current productivity Ait his
wealth Hit and his beliefs regarding the aggregate state Zt, described by the
CDF F I

it. In the trading stage, his decision problem depends on Ait,Hit, the
own price Pit, the price index P it and his beliefs on Zt, described by the CDF
F II
it . Therefore, the own price is a function of the state vector

¡
Ait,Hit, F

I
it

¢
and optimal consumption is a function of

¡
Ait,Hit, P it, F

I
it, F

II
it

¢
.

A symmetric equilibrium can be described in a recursive fashion by two
functions P and C such that

Pit = Pt
¡
Ait,Hit, F

I
it

¢
Cit = Ct

¡
Ait,Hit, P it, F

I
it, F

II
it

¢
The updating of the beliefs from F I

it to F
II
it is based on the observation of the

price index P it in the trading stage. The updating from F II
it to F I

it+1 is based
on the observation of the quantity sold Yit and of the exogenous signals ait, rit
and st.
In the following we will study a log-linear approximation of the agents deci-

sion rules. In a log-linear approximation only the first moments of F I
it and F II

it

will enter the agents decision rule. This enormously simplifies the analysis of
the model.
The equilibrium construction above can be extended to define a stochastic

steady state. To do that one replaces the state Zt with the infinite dimensional
vector {at, st, at−1, st−1, ...} and eliminates the time subscript in P and C. In
12 Indeed, this is the main reason to introduce a continuum of monopolists on each island.

Thanks to Giuseppe Moscarini for helping me clarify this point.
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this way we have a representation of the equilibrium that is recursive and time
invariant. In this paper we take a constructive approach, assume the existence
of a stochastic steady state and proceed to analyze a linear approximation to
steady state behavior. Therefore, from the next section onward Zt will always
be understood as an infinite dimensional vector.

3 Linear Equilibrium
In this section we give a general characterization of a linear equilibrium that
approximates the stochastic steady state defined in the previous section and we
describe a method to compute the linear equilibrium. This section is mostly
methodological and sets the stage for the analysis in next section. We charac-
terize optimal household behavior in pricing and consumption. The objective
is to derive an equilibrium relation between current aggregate variables (price
level and consumption) and the average first order expectations of current and
future aggregate variables. Given a conjecture for equilibrium behavior one can
derive the informational content of prices and quantities, construct the average
expectations of aggregate variables and verify that they satisfy that equilibrium
relation.
The choice of a linear approximation is dictated by the presence of imperfect

information. When agents use linear decision rules individual consumption and
prices only depend on the first moments of agents’ beliefs. Also, when agents
use linear decision rules the information revealed by other agents’ action can
be incorporated into agents beliefs using simple filtering techniques. Finally,
when agents use linear decision rules all idiosyncratic shocks wash out when
aggregating across individuals. In sum, linearity is useful for three reasons: to
simplify the state space for individual decision rules (only first order beliefs
matter), to simplify the inference problem faced by each individual, and to
simplify the aggregation of individual decision rules.
In a linear equilibrium aggregate output and prices, yt and pt,13 are linear

functions of the aggregate state Zt given by

pt = φZt (4)

yt = ψZt (5)

where φ and ψ are two vectors of coefficients (the constant terms are omitted to
save notation). The solution of the model requires solving a fixed point problem
to find coefficients φ and ψ that are consistent with optimal behavior and with
rational equilibrium beliefs.14

13We adopt the convention that lowercase variables represent the logarithm of the corre-
sponding uppercase variables.
14Notice that Yt, and all quantity variables are non-stationary. Therefore, when we take

a log-linear approximation we need to normalize all quantity variables by At . E.g. we set
ĉit = ln (Cit/At) and then we recover cit = at + ĉit. However, with imperfect information
agents do not observe At. This means that, for example, in the consumer first order conditions
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3.1 Optimality

The first order condition for price setting on island i is

EI
it

∙
1

P itCit

Yit − σ

σ − 1
1

Ait

µ
Yit
Ait

¶η
Yit
Pit

¸
= 0 (6)

where

Yit = P−σit

1

m

X
j:i∈Bjt

CjtP
σ

jt

P jt = m−
1

1−σ

⎛⎝X
l∈Bjt

P 1−σlt

⎞⎠ 1
1−σ

When setting the price Pit the producer has to form expectations regarding the
prices set on the other islands for two reasons: because they determine the prices
of the goods bought by the home consumer i (which enter P it) and because they
determine the prices of the goods competing with good i (i.e. the prices which
enter P jt).
The Euler equation for consumption is

1

P itCit

= α
1

Hit − P itCit

+ βEII
it

∙
Rit+1

P it+1Cit+1

¸
(7)

which is a familiar expression for the optimal accumulation of a durable good.
Since the durable good is the numeraire its price in terms of consumption is
equal to 1/P it.

3.2 Benchmark

A simple benchmark case which can be solved analytically is the case of no
heterogeneity

¡
σ2 = σ2v = 0

¢
. In the case of no heterogeneity the economy boils

down to an economy with a representative consumer who has full information
about current productivity. In this case employment and prices are constant
and given by

N =

µ
σ − 1
σ

¶ 1
1+η

P =
1− β

1− β + α

H0

A0

we will have Eit [ĉit] and
Eit [ĉit] 6= ĉit.

Therefore, to recover agents’ decision rules we go back to non-normalized variables, e.g. using
the substitution

Eit [ĉit] = cit −Eit [ait] .

For ease of exposition, we report directly the expressions involving non-normalized variables.
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where H0 is the initial stock of good H and A0 is the initial level of productivity.
Consumption is stochastic and is proportional to the productivity level At

Ct = AtN .

In this benchmark economy the signal st clearly has no role. Moreover, given
our specification of the utility function and the fact that there is no capital
productivity shocks have no effect on employment, not even in the short run.
The intertemporal channel by which productivity shocks can have short run
effects on employment are well understood from the RBC literature. In this
model that channel is muted. This allows us to study in insulation the effect of
imperfect information on the cyclical behavior of employment.

3.3 Individual behavior

As a first step to characterize the equilibrium we characterize optimal individual
behavior. Consider a household that takes as given the aggregate relations (4),
(5) and the exogenous law of motion for the aggregate state:

Zt = AZt−1 +B

µ
ut
et

¶
(8)

where the matrices A and B are given by the exogenous stochastic process for
at and st.
In a linear equilibrium the functions P and C describing individual behavior

are replaced by the linear functions

pit = qhhit + qaait + qzE
I
it [Zt] , (9)

cit = bhhit + baait + bppit + bIzE
I
it [Zt] + bIIz EII

it [Zt] . (10)

that only depend on the first moments of agents’ beliefs.
Log-linearizing the monopolist first order condition one gets

pit = EI
it [pit] +EI

it [cit − ait] + ηEI
it [yit − ait] , (11)

where the demand curve of the monopolist and the price index are

yit = −σpit + 1

m

X
j:i∈Bjt

¡
cjt + σpjt

¢
,

pjt =
1

m

X
l∈Bjt

plt.

The pricing equation (11) says that agents set their expected relative price
pit − EI

it [pit] based on their productivity ait and on their expected marginal
rate of substitution between consumption and leisure, which depends on their
consumption cit and on their labor supply (yit − ait).
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Similarly, one can take a log-linear approximation of the consumer first order
condition and the law of motion for the durable to get

pit + cit = (1− δ)hit + δEII
it

£
pit+1 + cit+1

¤
, (12)

hit+1 = hit + θ (pit + yit − pit − cit) + rit+1, (13)

where δ and θ are two constants given by

δ =
αβ

α+ (1− β)
2 ,

θ =
1− β

α+ 1− β
.

To characterize individual behavior we need to find the vector of coefficients
q and b in (9) and (10) that satisfy the optimality conditions (11), (12) and
(13). This vector can be found applying the method of undetermined coefficients
described in the Appendix.
For the economic interpretation of the model it will be useful to have the

following result:

Lemma 1 Optimal expenditure pit + cit can be written as a linear function

pit + cit = (1− λ)hit + λWit.

where Wit is expected permanent income defined as:

Wit = (1− µ)
∞X
j=0

µjEII
it [pit+1 + yit+j ]

where λ is the elasticity of expenditure with respect to permanent income and µ
is an adjusted discount factor, and λ, µ ∈ (0, 1).

The derivation of this lemma and the expressions for λ and µ are in Appendix
A. Notice that we have defined total expenditure including only the consumption
of the specialized goods, therefore the elasticity of expenditure with respect to
permanent income, λ, is smaller than one, since a fraction of permanent income
is allocated to the services of the durable good.

3.4 Learning and aggregation

In this way we have derived optimal individual behavior as a function solely
of individual shocks and of expectations regarding aggregate variables. Two
additional steps are needed in order to completely characterize an equilibrium.
First, we need to solve the inference problem of the individual agent in order to
determine the private expectations. Second, we need to aggregate the individual
rules to derive the aggregate behavior of prices and quantities and define a fixed
point in terms of ψ and φ.
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The learning problem of the individual agent can be solved recursively using
the Kalman filter. It is convenient to divide the filtering problem in three stages.
The first two stages correspond to the pricing and spending stages I and II
described above. The last stage correspond to the moment when consumers
return home and observe the quantity sold at the end of period t. We denote
end of period expectations as Eit [.].

First, agents observe the exogenous signals

Sit =

⎛⎝ ait
vit
st

⎞⎠ .

Next, they observe the prices in the islands they visit. The information con-
tained in these prices can be summarized by the price index pit. Finally, they
observe the quantity sold. Given that they know the selling price pit on their
own island (given that all producers on island i are identical) the quantity sold
is a signal for the intercept of the demand curve for the composite good pro-
duced on island i. This intercept is denoted by qit. The cross-sectional variance
of qit is due to two factors. First, the demand is random due to the dispersion
of the characteristics of the consumers in visiting island i: their expectations,
their productivity shocks ajt, their real balances hjt. Second, the demand is
random due to the dispersion of the prices of the goods competing with island
i producers.
The relation between the signals Sit, pit and qit and the aggregate state is

summarized by the relations:

Sit = GZt + F ( it, vit)
0

pit = QZt + ζit
qit = RZt + ηit

The expressions for the matrices G,F,Q and R and the full derivation of the
quantity index qit are in the Appendix B. Notice that the variances of the shocks
ζit and ηit are not exogenous, as they depend on the cross-sectional dispersion of
prices and consumption levels. Therefore, determining values for the variances
σ2ζ and σ2η is part of the fixed point problem. The derivation of the cross-
sectional dispersion of prices and quantities is lengthy and not central to the
argument of the paper, thus it is relegated to Appendix B.
The second step is to aggregate individual behavior and to obtain a fixed

point condition involving φ and ψ. Aggregating (9) and (10) one obtains an
expression for pt and yt that includes the average expectations for the state
variable. This average expectations can be expressed as

Zt|t =
Z

Eit [Zt] di

with similar expressions for expectations at stages I and II. Using the recursive
expressions for individual expectations derived from the Kalman filter one can
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write a recursive condition for the average expectations of the form

Zt|t = D1Zt−1|t−1 +D2Zt.

One can solve this recursive condition backward and express Zt|t in terms of
Zt, Zt−1, .... Given that Zt is an infinite dimensional vector one can define a
matrix Ξ such that

Zt|t = ΞZt. (14)

Analogous expressions can be found for ZI
t|t and ZII

t|t . Clearly, in the numerical
implementation we need to truncate the vector Zt and use an approximation.
Aggregating the individual pricing and consumption rule and substituting

for the average expectations of Zt one obtains the conditions

pt =
£
(qh + qa) e1 + qzΞ

I
¤
Zt

yt =
£
(bh + ba) e1 + bpφ+ bIzΞ

I + bIIz Ξ
I
¤
Zt

where e1 is the vector (1, 0, 0, ...). Let

φ0 = (qh + qa) e1 + qzΞ
I

ψ0 = (bh + ba) e1 + bpφ+ bIzΞ
I + bIIz Ξ

I

and recall that the expressions for the coefficients b and q and the matrices Ξ
are function of the coefficients ψ and φ conjectured by the agents. Therefore we
have defined a map T : µ

φ0

ψ0

¶
= T

µµ
φ
ψ

¶¶
.

A linear approximation to a stochastic steady state is found by finding a fixed
point of the map T . The computational method we use for the numerical analy-
sis is simply an iteration method based on the map T . The details are in
Appendix B.

4 News shocks, prices and output

4.1 Full information

In this section we consider two special cases to illustrate the basic mechanisms
of the model. In these cases the linear equilibrium can be solved analytically.
First, consider the case of full information. Suppose that agents can observe all
the shocks in the economy, private and aggregate. In this case equation (11)
boils down to

pit = pit + cit − (1 + η) ait + ηyit,

that can be aggregated to

0 = (1 + η) (yt − at) ,

17



and gives
yt = at.

Notice that this result comes only from the pricing equation. When prices are
fully observed output and employment in this economy are fully determined by
the supply side of the model and are completely independent of demand and
price dynamics.
Given that the expectations are identical across consumers the Euler equa-

tion can also be aggregated to obtain

pt + at = (1− δ) at + δEt [pt+1 + at+1] ,

using Et [at+1] = at and solving forward one finds the unique non-explosive path
for pt

pt = 0,

the price level is constant and equal to its steady state level.
Therefore, under full information the economy displays –to a first approximation–

identical behavior to the benchmark case with no heterogeneity. In particular:
output at date t depends only on current productivity at, employment is con-
stant and independent of productivity, prices are constant. Define the log of
money velocity as

vt = pt + yt − ht.

Since the stock of the medium of exchange adjusts automatically to productivity
increases, velocity is constant at a constant price level.
Notice that we have assumed that agents observe all the shocks in the econ-

omy. However, in a linear equilibrium the same results can be established in the
case where agents observe only the aggregate shock at. In that case producers
still have no information about the prices faced by consumers and consumers
have no information on the quantity sold by producers. However agents’ expec-
tations regarding aggregate variables are still identical across agents and this
allows us to establish that the aggregate price level is constant and aggregate
output is equal to at. The cross-sectional dispersion of prices and output will
be different from the case of complete information but the aggregate behavior
will be —to a first order approximation— unchanged.

4.2 Uninformative private signals

A second case that can be solved analytically is the case where idiosyncratic
uncertainty is very large with respect to the innovations in aggregate productiv-
ity. As the ratios σ2

σ2u
and σ2v

σ2u
approach infinity the cross sectional dispersion of

the private signals ait, rit, pit and qit increases relative to the size of aggregate
shocks. Thus, agents put less and less weight on their private information to
forecast aggregate variables. In the limit agents’ forecasts of aggregate variables
are identical across agents and they are solely based on the public signal st.

18



Furthermore, given the high dispersion of price signals agents’ expectations are
the same in stages I and II, that is we have

EI
it [Zt] = EII

it [Zt] = E [Zt|st, st−1, ...]

for all i. Notice that private shocks still matter for pricing and consumption de-
cisions and agents do not have common information regarding them, for example
EI
it [ait] = ait 6= EI

jt [ait] for j 6= i.
To simplify matters assume that at the end of each period t the aggregate

productivity shock is publicly revealed. In this way the learning dynamics are
muted, at−1 is common knowledge and agents only have to form expectations
about the current shock ut. Denote the expectations based only on public infor-
mation as Et [.]. Then the following proposition characterizes the equilibrium
of this economy.

Proposition 2 In the case of σ2/σ2u = σ2v/σ
2
u = ∞ and full information on

at−1 equilibrium output and prices are given by

pt =
λ̃+ η

1 + η (σ̂ − 1) (Et [at]− at) (15)

yt =
³
1− λ̃

´
at + λ̃Et [at]− pt (16)

where λ̃ is a coefficient in (0, 1) and where σ̂ is

σ̂ = σ

µ
1− 1

m

¶
+
1

m
.

The expectation of aggregate output and prices in the current and future periods
are equal across agents and given by

Et [yt+j ] = Et [at] for j = 0, 1, ...

Et [pt+j ] = 0 for j = 0, 1, ...

Let us provide an interpretation of equations (15) and (16), starting from
the latter.
The coefficient λ̃ represents the elasticity of individual expenditure with re-

spect to the expected net present value of current and future aggregate nominal
output, yt+pt. The coefficient λ̃ differs from the coefficient λ derived in Lemma
(1) because λ represents the elasticity of individual expenditure with respect to
the expected net present value of individual nominal income, pit+yit. The calcu-
lation of λ̃ takes into account that current and future prices pit are endogenously
determined and depend on the optimal consumption path. The formal deriva-
tion of λ̃ is in Appendix A. The main difference between λ and λ̃ is that while
λ only depends on the parameters α and β (i.e. the preference for the durable
good and the discount factor), λ̃ depends on all the parameters of the model
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since it captures the result of the optimal adjustment of both consumption and
prices by consumers.
The price level pt appears in equation (16) for the following reason. Notice

that Et [pt+1] = 0 so an increase in the price level today corresponds to a
proportional reduction in the real rate of return on the durable good, which is
equal to −pt. Since the intertemporal elasticity of substitution is 1 this results
in a proportional reduction in consumption.
Thus, (16) bears only a casual resemblance to an aggregate demand equation

of the type yt = mt− pt that would arise in a model with a fixed money supply
and fixed money velocity. Consumers here are free to adjust velocity by varying
their consumption of the durable good, prices appear in (16) only because of an
intertemporal effect and the consumption response incorporates optimal pricing
behavior in the current and future period.
On the other hand, (15) is very closely related to the "aggregate supply" rela-

tion derived in Lucas (1972) where confusion between relative and absolute price
changes allow temporary output deviations from its natural level. When ex-
pected aggregate productivity is large relative to individual productivity, agents
try to increase the relative price of their good. They do so for two reasons:
because high expected productivity shifts the demand curve faced by each mo-
nopolist and beacause high expected productivity leads to higher consumption
by the same monopolist. This leads to a higher price level.
Notice that in this model agents cannot disentangle two shocks that have

opposite effects on inflation. In the simple case we are considering here the
effects of the two shocks exactly balance so that expected inflation Et [pt] is
zero. Therefore aggregate inflation is completely unexpected and corresponds
to the expectation error in the estimate of current productivity. In the general
case analyzed in the next section shocks will have an effect on both expected
and unexpected inflation.

Now consider the effects of the two underlying shocks et and ut on prices
and output. The news shock et increases Et [at] without affecting at. This leads
to an increase in prices. On the quantity side an increase in permanent income
Et [at] shifts equation (16) to the right. However as prices have increased the
net effect on quantities can be positive or negative. The total effect of a news
shock on output is positive if the following inequality holds

λ̃− λ̃+ η

1 + η (σ̂ − 1) > 0. (17)

We will examine conditions under which this inequality holds in the following.
When output increases also employment must increase given that productivity
has not changed.
Let us turn to the effect of a productivity shock ut, which increases both at

and Et [at]. Due to imperfect information the effect of ut on Et [at] is smaller
than the effect on at itself. Therefore Et [at]−at declines and so do prices. This
happens because the expected upward shift in the demand curve faced by each
producer is less than proportional than the productivity increase itself.
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The effect of a productivity shock on total output is unambiguously positive.
However, the effect on employment depends on wether the effect on yt is larger
or smaller than one. Inspecting the equilibrium conditions one can see that if
inequality (17) is satisfied the response of output will be smaller than one and
employment will decrease on impact after a positive productivity shock.
Notice that λ̃ is a function of σ̂ so condition (17) cannot be immediately

interpreted in terms of fundamental parameters. However, it is easy to show
that λ̃ is bounded above and bounded away from zero so for σ̂ large enough (17)
is satisfied. This fact and the previous discussion are summarized in the next
proposition.

Proposition 3 There is a finite cutoff σ > 1 such that if σ̂ ≥ σ then:
a positive productivity shock, ut > 0, increases output, and decreases prices,
employment and velocity;
a positive news shock, et > 0, increases output, prices, employment and velocity.

The model has a further implication regarding the response of consumers’
expectations to the two shocks.

Remark 4 If σ̂ ≥ σ then:
after a positive productivity shock, ut > 0, consumers’ expectations satisfy
Et [yt] < yt;
after a positive news shock, et > 0, consumers’ expectations satisfy Et [yt] > yt.

Therefore, after a news shock consumers’ confidence reacts more compared
to actual output growth, while after a productivity shock consumers’ confidence
reacts less. We will return to this prediction when we analyze the dynamic case.
We conclude this section with a comparative static result, regarding the

effects of the news shock et.

Proposition 5 An increase in σ̂, keeping λ̃ constant, increases the response of
consumption to the news shock et and reduces the response of the price level to
the same shock. An increase in λ̃, everything else equal, increases the response
of both consumption and the price level to the news shock et.

Even though this result is not stated in terms of fundamental parameters, it
is of practical relevance because, for the range of parameter values we use in the
numerical section, λ̃ is very responsive to variations in the corrected discount
factor δ and not very responsive to changes in σ̂. So by changing δ and σ̂ we
will obtain similar implications: an increase in δ determines an increase in the
responses of both consumption and prices, while an increase in σ̂ will increase
the response of consumption and decrease the response of prices.
The coefficient σ̂ is associated to the degree of strategic complementarity in

producers’ pricing. This connection has been studied extensively in the liter-
ature on sticky prices15 . Its role in economies with imperfect information has

15See the discussion in Chapter 3 (§1.3) of Woodford (2003),
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been emphasized by Woodford (2002) who presents a model where strategic
complementarity leads to slower adjustment of prices after a monetary shock.
In the present model the degree of strategic complementarity in pricing is given
by

σ̂ = σ

µ
1− 1

m

¶
+
1

m

where m is the number of islands visited by each consumer. A producer can
immediately adjust to a price increase by other local producers, since he has
full information about these prices. On the other hand, a producer has to form
expectations on the prices set by his competitors located on other islands. The
fraction 1/m is the fraction of prices, competing with good (i, k), set on the
same island, while 1 − 1/m is the fraction of prices set on other islands. A
higher m implies a higher degree of uncertainty in price setting and a higher
degree of complementarity. The fraction 1/m here plays a role analogous to
the fraction of firms that can adjust their price in models with sticky prices. A
larger value for m increases the uncertainty regarding other producers’ prices
and, given that σ > 1, it reduces the response of the aggregate price level to
both shocks.
It is interesting to ask what determines the level of δ and thus of λ̃. A high

value for δ corresponds to an economy where the value of the durable good is
large relative to total transactions even though the value of the services provided
by the durable good is small compared to total output. This happens when α
is small and β is close to one, so that the present value of the services of the
durable good is high, even though the flow value of the services of the durable
good may be small. If we consider a sequence of economies with βn = 1− 1

n and
αn =

1
n then δn and λ̃n both converge to 1. Moreover the parameters λ and

µ derived in Lemma 1 will also converge to 1. In this way we can approximate
a "pure credit" economy where consumption at date t responds one-for-one to
expected permanent changes in income.

5 Equilibrium dynamics
In this section we use numerical simulations of the model in order to further
study its qualitative and quantitative implications. On the qualitative side, we
look at the response of the economy to a news shock, et, and a productivity
shock, ut. The main predictions derived in the simple case of uninformative
private signals in section 4.2 extend to the general model. Namely, prices and
employment increase following a positive news shock and decrease following a
positive productivity shock. Consumers’ expectations over-react after a news
shock and under-react after a productivity shock. The response of prices and
quantities depends on the elasticity of substitution σ and on the propensity
to spend out of permanent income λ. Moreover, in the dynamic case we can
characterize the adjustment dynamics and show that they depend in a non-
monotone way on the informativeness of the public signal.
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Next, we turn to the quantitative implications and we ask what fraction of
output volatility can be explained by the news shock. In particular, we look
at the ability of the model to replicate the variance decompositions at various
horizons obtained in existing VAR studies.
To compute the equilibrium we use the method of undetermined coefficients

described in section 3. The state space is approximated using the truncated
state vector Z(T )t = {at, st, ..., at−T , st−T }. For T sufficiently large the choice of
T does not affect the results.
The model is very stylized in at least three respects: there is no capital, labor

is immobile across sectors and the durable good is the only asset available. Still,
we try to choose reasonable values for the benchmark model parameters. The
objective of the quantitative analysis at this stage is mostly to understand the
role of the various parameters in determining the relative response of prices and
quantities and the speed of adjustment of the economy to the full information
path.
The parameter β is set at 0.99 so one can interpret the time period as a

quarter. The parameter η is set at 0.33 corresponding to a Frisch labor elasticity
of 3. The parameter σ is set equal to 15 which implies a mark-up of around 7%.
This value for σ is relatively high compared to the range of values commonly
used in business cycle models with price rigidities. As we will see later, a high
value of σ is needed in order to replicate the relative responses of prices and
quantities.
The parameter α is set equal to 0.01 in our benchmark parametrization. This

preference parameter, together with β = 0.99 implies that the ratio of the value
of the durable good to output in steady state is equal to 2. Considering that the
durable good is the only type of financial wealth in the economy this is not an
unreasonable parametrization. On the other hand, this clearly implies a small
value for money velocity (which is 1/2) so we also experiment with larger values
for α. In terms of the permanent income equation in Lemma 1 α = 0.01 implies
that (λ, µ) = (0.82, 0.90) which imply a propensity to spend out of permanent
income equal to 0.82, and that consumers use a discount factor of 0.9 when
evaluating permanent income. Both values are relatively low, and generate a
downward bias in the response of spending to expected permanent changes in
income. This will tend to give us conservative estimates of the effects of news
shocks16 .
As discussed in section 4 the parameters σ and λ are crucial because they

determine the responses of prices and quantities to the news shock. The effect
of changes in these two parameters on equilibrium dynamics will be analyzed in

16The relation between α and λ (for a given β) is non-monotone and this value for λ is the
maximum attainable given that β = .99. As noticed above, as we let α and 1− β go to zero,
both λ and µ converge to 1, however the convergence is slow, which explains the relatively
low values we get for λ and µ.
By modifying the utility function to include a term α ln

¡
Xit − X̄

¢
it is possible to overcome

this problem and disconnect the elasticity of spending from the money-to-output ratio. In
this way one can obtain values of λ close to 1 for any choice of β. However, at this stage this
seems an unnecessary complication, given the stylized nature of the model.
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detail in 5.2.
It remains to choose values for the variances of the shocks. We set σu = 0.01.

For the variance decomposition exercise this choice of σu is merely a normaliza-
tion. However, this value of σu roughly matches observed medium run volatility
of TFP growth. In particular it implies that the standard deviation of TFP
growth over 10 year intervals is equal to 0.63%, the corresponding value for US
postwar data is 0.67% a year17 . For the idiosyncratic component of productiv-
ity we set σ = 6σu. To choose this parameter we look at the dispersion in
the innovation of productivity shocks across firms, documented in Franco and
Philippon (2004).18 On the other hand, it is difficult to calibrate σv as it does
not have any obvious empirical counterpart. For now, we set σv = 10σu to limit
the amount of information revealed through this channel.
The parameter σe has a central role in our analysis since it determines the

precision of the public signal. As a benchmark let us set σe = 3σu..We will
experiment with different values for σe, σ and σv and look at their implica-
tions for short-run output volatility. In particular, we will attempt to replicate
the variance decompositions obtained in Shapiro and Watson (1988) and Gali
(1992).
Finally, we set the number of islands visited to m = 2. We choose a small

value for m in order to limit the speed of learning in the economy. When m
is large consumers have a large number of independent price observations and
quantity observations, thus, given the simple structure of the model, they can
learn quickly the underlying value of at.

5.1 Dynamic responses

Figure 3 shows the responses of output, employment and the price level to a
productivity shock ut and to a news shock et. The last panel of Figure 3 illus-
trates the dynamics of average expectations regarding aggregate productivity,
at|t.
The qualitative responses are analogous to the ones obtained in section 4. It

is interesting to see that after a productivity shock ut output adjusts gradually
to the new equilibrium level. Along the transition path output grows less than
actual productivity. The average agent realizes that aggregate productivity has

17Using BLS data for private nonfarm businesses for the post-war period. In the model this

statistic is approximately equal to
q

4
10
σu.

18 In particular, they report that the average coefficient of correlation between the technology
shocks of any pair of firms is equal 2.6% (p. 9), which implies:

1 +
σ2

σ2u
=

1

0.026
.

Here we use their result in order to make assumptions about the informativeness of local
shocks on the aggregate economy.
On the other hand, that their results suggest that the idiosyncratic shocks it should be

modeled as permanent rather than temporary. Unfortunately, with permanent shocks the
wealth distribution in our model is no longer stationary. In the conclusions we discuss how to
extend the model to allow for persistent idiosyncratic shocks.
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Figure 2: Impulse responses of prices, output, employment and expected pro-
ductivity.
Solid line: response to ut = 0.1, dashed line: response to et =

σe
σu
0.1.
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increased, but believes that his individual productivity has increased more. His
optimal response is to reduce labor supply and reduce the price of his good.
This generates a temporary reduction in aggregate employment and in the price
level.
From a qualitative standpoint the conditional covariances of inflation and

output are consistent with the evidence from identified VAR exercises if we
match et with the IS shock and ut with the supply shock (see e.g. Table III in
Gali (1992)). Following a news shock output and inflation have positive corre-
lation, while following a productivity shock they have negative correlation. A
similar result holds for the conditional correlation of output and employment.
The negative conditional correlation of output and employment after a perma-
nent technology shocks is consistent with the evidence presented in Gali (1999)
and Francis and Ramey (2003).
Recently, there has been substantial controversy regarding this empirical

finding19 and more generally regarding the use of VAR evidence with semi-
structural identification assumptions20 . Part of the controversy is due to the
lack of theoretical models that can be used to interpret the "demand shocks"
or "IS shocks" identified in the VAR literature. The present model has the
advantage of having a theoretical structure consistent with the identification
assumptions made in the VAR literature and offers a micro-founded theory of
the "demand shocks" thus identified21.

Let us turn to the model predictions regarding the relative reaction of output
and output expectations following news shocks and productivity shocks. Once
more, the dynamic results confirm the results obtained in the simple static case
of section 4. Figure 4 (panel (a)) shows the response of output yt (solid line)
and the average first order expectation of output yt|t (dashed line) after a news
shock. After a positive news shock output expectations tend to increase more
than actual output. On the other hand after a positive productivity shock
output tends to increase less than expected productivity, as we can see from
panel (b) of Figure 4.
To give an economic interpretation for this behavior it is useful to obtain a

simple approximate expression for equilibrium output. Given that agents are
forward looking and use a discount factor relatively close to 1 (µ = 0.9) they tend
to focus on long-run income to estimate their permanent income. Since they
know that the economy will converge to a level of output equal to productivity
at their permanent income is roughly approximated by at|t. Moreover, they
expect the price level to revert to its steady state relatively fast. Therefore,
increases in the current price level are associated to a proportional increase in
the real interest rate. Since agents have a propensity to spend out of permanent
income equal to λ = 0.8 and their elasticity of intertemporal substitution is 1

19See Christiano, Eichenbaum and Viguffson (2003) and Gali and Rabanal (2004).
20Chari, Kehoe and McGrattan (2004).
21 Some VAR studies follow Blanchard and Quah (1989) and use long-run restrictions to

separate "supply shocks" from "demand shocks" others, e.g. Blanchard (1989), use sign
restrictions on the responses of prices. Our model is consistent with both approaches.
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Figure 3: Responses of output and average expected output to a productivity
shock (panel (a)) and to a news shock (panel (b)).
Output: solid line; average expected output: dashed line. Shocks as in Figure 3.

we can reasonably approximate output behavior as:

yt ≈ 0.8at|t − pt

Figure 5 illustrates this approximation for the output response to news and
productivity shocks.
Using this approximation we can now study why expected output responds

more than realized output to a news shock. First, expected output depends
on the average expectation of at|t, that is, the second order expectation of
productivity which we denote by a

(2)
t|t . As is common in models with higher

order expectations higher order expectation tends to be more sensitive to the
public signal (st) and less sensitive to the private signals (ait in this case)22 .
Therefore, after a (public) noise shocks a(2)t|t responds more than at|t. This is
illustrated in panel (a) of Figure 6. Secondly, output depends negatively on
prices. However, since prices tend to respond to the average expectation error
at−at|t the first order expectation of prices, pt|t, tends to be closer to zero than
actual prices (see Figure 6, panel (b)). Therefore, conditional on a news shocks
agents tend to overestimate the average perceived change in permanent income
and to underestimate the associated inflation. Both reasons concur to induce
agents to overestimate the output increase .

22 See Morris and Shin (2002) for a thorough discussion of this phenomenon.
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Figure 4: Approximation for output responses to productivity (panel (a)) and
news shock (panel (b)).
Using 0.8 ∗ at|t − pt (dashed line) to approximate output (solid line). Shocks as in
Figure 3.

A similar (symmetric) reasoning applies to the case of a productivity shock
and can be used to explain the underreaction of expectations following that type
of shock.

These predictions regarding the relative reaction of consumers’ expectations
following the two type of shocks are amenable to empirical testing using available
measures of consumers’ expectations. This is something we plan to pursue in
future work.

5.2 Strategic complementarity in pricing and spending
elasticity

In section 4 we noticed that the two crucial parameters that determine the
responses of prices and output to the various shocks are σ and λ, the first affects
the degree of strategic complementarity in pricing while the second determines
the elasticity of spending with respect to permanent income.
Here we illustrate this point using two examples. In Figure 7 we illustrate the

responses of prices and output for different levels of σ. In the top two panels we
report the results for the benchmark level σ = 15 and in the bottom two panels
we report the results for σ = 35. A higher level of elasticity of substitution
mutes the price response to both shocks, increases the response of output to a
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Figure 5: Decomposition of output and expected output response.
Panel (a): Response of at|t (solid line) and a

(2)
t|t (dashed line) to a news shock.

Panel (b): Response of pt (solid line) and pt|t (dashed line) to a news shock.
Shocks as in Figure 3.

news shock and slows down output adjustment following a productivity shock.
In Figure 8 we illustrate the effect of changing β from 0.99 to 0.94. Again,

the top two panels report the benchmark impulse responses, for comparison.
A decrease in the discount factor keeping the preference for the durable good
constant (α = 0.1) has the effect of reducing the effective supply of means of
payments in this economy. This reduces the elasticity of spending with respect
to permanent income from λ = 0.8 to λ = 0.5. The endogenous response of
money velocity to changing expectations regarding permanent income is much
smaller, and news shocks have a smaller effect on this economy, both in terms
of prices and in terms of quantities.

Looking at Figure 8, one could be tempted to draw implications regarding
the desirability of a tight control over monetary aggregates. The economy with
a smaller λ is an economy where money velocity is less responsive to consumers’
expectations due to the relative scarcity of the durable good that serves as
medium of exchange. When such is the case consumers’ spending is more stable
and expectations shocks have a smaller cyclical impact. This seems to resonate
with the monetarist view that the banking system should be regulated so as
to keep under control changes in money velocity. However, it is important to
remember that, in order to keep monetary disturbances to the minimum, we
have made a strong assumption, namely that the stock of the durable good
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Figure 6: Strategic complementarity in pricing and price and output responses.
Solid line: response to productivity shock. Dashed line: response to news shock.
Shocks as in Figure 3.
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Figure 7: Spending elasticity and price and output responses.
Solid line: response to productivity shock. Dashed line: response to news shock.
Shocks as in Figure 3.
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adjusts automatically to the average productivity level. This assumption is
analogous to assuming that there is a monetary authority with perfect knowledge
regarding at that adjusts money supply one-for-one with productivity growth.
Therefore, at this stage one should be wary of drawing any implications for
monetary policy. In current related research the author is analyzing a version of
the model with an explicit role for monetary policy. That model can be used to
evaluate monetary policy in a more realistic setup where the monetary authority
has imperfect information regarding aggregate productivity.

5.3 Noise shocks and persistence

By construction, the news shock can only affect output in the short run, while
all long-run output volatility is due to the productivity shock. An important
quantitative question is: What fraction of short-run output volatility can be
explained by the news shock? The structure of the model imposes a bound
on the fraction of output volatility that can be explained by the news shock.
If the public signal is very noisy agents would disregard it altogether, while
if the signal is very precise the economy will converge very fast to the full
information equilibrium. In both cases the noise will explain a small fraction
of output volatility. Therefore, the question is whether intermediate levels of
signal precision can generate realistic values for the fraction of output volatility
explained by the news shock.
Figure 9 illustrates the effects of changing the precision of the signal (i.e.

changing σe) on the dynamic responses of output23. In the first panel of Figure
9 the public signal is very precise, after a productivity shock the economy con-
verges very fast to the long-run equilibrium and a news shock has a very small
and temporary effect on output. As we move to the second and third panel
we see that the effect of a news shock increases and becomes more persistent.
However, in the fourth panel we see that as the noise is very large agents stop
relying on the public signal and the impact effect becomes smaller. On the other
hand, as the quality of the signal deteriorates agents take a longer time to learn
the long-run equilibrium, so the demand shock becomes very persistent. Also,
as information becomes less precise output takes a long time to adjust after a
real productivity shock.

Table 1 summarizes the result of experimenting with different values for the
precision of the private and public signals. In the table we report the fraction
of variance accounted for by the news shock. For comparison, the last column
reports the values obtained by Gali (1992) (Table IV), under the assumption
that the news shock and productivity shock correspond, respectively, to the "IS
shock" and "supply shock" identified in that paper. The last two rows of the
table report the cross sectional standard deviation of the price and quantity
signals pit and qit as a fraction of the volatility of the quarterly innovation
in the underlying aggregate variables. This ratios reflect the precision of the
endogenous private signals.
23To make the graphs easier to read we set σ = 35 for Figure 9.
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In the first column we report the variance decomposition for the benchmark
parameters. Under that set of parameters the noise shocks only account for a
small fraction of output volatility at any horizon. To obtain more realistic val-
ues one needs to decrease the precision of both private signals, as in column (ii).
Notice, however, that while the volatility of output on impact increases agents
are still learning very fast and the output volatility explained by the news shock
over a 1 year horizon is very small. This happens because the endogenous price
signal is still very precise. This means that at the end of each period agents
can make precise inferences about the aggregate price level and use it to update
their beliefs about the underlying value of the productivity shock. Notice that
we made two simplifying assumptions that make price signals very informative:
we completely abstracted from monetary shocks (there are no aggregate shocks
to the money supply and no money demand shocks) and we abstracted from
preference shocks that change the relative demands for goods produced in dif-
ferent islands (as in Lucas (1972)). With these assumptions the structure of the
model is very simple and the price level essentially reflects aggregate deviation
between the perceived level of at and actual at. Furthermore, we have assumed
that all the news shocks are i.i.d. and all the price and quantity observations
made by agents are independent. This allows every agent to collect a large
sample of price and quantity observations in a short amount of time. Allowing
for a more realistic autocorrelation structure for the shocks would both slow
down learning and introduce an additional source of persistence. Finally, the
model has no propagation mechanism aside from information diffusion, in par-
ticular there are no temporary technology shocks and no capital. Given these
assumptions, it is not surprising that the news shock has a only short-lived
effects.
The variance decomposition for the prices, on the other hand, does not

depend much on the values we choose for the precision of private and public
signals. This is not surprising because the price level does not have a long run
component, so the effect of the two shocks tend to vanish over time and their
relative weights tend to be similar.
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Table 1. Variance decomposition
i ii iii iv Gali (1992)

σe
σu

3 3 3 8
σ
σu

6 12 25 25
σv
σu

10 20 25 25

Output
1 quarter 0.07 0.19 0.25 0.31 0.31
2 quarters 0.04 0.13 0.18 0.27 –
5 quarters 0.02 0.05 0.08 0.18 0.19
10 quarters 0.01 0.02 0.04 0.10 0.10

Prices
1 quarter 0.56 0.58 0.58 0.50 0.37
2 quarters 0.56 0.58 0.58 0.50 –
5 quarters 0.56 0.58 0.58 0.50 0.52
10 quarters 0.56 0.58 0.58 0.49 0.51

Endogenous signals
σpit
σpt

0.70 2.75 11.38 9.93
σqit
σqt

9.03 35.09 142.67 125.81

Learning time
1.8 2.0 2.1 5.0

Note: Fraction of forecast volatility explained by the et shock.
Last column from Table IV in Gali (1992).
See the text for the definition of learning time.

Going back to output volatility, if one wants to replicate the variance decom-
position for output obtained in keynesian VAR exercises like Shapiro and Wat-
son (1988) or Gali (1992) one has to use quite large values for the idiosyncratic
shocks. This is what we do in columns (iii) and (iv). Once the idiosyncratic
shocks are sufficiently dispersed then it is possible to change the volatility of σe
in order to match the time profile of the variance decomposition. As noticed
when discussing Figure 9, increasing σe increases the persistence of the effects of
the news shocks. In column (iv) we find a combination of variance parameters
that replicates well the evidence in Gali (1992).
The calibration in (iii) and (iv) is clearly not realistic in terms of the cross-

sectional implications of the model. On the other hand it is realistic in terms of
the implied speed of learning of the private sector. The speed of learning can
be measured in terms of how many quarters it take for agents in the economy
to realize that there has been a permanent productivity shock. In particular
consider the time it takes for at|t to reach 1

2at after a permanent productivity
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shock ut. In the last row of Table 1 we report this statistic. Notice that, with the
exception of column (iv), we obtain very fast learning, where agents learn half
of the productivity increase in the first 2 quarters. Considering that economists
and central bankers have often taken several years to acknowledge the occurrence
of major shifts in productivity growth, the only realistic parametrization seem
to be the one in column (iv).
Naturally, this means that in order to obtain accurate quantitative predic-

tions on the speed of learning in the economy without incredible assumptions
about idiosyncratic shocks we need a richer model that allows for some of the
ingredients listed above (monetary shocks, autocorrelated shocks, etc.).
The quantitative conclusion we draw at this stage is that in a model with a

realistic speed of learning regarding shifts in aggregate productivity public news
shocks can account for a realistic fraction of short run volatility.

6 Concluding remarks
The main objective of this paper was to analyze a simple setup where agents
spending adjusts endogenously to changes in expected output and where these
shifts in expectations are non-neutral in the short term due to the informational
separation between buyers and sellers. In this setup the lack of full information
bites twice, on the one hand the lack of full information means that demand
shifts can be non-neutral, through a version of the Phelps-Lucas mechanism,
on the other hand since consumers have imperfect information about future
productivity consumers spending can move away from actual productivity and
generate demand shifts, absent any shocks to the money supply. This simple
model has a rich set of implications regarding the conditional covariances of
output, prices and employment that are amenable to quantitative analysis. In
this paper we have showed that the main qualitative predictions seem consistent
with the existing VAR evidence.
The basic message of our approach is that uncertainty over growth in the

medium-long run is key to understanding short run fluctuations. The first quan-
titative question that arises is: given the observed uncertainty about produc-
tivity shifts over the medium-long run, can we explain short run fluctuations as
correlated mistakes in the process of adjusting to these productivity shifts?
In the paper we have made a first attempt at answering this question and

we have been able to obtain a realistic amount of short run volatility driven
purely by news shocks. This comes at the cost of assuming irrealistically large
idiosyncratic shocks. At this stage, these large idiosyncratic shocks are a stand-
in for all the unmodelled sources of uncertainty that can complicate the learning
problem of the individual agents. Clearly, more quantitative work is required to
describe more explicitly these additional sources of uncertainty and assess their
relevance.
In the present model, we have left aside any role for monetary policy by

introducing a commodity money that "by magic" adjusts to the productivity
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shifts in the economy. We have done so on purpose to try and abstract as much
as possible from monetary disturbances as a source of business cycles. However,
the question that remains open is whether systematic monetary interventions
can dampen the response of private agents to expected future productivity and
in this way reduce the output fluctuations generated by news shocks. In order for
the monetary authority to do so it is not necessary for the monetary authority to
have superior information. The monetary authority can intervene ex post, when
all agents in the economy have realized that output has exceeded its potential
in the past, and do so in such a way as to increase the expected real rate of
interest ex ante when output is above potential. Studying the feasibility and
desirability of such interventions is the matter of a separate paper (Lorenzoni
(2005)).
Notice also, that the present model already embeds a strong automatic sta-

bilizer. In the model the price level is stationary. This means that a positive
inflation shock generates an expected deflation, i.e. an increase in the real in-
terest rate. This is why price level increases substantially dampen the effect
of news shock on output. In a fully fledged monetary model the real interest
rate would also respond to inflation if the monetary authority follows an active
monetary policy rule. It is an important task for future research to evaluate
whether the degree of automatic stabilization we assume in the present model
is higher or lower than the level of stabilization attained by actual (or optimal)
policy rules. Again, for all these questions it is unavoidable to turn to explicit
monetary models.

Appendix A
Proof of Lemma 1.
We conjecture the following form for optimal consumption

pit + cit = (1− λ)hit + λ (1− µ)
∞X
j=0

µjEII
it [pit+j + yit+j ]

substituting in the Euler equation (12) and using (13) one obtains:

pit + cit = (1− δ)hit + δ[(1− λ)hit + (1− λ) θ
¡
EII
t [pit + yit]− pit − cit

¢
+

λ (1− µ)
∞X
j=0

µjEII
t [pit+j+1 + yit+j+1]]

This confirms our conjecture, provided that the parameters λ and µ satisfy the
equations:

(1 + δ (1− λ) θ) (1− λ) = (1− δ) + δ (1− λ)

(1 + δ (1− λ) θ)λ (1− µ) = δ (1− λ) θ

(1 + δ (1− λ) θ)λ (1− µ)µj = δλ (1− µ)µj−1 for j = 1, 2, ...
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There is a unique λ ∈ (0, 1) that satisfies the first quadratic equation. All the
remaining equations are satisfied by setting

µ =
δ

1 + θδ (1− λ)
.

Proof of Proposition 2.
Conjecture the following linear form for prices and output

pt = φuut + φeet

yt = at−1 + ψuut + ψeet

which implies

Et [pt+k] = 0 for k > 0 (18)

Et [yt+k] = Et [at] for k > 0 (19)

Since the prices in island i do not affect the information of agent i regarding
future aggregate variables the expected demand faced by the producer in island
i is

Eit [yit] = −σ̂pit +Eit [yt + σ̂pt] .

Conjecture the following form for the individual decision rule:

cit = bhhit + baiait + byEit [yt + σ̂pt] + baEit [at]− pit

Write the wealth accumulation equation as

Eit [hit+1] = hit − θ (σ̂ − 1) pit + θEit [yt + σ̂pt]− θ (pit + cit)

using the optimal pricing condition (11) this becomes

Eit [hit+1] = hit − θ

∙
1 +

σ̂ − 1
1 + η (σ̂ − 1)

¸
(pit + cit)− θ

(1 + η) (1− σ̂)

1 + η (σ̂ − 1) ait +

+θ

∙
1− η (1− σ̂)

1 + η (σ̂ − 1)
¸
Eit [yt + σ̂pt] .

The Euler equation can be written as

pit + cit = (1− δ)hit + δEit [bhhit+1 + (bai + by + ba) at] .

Substituting in the wealth accumulation equation one obtainsµ
1 + δθbh

µ
1 +

σ̂ − 1
1 + η (σ̂ − 1)

¶¶
bh = 1− δ + δbhµ

1 + δθbh

µ
1 +

σ̂ − 1
1 + η (σ̂ − 1)

¶¶
bai = δθbh

(1 + η) (σ̂ − 1)
1 + η (σ̂ − 1)µ

1 + δθbh

µ
1 +

σ̂ − 1
1 + η (σ̂ − 1)

¶¶
by = δθbh

µ
1− η (σ̂ − 1)

1 + η (σ̂ − 1)
¶

µ
1 + δθbh

µ
1 +

σ̂ − 1
1 + η (σ̂ − 1)

¶¶
ba = δ (bai + by + ba)
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The first equation is a quadratic equation with a unique solution in [0, 1]. The
remaining equations can be used to determine bai , by and ba. Summing side by
side one can show that the solution satisfies:

bh + bai + by + ba = 1.

Aggregating the consumption equation across consumers and using (18) and
(19) one obtains

yt = (bh + bai) at + byEt [yt + σ̂pt] + baEt [at]− pt

= (bh + bai) at + (by + ba)Et [at]− pt

and defining
λ̃ = by + ba

one obtains (16).
Substituting the individual consumption rule in the optimal pricing condition

and aggregating one obtains

pt = Et [pt] +
³
1− λ̃

´
at + λ̃Et [at]− (1 + η) at + ηEt [yt + σ̂pt] + η (1− σ̂) pit,

(16) follows immediately.

Appendix B
The law of motion for Zt is:

Zt+1 = AZt +B

µ
ut
et

¶
For computational purposes we will consider the truncated version of Zt, Z

[T ]
t =

{at, st, ...at−T , st−T }. Then A and B are:

A =

⎡⎣ 1 01×2T−1
1 01×2T−1

I2(T−1) 02(T−1),2

⎤⎦ ;
B =

⎡⎣ 1 0
1 1
0 0

⎤⎦ .
Guess a linear form for prices and quantities

pt = φZt

yt = ψZt
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Optimality

First we want to find linear rules of the type

pit = qxhit + qaait + qzE
I
it [Zt]

cit = bxhit + baait + bppit + bIzE
I
it [Zt] + bIIz EII

it [Zt]

that satisfy the individual optimality conditions:

pit = EI
it [pt + cit]− (1 + η) ait + ηEI

it [yit]

pit + cit = (1− δ)hit + δEII
it

£
pit+1 + cit+1

¤
hit+1 = hit + θ (pit + yit − pit − cit)

The random assignment rule between consumers and islands implies that

Eit [yit] =
1

m
Eit

hX
cjt

i
− σ

m− 1
m

(pit −Eit [pt])

= Eit [yt]−
µ
σ
m− 1
m

− ψp
1

m

¶
(pit −Eit [pt])

= Eit [yt]− σ̂ (pit −Eit [pt])

where ψp is the paramater that determines the response of demand in island i
to the prices in island i and will be determined in the following.
Using this relation we can substitute the individual rules and use the law of

iterated expectations to get

pit =
1

1 + ησ̂
{£(1 + bp + ησ̂)φ+ bIz + bIIz + ηψ

¤
EI
it [Zt] +

bxhit + (ba − 1− η) ait}
and

pit + cit = (1− δ)hit + δ (1 + bp)φAE
II
it [Zt] + δbxE

II
it [hit+1] +

δbae1AE
II
it [Zt] + δ

¡
bIz + bIIz

¢
AEII

it [Zt] ,

EII
it [hit+1] = hit + θ

¡
pit +EII

it [yit]− pit − cit
¢
,

EII
it [yit] = (ψ + σ̂φ)EII

it [Zt]− σ̂pit,

where e1 is the vector [1, 0, 0...].
Substituting and matching coefficients one obtains

qx =
1

1 + ησ̂
bx

qa =
1

1 + ησ̂
(ba − 1− η)

qz =
1

1 + ησ̂

£
(1 + bp + ησ̂)φ+ bIz + bIIz + ηψ

¤
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and

bx =
1

1 + δbxθ
[((1− δ) + δbx) + δbxθ (1− σ̂) qx]

ba =
1

1 + δbxθ
δbxθ (1− σ̂) qa

bp = −1
bIz =

1

1 + δbxθ
δbxθ (1− σ̂) qz

bIIz =
1

1 + δbxθ

£
δ (1 + bp)φA+ δbxθ (ψ + σ̂φ) + δbae1A+ δ

¡
bIIz + bIz

¢
A
¤

which can be solved for q and b. Notice that the parameters qx, qa, bx, ba, bp can
be solved separately without knowledge of ψ and φ.

Kalman filter

For given φ and ψ we can derive the expressions for the Kalman filter. Agent i
observes first the vector of signals Sit, where

Sit =

⎛⎝ ait
rit
st

⎞⎠
and then observes pit.
In the pricing stage and in the trading stage he forms the expectations

EI
it [Zt] = Eit−1 [Zt] + C (Sit −Eit−1 [Sit])

EII
it [Zt] = EI

it [Zt] + L
¡
pit −EI

it [pit]
¢

(20)

Eit [Zt] = EII
it [Zt] +M

¡
qit −EII

it [qit]
¢

To derive the Kalman gains use the orthogonality conditions

Eit−1
£
(Zt −Eit−1Zt − C (Sit −Eit−1Sit)) (Sit −Eit−1 [Sit])

0¤ = 0

EI
it

h¡
Zt −EI

itZt − L
¡
pt −EI

it [pt]
¢¢ ¡

pit −EI
it [pit]

¢0i
= 0

EII
it

h¡
Zt −EII

it Zt −M
¡
qit −EII

it [qit]
¢¢ ¡

qit −EII
it [qit]

¢0i
= 0

the law of motion (8) and the relations

Sit = GZt + FVit

pit = QZt + ζit
qit = RZt + ηit

where Vit is

Vit =

∙
it

vit

¸
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and

ΣV =

∙
σ2 0
0 σ2v

¸
.

G and F are known matrices given by:

G =

⎡⎣ 1 0 0 0
1 0 −1 0
0 1 0 0

⎤⎦
F =

⎡⎣ 1 0
0 1
0 0

⎤⎦
Q = φ

R = ψ + σ̂φ

Let

Ω = V arit−1 [Zt]
ΩI = V arIit [Zt]

ΩII = V arIIit [Zt]

then the orthogonality conditions give us the Kalman gains C,L,M

C 0 = (GΩG0 + FΣV F
0)−1GΩ

L0 =
¡
QΩIQ

0 + σ2ζ
¢−1

QΩI

M 0 =
¡
RΩIIR

0 + σ2η
¢−1

RΩII

The expressions for the residual variance are

ΩI = Ω− ΩG0 (GΩG0 + FΣV F
0)−1GΩ (21a)

ΩII = ΩI − ΩIQ0
¡
QΩIQ

0 + σ2ζ
¢−1

QΩI (21b)

Ω̂ = ΩII − ΩIIR0
¡
RΩIIR

0 + σ2η
¢−1

RΩII (21c)

Using the law of motion of Zt we obtain the steady state condition:

V art [Zt+1] = AΩ̂A0 +BΣB0 = Ω

where

Σ =

∙
σ2u 0
0 σ2e

¸
.

Iterations on the conditions (21) gives us the matrices Ω and allows us to derive
the steady state Kalman gains matrices.
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Prices and output

Now we need to express the average first order expectations in terms of the
current state as

Zt|tI = ΞIZt

Zt|tII = ΞIIZt

Zt|t = ΞZt

Using the updating equations and aggregating across consumers one obtains

Zt|t = (I −MR) (I − LQ) (I − CG)AZt−1|t−1+((I −MR) ((I − LQ)CG+ LQ) +MR)Zt

For Ξ one obtains the expression

Ξ = (I −MR) (I − LQ) (I − CG)AΞ+((I −MR) ((I − LQ)CG+ LQ) +MR)

and similar expressions for ΞI and ΞII . These matrices are infinite dimensionals,
when using the truncated vector Z[T ]t we find finite dimensional matrices Ξ[T ]

that approximate Ξ (more on this approximation below). This is the only step
where the use of the truncated vector Z [T ]t requires an approximation.
Having expressions for Zt|tI and Zt|tII in terms of the current state variable

we can use the equilibrium relations to obtain:

φ = (qx + qa) e1 + qzΞI

ψ = (bx + ba) e1 + bpφ+ bIzΞI + bIIz ΞII

In order to evaluate the accuracy of the approximation due to the truncation
of the state space, one can compute Ξ[T+k]I ,Ξ

[T+k]
II for any k and evaluate wether

the vectors qz
³
Ξ
[T ]
I − Ξ[T+k]I

´
, bIz

³
Ξ
[T ]
I − Ξ[T+k]I

´
and bIIz

³
Ξ
[T ]
II − Ξ[T+k]II

´
are

close to zero.

Cross-sectional dispersion

The computation above takes σ2ζ and σ2η (and ψp) as given. The last step is to
derive the cross sectional dispersion of prices and quantities. Given the cross
sectional dispersion of prices and quantities one obtains an expression for σ2ζ
and σ2η. Therefore, to compute the equilibrium of a given economy we need to
solve a fixed point problem in terms σ2ζ and σ2η.
The first step in deriving the volatility of ηit and ζit is to derive the volatil-

ity of the individual expectations EI
itZt and EII

it Zt. Define the idiosyncratic
component of agents’ expectations as

Jit = Eit [Zt]− Zt|t
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and define JIit and J
II
it in a similar way. We can use the relations (20) and obtain

the following recursive expression for the individual forecast errors

JIit = (I − CG)AJit−1 + CFVit

JIIit = (I − LQ)JIit + Lζit

Jit = (I −MR)JIIit +Mηit

This gives us the law of motion for the individual forecast errors:

Jit = (I −MR) (I − LQ) (I − CG)AJit−1 +
+(I −MR) (I − LQ)CFVit + (I −MR)Lζit +Mηit

Define
xit−1 = hit − rit

the wealth dynamics are then given by

xit =
£
θ
¡
(1− σ̂) qz − bIz

¢
(I − CG)A+ bIIz (I − LQ) (I − CG)A

¤
Jit−1 +

+ [1 + θ (1− σ̂) qx − θbx]xit−1 +
+
£
θ
¡
(1− σ̂) qz − bIz

¢
CF + θbIIz (I − LQ)CF

¤
Vit +

+θ ((1− σ̂) qa − ba) it +

+ [1 + θ ((1− σ̂) qx − bx)] vit +

+θbIIz Lζit + θηit

Using the relations just derived one can write the joint dynamics of individual
wealth and expectations in matrix form as

µ
Jit
xit

¶
=W1

µ
Jit−1
xit−1

¶
+W2

⎛⎜⎜⎝
it

vit
ηit
ζit

⎞⎟⎟⎠
The steady state distribution of Jit and xit is normal with variance-covariance

matrix ΣJ,x
ΣJ,x =W1ΣJ,xW

0
1 +W2ΣidW

0
2.

Using the joint cross sectional dispersions of agents’ expectations and wealth
we can derive the cross sectional dispersions of prices and quantities.
Using the agents decision rules we can write pit and cit in terms of indepen-

dent components

pit = pt + qxxit−1 + qxvit + qa it + qz ((I − CG)AJit−1 + CFVit)

cit = yt + bxxit−1 + bxvit + ba it + bpζit + bIz ((I − CG)AJit−1 + CFVit) +

+bIIz ((I − LQ) ((I − CG)AJit−1 + CFVit) + Lζit)
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Define

p̂it = qxxit−1 + qxvit + qa it + qz ((I − CG)AJit−1 + CFVit)

ĉit = bxxit−1 + bxvit + ba it + bIz ((I − CG)AJit−1 + CFVit) +

+bIIz ((I − LQ) ((I − CG)AJit−1 + CFVit) + Lζit)

or in matrix form

p̂it = W1,p

µ
Jit−1
xit−1

¶
+W2,p

⎛⎜⎜⎝
it

vit
ηit
ζit

⎞⎟⎟⎠

ĉit = W1,c

µ
Jit−1
xit−1

¶
+W2,c

⎛⎜⎜⎝
it

vit
ηit
ζit

⎞⎟⎟⎠
so one can write

pit = pt + p̂it

cit = yt + ĉit + ψp (pit − pt) .

This gives us the consistency condition for the demand response ψp

ψp = bp + bIIz L.

The variances σ2p̂ and σ2ĉ are then

σ2p̂ = W1,pΣJ,xW
0
1,p +W2,pΣidW

0
2,p

σ2ĉ = W1,cΣJ,xW
0
1,c +W2,cΣidW

0
2,c

The demand curve for the monopolist can be written in terms of independent
components

yit = yt−σ
⎛⎝pit − 1

m2

X
j∈H̃it

X
k∈Hjt

pkt

⎞⎠+ 1
m

X
j∈H̃it

⎛⎝ĉjt + ψp
1

m

X
k∈Hjt

(pkt − pt)

⎞⎠
where the ĉjt are independent of the pkt−pt. Define the intercept of the demand
curve of monopolist i, qit, as

qit = yit +

µ
m− 1
m

σ − 1

m
ψp

¶
pit =

= yt + σ̂pt + ηit

where

σ̂ =

µ
m− 1
m

σ − 1

m
ψp

¶
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then
ηit =

¡
σ + ψp

¢ 1

m2

X
j∈H̃it

X
k∈Hjt,k 6=i

p̂kt +
1

m

X
j∈H̃it

ĉjt

Therefore the consistency conditions for σ2ζ and σ2η are:

σ2ζ =
1

m
σ2p̂,

σ2η =
¡
σ + ψp

¢2µm− 1
m

¶2
σ2p̂ +

1

m
σ2ĉ .
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