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Devwudfw

Lq wklv sdshu zh vkrz wkdw lq d vlpsoh vsdwldo prgho zkhuh wkh jry0

huqphqw lv fkrvhq xqghu vwulfw sursruwlrqdo uxoh/ li wkh rxwfrph ixqfwlrq

lv d olqhdu frpelqdwlrq ri sduwlhv* srvlwlrqv/ zlwk frh!flhqw htxdo wr wkhlu

vkduh ri yrwhv/ hvvhqwldoo| rqo| d wzr0sduw| htxloleulxp h{lvwv1 Wkh wzr

sduwlhv wdnlqj d srvlwlyh qxpehu ri yrwhv duh wkh wzr h{wuhplvw rqhv1 Ds0

solfdwlrqv ri wklv uhvxow lqfoxgh dq h{whqvlrq ri wkh zhoo0nqrzq Dohvlqd dqg

Urvhqwkdo prgho ri glylghg jryhuqphqw dv zhoo dv d prgl�hg yhuvlrq ri

Ehvoh| dqg Frdwh*v prgho ri uhsuhvhqwdwlyh ghprfudf|1 Gl�huhqw rxwfrph

ixqfwlrqv duh wkhq dqdo|}hg1

Nh|zrugv= Yrwlqj/ Sursruwlrqdo Uxoh/ Qdvk Htxloleuld1

MHO Fodvvl�fdwlrq= F:5/ G:51

WZh zrxog olnh wr wkdqn Mhdq0Iudqêrlv Phuwhqv/ Mdftxhv Wklvvh dqg Jxlgr Wdehoolql iru

khosixo glvfxvvlrqv dqg uhpdunv1 Zh duh dovr judwhixo wr Ohr Ihuudulv dqg Plfkho Oh Euhwrq iru

wkhlu frpphqwv1 Wklv sdshu zdv sduwldoo| zulwwhq zkloh Gh Vlqrsrol zdv ylvlwlqj VWLFHUG>

kh wkdqnv Surihvvru Ehvoh| iru klv nlqg krvslwdolw| dqg lqvljkwixo uhpdunv1 Zh dovr wkdqn

sduwlflsdqwv wr wkh Zdoolv Frqihuhqfh ri Srolwlfdo Hfrqrp|/ lq sduwlfxodu Wkrpdv Sdoiuh|1
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Rqh ri wkh prvw dqdo|}hg txhvwlrq lq wkh yrwlqj olwhudwxuh lv li dqg krz hohfwrudo

uxohv d�hfw wkh irupdwlrq dqg wkh vxuylydo ri srolwlfdo sduwlhv lq pdvv hohfwlrqv1

Gxyhujhu +4<87, �uvw revhuyhg d whqghqf| wr kdyh mxvw wzr vhulrxv fdqglgdwhv

lq soxudolw| uxoh hohfwlrqv/ zkhuhdv sursruwlrqdo v|vwhpv duh pruh olnho| wr kdyh

vhyhudo sduwlhv1 Ulnhu +4<;5, lq d idprxv sdshu suhflvho| gh�qhg Gxyhujhu*v Odz

dqg Gxyhujhu*v K|srwkhvlv1 Gxyhujhu*v Odz vwdwhv wkdw �wkh vlpsoh0pdmrulw|

vlqjoh0edoorw v|vwhp +l1h1 vlpsoh soxudolw| uxoh, idyruv wkh wzr0sduw| v|vwhp�

+Gxyhujhu 4<87=54:,1 Gxyhujhu*v K|srwkhvlv vwdwhv wkdw �sursruwlrqdo uhsuh0

vhqwdwlrq idyruv pxowlsduw|lvp� +Gxyhujhu 4<87=56<,1 Gxyhujhu*v Odz dqg K|0

srwkhvlv kdyh hvwdeolvkhg wkhpvhoyhv dv wzr ri wkh suhplhu hpslulfdo uhjxodulwlhv

lq srolwlfdo vflhqfh1

Wkh prvw frpprq h{sodqdwlrq ri Gxyhujhu*v Odz uholhv rq wkh uroh wkdw

vwudwhjlf yrwlqj pd| kdyh lq soxudolw| uxoh hohfwlrqv4 1 Gxyhujhu +4<87=559, h{0

sodlqhg= �lq fdvhv zkhuh wkhuh duh wkuhh sduwlhv rshudwlqj xqghu wkh vlpsoh pd0

mrulw| vlqjoh0edoorw v|vwhp wkh hohfwruv vrrq uhdol}h wkdw wkhlu yrwhv duh zdvwhg

li wkh| frqwlqxh wr jlyh wkhp wr wkh wklug sduw|= khqfh wkhlu qdwxudo whqghqf|

wr wudqvihu wkhlu yrwh wr wkh ohvv hylo ri lwv wzr dgyhuvdulhv lq rughu wr suhyhqw

wkh vxffhvv ri wkh juhdwhu hylo�1 Wklv h{sodqdwlrq jlyhq e| Gxyhujhu kdv ehhq

wudqvodwhg lqwr vwudwhjlf yrwlqj e| irupdo prghov +vhh Sdoiuh| 4<;</ Fr{ 4<<7/

P|huvrq dqg Zhehu 4<<6 dqg Ih| 4<<:,1

Ihz vfkroduv irfxvhg rq Gxyhujhu*v K|srwkhvlv/ lq jhqhudo dvvxplqj wkdw

vwudwhjlf yrwlqj lv devhqw xqghu sursruwlrqdo uhsuhvhqwdwlrq/ khqfh h{sodlqlqj

pxowl0sduw|lvp5 +vhh Fr{ 4<<: iru d oxflg glvfxvvlrq rq wklv srlqw,1

Rqh ri wkh frqwulexwlrqv ri wklv sdshu lv wr surylgh d vlpsoh exw jhqhudo

iudphzrun wr lqyhvwljdwh wkh vwudwhjlf ehkdylru ri yrwhuv lq sursruwlrqdo uhs0

uhvhqwdwlrq hohfwlrqv1 Vshfl�fdoo|/ wkh rxwfrph ri wkh hohfwlrq lv d frpsurplvh

dprqj sduwlhv* idyrulwh srvlwlrqv1 Lq wkh �uvw sduw ri wkh sdshu zh gh�qh vxfk

d frpsurplvh ixqfwlrq dv wkh olqhdu frpelqdwlrq ri sduwlhv* srvlwlrqv zhljkwhg

zlwk wkh vkduh ri yrwhv wkdw hdfk sduw| jhwv lq wkh hohfwlrq1 Wkh prwlydwlrq

lv wr fdswxuh wkh vslulw ri sursruwlrqdo uhsuhvhqwdwlrq/ l1h1/ dq| sduw| wkdw jhwv

vrph yrwhv lv uhsuhvhqwhg lq wkh srolwlfdo surfhvv ri srolf| ghwhuplqdwlrq/ zlwk

d zhljkw wkdw lv sursruwlrqdo wr lwv vkduh ri yrwhv6 +iru d glvfxvvlrq derxw wkh

rxwfrph ixqfwlrq vhh Uhpdun 4/ sdj <,1 Zh wkhq dqdo|}h wzr yhu| gl�huhqw

frpsurplvh ixqfwlrqv/ wkh �uvw rqh lv d zhljkwhg dyhudjh ri wkh sodwirupv ri

wkh sduwlhv ehorqjlqj wr wkh zlqqlqj frdolwlrq/ wkh vhfrqg rqh lv wkh zhljkwhg

dyhudjh ri wkh sodwirupv ri wkh wrs wzr yrwh0jhwwhuv1

Wkh pdlq uhvxow ri wkh sdshu kljkoljkwv krz vwudwhjlf yrwlqj fdq kdyh d

4Zh olnh wr flwh Ulnhu*v zrugv +4<;5=:97,= �Wkh hylghqfh uhqghuv lw xqghqldeoh wkdw d

odujh dprxqw ri vrsklvwlfdwhg yrwlqj rffxuv 0 prvwo| wr wkh glvdgydqwdjh ri wkh wklug sduwlhv

qdwlrqdoo| vr wkdw wkh irufh ri Gxyhujhu*v sv|fkrorjlfdo idfwru pxvw eh frqvlghudeoh�
5Oh|v +4<8<, dqg Vduwrul +4<9;, zhuh wkh �uvw vfkroduv wr fodlp wkdw vwudwhjlf yrwlqj lv

dovr h�hfwlyh xqghu sursruwlrqdo uhsuhvhqwdwlrq zlwk wkh frqvhtxhqfh wr uhgxfh wkh qxpehu

ri sduwlhv1
6Iru d vlplodu srolf| rxwfrph vhh/ iru h{dpsoh/ Dohvlqd dqg Urvhqwkdo +5333, dqg Ruwxôr0

Ruwlq +4<<:,1
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ghydvwdwlqj h�hfw dovr xqghu sursruwlrqdo uhsuhvhqwdwlrq= lq d odujh hohfwrudwh/

vwudwhjlf yrwhuv/ uhjdugohvv ri wkh qxpehu ri sduwlhv wkh| fdq yrwh iru/ yrwh

iru rqo| wzr sduwlhv lq dq| htxloleulxp1 Wklv uhvxow krogv zlwk d vwdqgdug

dvvxpswlrq rq yrwhuv* suhihuhqfhv/ vlqjoh shdnhgqhvv1 Pruhryhu/ zh duh deoh wr

lghqwli| zklfk duh wkrvh sduwlhv= wkh| duh wkh h{wuhplvw rqhv1

D nh| phvvdjh ri wklv sdshu lv wkh dqdo|vlv ri d jdph zlwk d frqwlqxxp ri

yrwhuv dv wkh olplw jdph ri jdphv zlwk d �qlwh qxpehu ri yrwhuv1 Reylrxvo|

dvvxplqj d frqwlqxxp ri yrwhuv lpsolhv wkdw hdfk sod|hu lv qhjoljleoh wr wkh

rxwfrph1 Iru wklv uhdvrq zh eholhyh wkdw dvvxplqj d �qlwh qxpehu ri sod|huv lv

fuxfldo wr vwxg| wkh vwudwhjlf ehkdylru ri lqglylgxdo yrwhuv1 Zh vwduw e| dqdo|}0

lqj jdphv zlwk d �qlwh qxpehu ri yrwhuv/ ixoo| fdswxulqj wkh vwudwhjlf lqfhqwlyh

ri wkh yrwhuv wr yrwh iru wkh h{wuhplvwv1 Pruh suhflvho|/ zh suryh wkdw/ zlwk d

�qlwh qxpehu ri yrwhuv/ hvvhqwldoo| d xqltxh Qdvk htxloleulxp h{lvwv/ fkdudfwhu0

l}hg e| dq rxwfrph +gh�qhg fxwsrlqw, vxfk wkdw dq| yrwhu wr lwv uljkw yrwhv iru

wkh uljkwprvw sduw| dqg dq| yrwhu wr lwv ohiw yrwhv iru wkh ohiwprvw sduw|1 Wkh

lqwxlwlrq ri wkh uhvxow lv reylrxv= vwudwhjlf yrwhuv plvuhsuhvhqw wkhlu suhihuhqfhv

e| yrwlqj iru wkh h{wuhplvw sduwlhv lq rughu wr gudj wkh srolf| rxwfrph wrzdug

wkhlu suhihuuhg srolf| srlqw17

Wkh uhvxow deryh doorzv xv wr dqdo|}h d jdph zlwk d frqwlqxxp ri yrwhuv

dv wkh olplw jdph ri jdphv zlwk d �qlwh qxpehu ri yrwhuv1 Lq vxfk d fdvh hdfk

yrwhu ehkdyhv dv li kh zhuh ghflvlyh/ dqg wkh �htxloleulxp� rxwfrph lv wkh srolf|

rewdlqhg zlwk hyhu| yrwhu wr lwv ohiw yrwlqj iru wkh ohiwprvw sduw| dqg hyhu| yrwhu

wr lwv uljkw iru wkh uljkwprvw sduw|1

Lw lv txlwh qdwxudo wr frpsduh wklv fxwsrlqw srolf| zlwk wkh phgldq yrwhu*v

suhihuuhg rxwfrph1 Zh ghgxfh wkdw/ lqghshqghqwo| iurp wkh glvwulexwlrq ri

yrwhuv* lghdo srolflhv/ li wkh h{wuhplvw sduwlhv duh v|pphwulfdoo| orfdwhg/ wkh

fxwsrlqw srolf| lv dozd|v pruh prghudwh/ l1h1 pruh fhqwulvw/ wkdq wkh phgldq1

Dqrwkhu frqwulexwlrq ri wklv sdshu lv wr dsso| wkh jhqhudo uhvxow wr zhoo0

nqrzq yrwlqj prghov1 Iluvw/ zh glvfxvv wkh pxowl0sduw| yhuvlrq ri d glylghg

jryhuqphqw prgho/ zkhuh lq wkh vslulw ri Dohvlqd dqg Urvhqwkdo*v +4<<9, dqdo|0

vlv/ zh rewdlq d prghudwlrq uhvxow= zh vkrz wkdw wkh pruh uljkwlvw wkh suhvlghqw

lv/ pruh yrwhv duh wdnhq e| wkh ohiwlvw sduw|1 Zh wkhq suhvhqw dq h{dpsoh zlwk

wkuhh sduwlhv/ lq zklfk wkh wzr h{wuhplvw sduwlhv wdnh yrwhv lq wkh ohjlvodwlyh

hohfwlrq/ zkloh wkh sduw| orfdwhg dw fhqwhu zlqv wkh h{hfxwlyh hohfwlrq1 Dq lq0

whuhvwlqj lpsolfdwlrq lv wkdw pruh frpsoh{ lqvwlwxwlrqdo v|vwhpv pd| kdyh pruh

srolwlfdo sduwlhv wkdq wkhlu frpsrqhqwv zrxog kdyh vhsdudwho|1 Vhfrqg/ zh vwxg|/

iroorzlqj Ehvoh| dqg Frdwh +4<<:,/ hqgrjhqrxv fdqglgdf|/ �qglqj wkdw/ zkhq

wkh frvw ri fdqglgdf| lv vpdoo/ rqo| wkh wzr h{wuhplvwv zloo eh fdqglgdwhv1

Ehiruh lqwurgxflqj wkh prgho/ zh suhvhqw vrph vw|ol}hg idfwv wkdw vxjjhhvw

wklv lv ri pruh wkdq wkhruhwlfdo lqwhuhvw1

Sursruwlrqdo uhsuhvhqwdwlrq dqg d wzr0sduw| v|vwhp1 Ulnhu klpvhoi/ diwhu

7Wkh lqfhqwlyh wr yrwh iru dq h{wuhph lv jlyhq e| wkh pd{lpdo h�hfw wkdw vxfk d yrwh kdv rq

wkh rxwfrph1 Ylfh yhuvd/ li wkh srolf| rxwfrph lv wkh phgldq/ yrwlqj vlqfhuho| lv d grplqdqw

vwudwhj| ehfdxvh wkh h�hfw ri hdfk yrwh/ exw wkh phgldq rqh/ lv vroho| �gluhfwlrqdo� +l1h1/ dq|

yrwh wr wkh ohiw ri wkh phgldq kdv wkh vdph h�hfw dv zhoo dv dq| yrwh wr wkh uljkw,1
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wkh dqdo|vlv ri irxu frxqwhuh{dpsohv8 wr Gxyhujhu*v K|srwkhvlv/ frqfoxghg wkdw

�zh fdq wkhuhiruh dedqgrq Gxyhujhu*v K|srwkhvlv lq lwv ghwhuplqlvwlf irup�

+4<;5=:93,19

Wzr fdvhv vhhp sduwlfxoduo| phdqlqjixo1

Wkh �uvw fdvh lv Dxvwuld/ gh�qhg e| Ulnhu dv d �wuxh frxqwhuh{dpsoh� +4<;5=:8;,

wkdw h{shulhqfhg d vwdeoh wzr0sduw| v|vwhp xqghu sursruwlrqdo uhsuhvhqwdwlrq: 1

Wkh wzr pdmru sduwlhv/ wkh Fkulvwldq Vrfldolvw +RYS, dqg wkh Vrfldo Ghprfudwv

+VSR,/ zhuh hvvhqwldoo| gxrsrolvwv zlwk hljkw| wr qlqhw| shu fhqw +ru pruh, ri

wkh yrwh iurp 4<78 wr 4<;: +vhh Hqjhopdqq/ 4<;;=;:,1

Wkh vhfrqg fdvh lv Luhodqg/ frqvlghuhg e| Ulnhu +4<;5=:8;, dv �d ghydvwdwlqj

frxqwhuh{dpsoh� wr Gxyhujhu*v K|srwkhvlv1 Wkh uhdvrq lv wkdw sursruwlrqdo

uhsuhvhqwdwlrq; idyruhg d ghfuhdvh lq wkh qxpehu ri sduwlhv= vlqfh wkh hohfwlrqv

ri 4<5:/ zkhq wkhuh zhuh vhyhq sduwlhv dqg irxuwhhq lqghshqghqwv/ wkh qxpehu

ri sduwlhv ghfuhdvhg/ dqg iurp wkh hohfwlrq ri 4<9< wkuhh sduwlhv zhuh rq wkh

vfhqh wrjhwkhu zlwk d ihz lqghshqghqw sduwlhv1 Iurp wkh hohfwlrqv ri 4<65 d

vwdeoh �wzr0sduw| dqg kdoi� v|vwhp +Fduw|/ 4<;;=557, zdv irxqghg1

Prghudwlrq lq wkh pxowlsduw| yhuvlrq ri Dohvlqd dqg Urvhqwkdo*v prgho1 Zh

gh�qh d wzr0vwdjh jdph zkhuh �uvw wkhuh lv dq hohfwlrq ri wkh suhvlghqw zlwk sox0

udolw| uxoh/ dqg wkhq dq hohfwlrq ri d ohjlvodwxuh zlwk sursruwlrqdo uxoh1 Wkh pdlq

�qglqj lv wkdw wkh vkduh ri yrwhv wdnhq e| wkh ohiwprvw sduw| lq wkh ohjlvodwlyh

hohfwlrq lv lqfuhdvlqj lq wkh srvlwlrq ri wkh suhvlghqw/ l1h1/ wkh pruh uljkwlvw lv wkh

suhvlghqw/ wkh pruh yrwhv zloo eh wdnhq e| wkh ohiwprvw sduw|1 Wklv wkhruhwlfdo

suhglfwlrq fdq h{sodlq fdvhv zkhq/ lq suhvlghqwldo frxqwulhv/ plgwhup hohfwlrqv

duh grplqdwhg e| wkh sduwlhv orvhuv lq wkh suhvlghqwldo udfh +vhh Vkxjduw 4<<8

iru d lqvljkwixo glvfxvvlrq derxw wklv srlqw< / dqg Dohvlqd dqg Urvhqwkdo 4<<8,1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrqv 5 dqg 6 zh suhvhqw wkh jhqhudo

prgho dqg zh fkdudfwhul}h wkh htxloleuld1 Lq vhfwlrq 7 zh suhvhqw wzr dssol0

fdwlrqv/ rqh wr wkh Dohvlqd dqg Urvhqwkdo +4<<9, prgho ri glylghg jryhuqphqw

lq vxevhfwlrq 714/ dqg rqh wr wkh Ehvoh| dqg Frdwh +4<<:, prgho lq vxevhfwlrq

7151 Lq vhfwlrq 8 zh dqdo|}h wkh h{whqvlrq wr wzr rwkhu rxwfrph ixqfwlrqv/ dqg

vhfwlrq 9 frqfoxghv1

8Ulnhu dqdo|}hg irxu fdvhv= Dxvwudold/ Dxvwuld/ Jhupdq|/ dqg Luhodqg1
9Fr{ +4<<:, r�huv d h{kdxvwlyh dqdo|vlv rq wkh uhodwlrq ehwzhhq hohfwrudo uxohv dqg wkh

uhvxowlqj qxpehu ri sduwlhv1
:Pruh suhflvho|/ wkh hohfwrudo v|vwhp lv dv iroorzv1 Hdfk olvw uhfhlyhv dv pdq| vhdwv dv lwv

yrwh frqwdlqv ixoo Kduh txrwdv/ dqg wkrvh vhdwv duh wkhq doorfdwhg wr wkh olvw*v fdqglgdwhv/ lq

dffrugdqfh zlwk wkh olvw rughu1 Vhdwv xqdoorfdwhg lq wkh �uvw vwhs duh djjuhjdwhg lq dffrugdqfh

zlwk hdfk vhfrqgdu| olvw*v yrwh dqg wkhq uhdoorfdwhg wr wkh olvw*v fdqglgdwh +vhh Fr{ 4<<:,1
;Wkh Lulvk v|vwhp lv sursruwlrqdo uhsuhvhqwdwlrq e| phdqv ri wkh vlqjoh wudqvihudeoh yrwh

+VWY,1 Xqghu VWY wkh yrwhu kdv wkh rssruwxqlw| wr lqglfdwh d udqjh ri suhihuhqfhv e| sodf0

lqj qxpehuv lq fruuhvsrqghqfh zlwk fdqglgdwhv* qdphv rq wkh edoorw sdshu1 D yrwh fdq eh

wudqvihuuhg iurp rqh fdqglgdwh wr dqrwkhu li lw lv qrw uhtxluhg e| wkh sulru fkrlfh wr pdnh xs

wkdw fdqglgdwh*v txrwd +ru li/ dv d uhvxow ri srru vxssruw/ wkdw fdqglgdwh lv holplqdwhg iurp

wkh frqwhvw,1
<Vkxjduw frqvlghuv hohyhq frxqwulhv/ lqfoxglqj Iudqfh/ Fkloh/ dqg Ho Vdoydgru1
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Zh gh�qh wkh vlpsohvw iudphzrun wr dqdo|}h dq hohfwlrq fdoohg zlwk sursruwlrqdo

uxoh=

Srolf| Vsdfh1 Wkh srolf| vsdfh [ lv d forvhg lqwhuydo ri wkh uhdo olqh/ dqg

zlwkrxw orvv ri jhqhudolw| zh dvvxph [ @ ^3> 4`1

Sduwlhv1 Sduwlhv duh �{hg erwk lq qxpehu43 dqg lq wkhlu srvlwlrqv/ lq wkdw

wkhuh lv qr vwudwhjlf uroh iru wkhp= wkhuh lv dq h{rjhqrxvo| jlyhq vhw ri sduwlhv

P @ i4> ===> n> ===pj +p � 5,/ lqgh{hg e| n1 Hdfk sduw| n lv fkdudfwhul}hg e| d

srolf| �n 5 ^3> 4`1

Vwudwhj|1 Jlyhq wkh vhw ri sduwlhv P / hdfk yrwhu fdq fdvw klv yrwh iru d

sduw|44 1 Wkh sxuh vwudwhj| vsdfh ri hdfk sod|hu l lv Vl @ i4> ===> n> ===>pj zkhuh
hdfk n 5 Vl lv d yhfwru ri p frpsrqhqwv zlwk doo }hurv h{fhsw iru d rqh lq

srvlwlrq n/ zklfk uhsuhvhqwv wkh yrwh iru sduw| n1

D pl{hg vwudwhj| ri sod|hu l lv d yhfwru �l @ +�
4
l
> ===�

n

l
> ===> �

p

l
, zkhuh hdfk

�
n
l
uhsuhvhqwv wkh suredelolw| wkdw sod|hu l yrwhv iru sduw| n=

Srolf| rxwfrph1 Wkh srvlwlrq ri wkh jryhuqphqw/ l1h1/ wkh srolf| rxwfrph/ lv

d olqhdu frpelqdwlrq ri sduwlhv* srolflhv/ hdfk frh!flhqw ehlqj htxdo wr wkh fruuh0

vsrqglqj vkduh ri yrwhv1 Jlyhq d sxuh vwudwhj| frpelqdwlrq v @ +v4> v5> ===> vq,/

y+v, @
S
l5Q

vl

q
lv wkh yhfwru uhsuhvhqwlqj iru hdfk sduw| lwv vkduh ri yrwhv/ khqfh

wkh srolf| rxwfrph fdq eh zulwwhq dv=

[ +v, @

p[

n@4

�nyn +v, = +4,

Yrwhuv1 Hdfk yrwhu l lv fkdudfwhul}hg e| klv eolvv srlqw �l 5 � @ ^3> 4`1

Yrwhuv* suhihuhqfhv duh vlqjoh shdnhg1 Zh vwuhvv wkdw wklv lv wkh rqo| dvvxpswlrq

qhhghg wr uhdfk wkh uhvxow iru sxuh vwudwhj| htxloleuld1 Wr dqdo|}h pl{hg vwudwhj|

htxloleuld/ zh dvvxph wkdw d ixqgdphqwdo xwlolw| ixqfwlrq x = ?5 $ ? h{lvwv/

frqwlqxrxvo| gl�huhqwldeoh zlwk uhvshfw wr wkh �uvw dujxphqw45 / zklfk uhsuhvhqwv

suhihuhqfhv/ wkdw lv/ xl+[, @ x+[> �l,1

Jlyhq wkh vhw ri sduwlhv dqg wkh xwlolw| ixqfwlrq x/ d �qlwh jdph � lv fkdu0

dfwhul}hg e| d vhw ri sod|huv Q @ i4> ===> l> ===> qj dqg wkhlu eolvv srlqwv1 Jlyhq

� @

�
Q> i�ljl5Q

�
zh ghqrwh e| K�

+�, wkh glvwulexwlrq ri sod|huv* eolvv srlqwv46 /

l1h1/ K�
+�
�
, lv wkh sursruwlrq ri sod|huv zlwk d eolvv srlqw ohvv wkdq ru htxdo wr

�

�1

43Zh zloo uhod{ wklv dvvxpswlrq lq wkh dssolfdwlrq wr Ehvoh| dqg Frdwh*v prgho ri uhsuhvh0

qdwlyh ghprfudf| +4<<:,/ zkhq wkh qxpehu ri sduwlhv zloo eh hqgrjhqrxv1
44 Lq wklv sdshu zh gr qrw doorz iru devwhqwlrq1 Zh fdqqrw fodlp wkdw wklv dvvxpswlrq lv

qhxwudo1 Lq rxu surri zh xvh wkh idfw wkdw/ dv wkh qxpehu ri sod|huv jrhv wr lq�qlw|/ wkh zhljkw

ri hdfk sod|hu jrhv wr }hur/ dqg wklv uhvxow grhv qrw krog li d odujh qxpehu ri yrwhuv devwdlq1
45Khqfh/ e| vlqjoh0shdnhgqhvv/ �7%2 M dfc �o c

Y�E%4c7%5�

Y%4
U f iru %� T 7%2 dqg %� M dfc �o �

46Vrphwlphv zh zloo lghqwli| d sod|hu zlwk klv eolvv srlqw1
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Wkh xwlolw| wkdw sod|hu l jhwv xqghu wkh vwudwhj| frpelqdwlrq v lv=

Xl+v, @ x+[+v,> �l,

Jlyhq d pl{hg vwudwhj| frpelqdwlrq � @ +�4> ===> �q,/ ehfdxvh sod|huv pdnh

wkhlu fkrlfh lqghshqghqwo| ri hdfk rwkhu/ wkh suredelolw| wkdw v @ +v4> v5> ===> vq,

rffxuv lv=

�+v, @

\

l5Q

�

vl
l
=

Wkh h{shfwhg xwlolw| wkdw sod|hu l jhwv xqghu wkh pl{hg vwudwhj| frpelqdwlrq

� lv=

Xl+�, @

[
�+v,Xl+v,=

Lq wkh iroorzlqj/ dv xvxdo/ zh vkdoo zulwh � @ +��l> �l,/ zkhuh ��l @

+�4> ===�l�4> �l.4> ===�q, ghqrwhv wkh +q� 4,�wxsoh ri vwudwhjlhv ri wkh sod|huv

rwkhu wkdq l1 Ixuwkhupruh vl zloo ghqrwh wkh pl{hg vwudwhj| �l wkdw jlyhv sure0

delolw| rqh wr wkh sxuh vwudwhj| vl1

� �� ���
�
��
��

Lq wklv vhfwlrq zh dqdo|}h wkh htxloleulxp ri wkh jdph gh�qhg deryh1 Iluvw/

zh dqdo|}h yrwhuv* ehkdylru zkhq rqo| sxuh vwudwhjlhv duh doorzhg1 Zh vkrz

wkdw lq dq| sxuh vwudwhj| Qdvk htxloleulxp/ yrwhuv yrwh rqo| iru wkh h{wuhph

sduwlhv/ h{fhsw iru d qhljkerukrrg lqyhuvho| uhodwhg wr wkh qxpehu ri sod|huv1

Zh gh�qh wkhq wkh fxwsrlqw rxwfrph/ l1h1/ wkh rqo| rxwfrph rewdlqhg zlwk dq|

yrwhu vwulfwo| rq lwv uljkw yrwlqj iru wkh uljkwprvw sduw| dqg dq| yrwhu vwulfwo| rq

lwv ohiw yrwlqj iru wkh ohiwprvw sduw|1 Li wkh fxwsrlqw rxwfrph grhv qrw frlqflgh

zlwk d yrwhu*v eolvv srlqw/ wkh vwudwhj| frpelqdwlrq wkdw gh�qhv lw/ lv d sxuh

vwudwhj| Qdvk htxloleulxp ri wkh jdph1

Dv qrwklqj dvvxuhv xv wkdw wklv vx!flhqw frqglwlrq iru wkh h{lvwhqfh ri d

sxuh vwudwhj| htxloleulxp lv vdwlv�hg/ ru wkdw pl{hg vwudwhj| htxloleuld ehkdyh

frpsohwho| dqdorjrxvo|/ zh h{whqg wkh dqdo|vlv wr wkh fdvh zkhq yrwhuv duh

doorzhg wr sod| pl{hg vwudwhjlhv1 Zh suryh wkh pdlq uhvxow ri wklv sdshu= lq

dq| htxloleulxp dq| sod|hu rq wkh uljkw ri wkh fxwsrlqw rxwfrph yrwhv iru wkh

uljkwprvw sduw|/ dqg dq| sod|hu rq wkh ohiw ri wkh fxwsrlqw rxwfrph yrwhv iru

wkh ohiwprvw sduw|/ h{fhsw iru d qhljkerukrrg lqyhuvho| uhodwhg wr wkh qxpehu

ri yrwhuv1

Zh wkhq vwxg| jdphv zlwk d frqwlqxxp ri yrwhuv dv olplwv ri jdphv zlwk d

�qlwh qxpehu ri yrwhuv/ l1h1/ hdfk yrwhu ehkdyhv dv li kh frxog eh ghflvlyh1 Wkh

suhylrxv dqdo|vlv/ ghyhorshg iru jdphv zlwk d �qlwh qxpehu ri sod|huv/ ohwv xv

frqvlghu wkh fxwsrlqw rxwfrph dv wkh �uljkw� vroxwlrq ri jdphv zlwk d frqwlqxxp

ri yrwhuv1

Lq rughu wr vlpsoli| wkh qrwdwlrq/ lq wkh iroorzlqj zh zloo ghqrwh O wkh ohiw0

prvw sduw| dqgU wkh uljkwprvw +l1h1/ O @ dujplqn5P �n> U @ dujpd{n5P �n,
47 1

47Zh dvvxph wkdw wkhuh lv rqo| rqh sduw| dw lu dv zhoo dv dw l-1 Wklv dvvxpswlrq vlpsol�hv

9



��� ���� �������� ���
�
��
�

Zh vwduw e| dqdo|}lqj wkh sxuh vwudwhj| htxloleuld lq rughu wr vwuhvv wkh lqwx0

lwlrq ehklqg wkh uhvxow/ wkdw lv/ vwudwhjlf yrwhuv kdyh dq lqfhqwlyh wr yrwh iru

wkh h{wuhplvw sduwlhv lq rughu wr gudj wkh srolf| rxwfrph wrzdug wkhlu eolvv

srolf|1 Iluvw/ zh xqghuolqh wkdw rqo| wkh dvvxpswlrq ri vlqjoh shdnhgqhvv ri

yrwhuv* suhihuhqfhv lv qhhghg wr jhw wkh uhvxow1 Zh suryh wkdw hyhu| sxuh vwudw0

hj| htxloleulxp lv vxfk wkdw +h{fhsw iru d qhljkerukrrg zkrvh ohqjwk lv lqyhuvho|

sursruwlrqdo wr wkh qxpehu ri sod|huv, hyhu|erg| yrwhv iru rqh ri wkh wzr h{0

wuhplvw sduwlhv1

Sursrvlwlrq 4 Ohw v eh d sxuh vwudwhj| htxloleulxp ri d jdph � zlwk q yrwhuv=

+�, li �l � [+v,� 4

q
+�U � �O, wkhq vl @ O/

+�, li �l � [+v, . 4

q
+�U � �O, wkhq vl@U1

Surri1 +�, Qrwlfh wkdw li [+v
�l> O, � �l wkhq/ e| vlqjoh0shdnhgqhvv/ O lv

wkh rqo| ehvw uhso|/ iru sod|hu l/ wr v
�l +l1h1/ ;n 9@ O> [+v

�l> n, A [+v
�l> O,,1

Ehfdxvh [+v
�l> O, @ [+v,� 4

q
+�vl � �O, � [+v,� 4

q
+�U� �O,/ wkh dvvxpswlrq

�l � [+v,� 4

q
+�U � �O, lpsolhv wkdw O lv wkh xqltxh ehvw uhso|/ iru sod|hu l/ wr

v
�l1 +�, D v|pphwulf dujxphqw krogv1
Wkh sursrvlwlrq deryh lpsolhv wkdw lq hyhu| sxuh vwudwhj| Qdvk htxloleulxp

ri d jdph/ wkh sursruwlrq ri yrwhv wdnhq e| wkh ohvv h{wuhph sduwlhv jrhv wr }hur
dv q jrhv wr lq�qlw|148

Dw wklv srlqw/ lw lv qdwxudo wr dqdo|}h wkh fdvh zkhq dq|erg| vwulfwo| rq wkh
ohiw ri wkh srolf| rxwfrph yrwhv iru O/ dqg dq|erg| vwulfwo| rq wkh uljkw ri wkh
srolf| rxwfrph yrwhv iru U1

Jlyhq d jdph � dqg lwv glvwulexwlrq ri eolvv srlqwv K�+�,/ ohw ��
�
/ gh�qhg dv

fxwsrlqw srolf|/ eh wkh xqltxh srolf| rxwfrph rewdlqhg zlwk yrwhuv vwulfwo| rq

lwv ohiw yrwlqj iru O dqg yrwhuv vwulfwo| rq lwv uljkw yrwlqj iru U/ l1h1/ ohw ��
�
eh

lpsolflwo| gh�qhg e|=

��
�
5 �O

�K�

�
��
�
�
. �U+4� �K�

�
��
�
�
,

zkhuh �K� lv wkh fruuhvsrqghqfh gh�qhg e| �K�+�, @

�
olp
|$��

K�+|,> K�+�,

�
1

Ohw xv dvvxph wkdw qr sod|hu*v suhihuuhg srolf| frlqflghv zlwk wkh fxwsrlqw

rxwfrph1 Wkh vwudwhj| frpelqdwlrq jlyhq e| dq| yrwhu vwulfwo| rq wkh ohiw ri ��
�

yrwlqj iru wkh ohiwprvw sduw|/ dqg dq| yrwhu vwulfwo| rq wkh uljkw ri ��
�
yrwlqj

iru wkh uljkwprvw sduw| lv d sxuh vwudwhj| Qdvk htxloleulxp1 Qr sod|hu rq wkh
ohiw ri wkh fxwsrlqw rxwfrph kdv dq lqfhqwlyh wr yrwh iru dq| sduw| gl�huhqw
iurp O/ ehfdxvh grlqj vr zrxog sxvk wkh srolf| rxwfrph ixuwkhu dzd| iurp klv
suhihuuhg srolf|1 Wkh vdph dujxphqw krogv iru dq| sod|hu rq wkh uljkw ri wkh
srolf| rxwfrph1 Zh fdq/ wkhq/ vwdwh wkh iroorzlqj sursrvlwlrq=

wkh qrwdwlrq/ exw lw grhv qrw d�hfw wkh uhvxow1 Zlwkrxw wklv dvvxpswlrq/ li zh ghqrwh u dqg

- wkh vhw ri h{wuhplvw sduwlhv/ hyhu|wklqj vwloo krogv1
48Dw ohdvw li yrwhuv* eolvv srlqwv duh vx!flhqwo| vsuhdg rxw1

:



Sursrvlwlrq 5 Li �l 9@ ��
�
;l 5 Q / wkhq wkh vwudwhj| frpelqdwlrq jlyhq e|

;�l ? ��
�
vl @ O dqg ;�l A ��

�
vl @ U lv d sxuh vwudwhj| Qdvk htxloleulxp ri wkh

jdph �1

Lw lv fohdu wkdw qrwklqj dvvxuhv xv wkdw sxuh vwudwhj| htxloleuld h{lvw> pruh0
ryhu zh kdyh wr fkhfn li pl{hg vwudwhj| htxloleuld suhvfuleh d gudpdwlfdoo| gli0
ihuhqw ehkdylru iru lqglylgxdo yrwhuv1

��� �
��� �������� ���
�
��
�

Zh dqdo|}h wkh fdvh zkhq sod|huv duh doorzhg wr sod| pl{hg vwudwhjlhv1 Lq rughu
wr sxuvxh wklv dqdo|vlv zh kdyh wr dvvxph dovr wkdw wkh xwlolw| ixqfwlrq x lv
frqwlqxrxvo| gl�huhqwldeoh zlwk uhvshfw wr wkh �uvw dujxphqw149

Zh uhfdoo wkdw/ jlyhq wkh vhw ri sduwlhvP dqg wkh xwlolw| ixqfwlrq x/ d jdph �
lv fkdudfwhul}hg e| wkh vhw ri sod|huv dqg wkhlu eolvv srlqwv1 Ohw � @ +�4> ===> �q,

dqg ��� @
S
l5Q

�l

q
1 Zlwk dexvh ri qrwdwlrq/ ohw [+���, @

pS
n@4

�n��
�
n 1

Zh fdq vwdwh wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 6 ;% A 3/ <q3 vxfk wkdw ;q � q3 li � lv d Qdvk htxloleulxp ri d

jdph � zlwk q yrwhuv/ wkhq=

+�, li �l � [ +���,� % wkhq �l @ O

+�, li �m � [ +���, . % wkhq �m @ U1

Surri1 Vhh Dsshqgl{1
Lq wkh dsshqgl{ zh zloo vkrz wkdw ��� lv wkh h{shfwhg yrwh vkduhv iru wkh

sduwlhv1 Wkh sursrvlwlrq deryh vd|v wkdw lq dq| Qdvk htxloleulxp/ h{fhsw iru d
qhljkerukrrg zkrvh ohqjwk ghfuhdvhv dv wkh qxpehu ri sod|huv lqfuhdvhv/ hyhu|0
erg| wr wkh ohiw ri [ +���, yrwhv iru O/ zkloh hyhu|erg| wr wkh uljkw yrwhv iru U1
Zh kljkoljkw wkh h�hfwlyhqhvv ri wkh surri/ l1h1 wkh q3 lv h{solflwo| fdofxodwhg dv
d ixqfwlrq ri wkh %/ ri wkh qxpehu ri sduwlhv p/ dqg ri wkh vkdsh ri wkh xwlolw|
ixqfwlrq x +[> �,1

Xvlqj wkh gh�qlwlrq ri fxwsrlqw srolf| rxwfrph/ zh fdq vwdwh wkh pdlq uhvxow
ri wklv sdshu= hvvhqwldoo| dq xqltxh Qdvk htxloleulxp ri wkh jdph h{lvwv=

Fruroodu| 7 ;� A 3/ <q4 vxfk wkdw ;q � q4 li � lv d Qdvk htxloleulxp ri d

jdph � zlwk q yrwhuv/ wkhq=

+�, li �l � ��
�
� � wkhq �l @ O

+�, li �m � ��
�
. � wkhq �m @ U1

49Wr vwxg| pl{hg vwudwhjlhv htxloleuld vrph fduglqdo dvvxpswlrqv rq wkh xwlolw| ixqfwlrq duh

qhhghg1 Ehfdxvh zh xvh wkh phdq ydoxh wkhruhp wkh fduglqdo dvvxpswlrq zh kdyh pdgh lv

wkh gl�huhqwldelolw| rqh/ zklfk vhhpv wr eh wkh zhdnhvw rqh wr jhw wkh uhvxowv1 Ixuwkhupruh/

wkh frqwlqxlw| ri
Y�Efcw�
Yf

lq f jxdudqwhhv wkh h{lvwhqfh/ iru hdfk sod|hu/ ri d orzhu erxqg rq

wkh qxpehu ri sod|huv iru zklfk wkh uhvxowv krog1 Wkh frqwlqxlw| ri
Y�Efcw�
Yf

lq w dvvxuhv wkdw

d erxqg fdq eh irxqg lqghshqghqwo| ri wkh vhw ri sod|huv1

;



Surri1 Il{ � dqg/ lq Sursrvlwlrq 6/ wdnh % @ �
5
= Iru wkh fruuhvsrqglqj q3

lw lv hdv| wr vhh wkdw li q � q3 dqg � lv d Qdvk htxloleulxp ri �/ ��
�
�

�
5
�

[ +���, � ��
�
. �

5
1 Lq idfw/ vxssrvh e| frqwudglfwlrq wkdw ��

�
�

�
5
A [ +���, wkhq

Sursrvlwlrq 6 lpsolhv wkdw doo yrwhuv wr wkh uljkw ri ��
�
yrwh iru wkh uljkwprvw

sduw| dqg khqfh ��
�
� [ +���,/ frqwudglfwlqj ��

�
�

�
5
A [ +���,1 Dqdorjrxvo| iru

wkh vhfrqg lqhtxdolw|1 Khqfh ��
�
� � � [ +���, � �

5
dqg ��

�
� � � [ +���, . �

5
/

zklfk/ zlwk Sursrvlwlrq 6/ frpsohwh wkh surri1
Hyhu| htxloleulxp frqirupv wr vxfk d fxwsrlqw/ dqg khqfh/ iru q odujh

hqrxjk/ rqo| wkh wzr h{wuhplvw sduwlhv wdnh d vljql�fdqw dprxqw ri yrwhv1

UHPDUNV1 41 Rq wkh rxwfrph ixqfwlrq1 Lw lv zruwkzkloh wr kljkoljkw wkh
dvvxpswlrqv rq wkh rxwfrph ixqfwlrq qhhghg iru wkh uhvxowv deryh vwdwhg1 Iluvw/
wkh rxwfrph ixqfwlrq kdv wr eh frqwlqxrxv lq wkh vkduh ri yrwhv wkh sduwlhv
jhw1 Pruhryhu/zh qhhg dovr wkdw ;v

�l> [ +v
�l> U, A [ +v

�l> n, A [ +v
�l> O,

;n 9@ O> U1 Rxu surriv h{whqg wr dq| frqwlqxrxv dqg prqrwrqlf wudqvirupdwlrq
ri +4,1 Iurp wkrvh revhuydwlrqv/ lw lv lpphgldwh wr uhdol}h wkdw/ zkhq wkh qxpehu
ri sduwlhv lv htxdo wr wzr/ wkh rxwfrph ixqfwlrq fdq eh dq| frqwlqxrxv dqg
vwulfwo| lqfuhdvlqj ixqfwlrq lq wkh vkduh ri yrwhv ri wkh uljkwlvw sduw|14: Krzhyhu/
wkh olqhdulw| ri wkh rxwfrph ixqfwlrq kdv d qlfh mxvwl�fdwlrq= lw lv wkh xwlolwduldq
vroxwlrq ri d edujdlqlqj surfhvv dprqj srolwlfldqv zlwk d txdgudwlf orvv ixqfwlrq1
Khqfh/ lw lv wkh uhvxow ri d edujdlqlqj surfhvv ri jryhuqphqw irupdwlrq ä od

Edurq dqg Glhuphlhu +5334,/ xqghu wkh dvvxpswlrq wkdw wkh vwdwx txr lv txlwh
qhjdwlyh iru sduoldphqwdu| phpehuv1 Wklv lv d zhdn dvvxpswlrq li wkh vwdwx
txr lv jlyhq e| qhz hohfwlrq zkhuh sduoldphqwdu| phpehuv idfh wkh ulvn ri qrw
ehlqj uhhohfwhg/ dqg wkh frvw ri vwd|lqj rxw ri wkh ohjlvodwxuh lv vx!flhqwo| odujh/
dv lq Dxvwhq0Vplwk dqg Edqnv +4<;;,1

51 Xqfhuwdlqw|1 Jlyhq wkdw wkh surri ri Sursrvlwlrq 6 lv vroho| edvhg rq
ehvw uhsolhv/ wkh uhvxowv suhvhqwhg lq wklv vhfwlrq fdq eh hdvlo| rewdlqhg dovr lq
d frqwh{w ri lqfrpsohwh lqirupdwlrq ryhu sod|huv* eolvv srolflhv/ dv orqj dv wkh
lqghshqghqfh ri sod|huv* w|shv lv dvvxphg1

��� ����� �
� � 	���
���� �� ������

Zh qrz dqdo|}h dqdorjrxv jdphv zlwk d frqwlqxxp ri yrwhuv1 Lq vxfk jdphv
hyhu| vwudwhj| frpelqdwlrq lv d Qdvk htxloleulxp/ ehfdxvh hdfk sod|hu*v yrwh
grhv qrw d�hfw wkh rxwfrph1 Qhyhuwkhohvv/ wkh uhvxowv rewdlqhg lq wkh suhylrxv
sdjhv ohjlwlpdwh wkh dqdo|vlv ri d jdph zlwk d frqwlqxxp ri sod|huv dv wkh olplw
jdph ri jdphv zlwk d �qlwh qxpehu ri sod|huv1 Lq vxfk d fdvh hdfk yrwhu ehkdyhv
dv li kh frxog eh ghflvlyh/ dqg wkh �htxloleulxp� rxwfrph lv wkh srolf| rewdlqhg
zlwk hyhu| yrwhu wr wkh ohiw ri wkh srolf| rxwfrph yrwlqj iru wkh ohiwprvw sduw|
dqg hyhu| yrwhu wr wkh uljkw iru wkh uljkwprvw sduw|1

Ohw wkh eolvv srlqw glvwulexwlrq ixqfwlrq fkdudfwhul}lqj wkh jdph zlwk d frq0
wlqxxp ri yrwhuv K +�, eh frqwlqxrxv dqg vwulfwo| lqfuhdvlqj/ dqg ohw �� eh wkh

4:Vhh Dohvlqd dqg Urvhqwkdo +4<<9,/ Jurvvpdq dqg Khospdq +4<<<, dqg Ldqqdqwxrql +5336,1

<



xqltxh srolf| rxwfrph rewdlqhg zlwk yrwhuv rq wkh ohiw ri �� yrwlqj iru O dqg
yrwhuv rq wkh uljkw yrwlqj iru U/ l1h1/ �� lv wkh xqltxh vroxwlrq ri

�� @ �OK
�
��
�
. �U+4�K

�
��
�
,=

Wkh suhylrxv dqdo|vlv lpsolhv wkdw �� lv wkh �htxloleulxp� ri wkh jdph fkdu0
dfwhul}hg e| K+�, zkhq wklv jdph lv vhhq dv d olplw ri �qlwh jdphv1

UHPDUN1 Rq wkh srolf|1 Dv idu dv wkh htxloleulxp srolf| lv frqfhuqhg/ lw
lv txlwh qdwxudo wkh frpsdulvrq zlwk wkh phgldq yrwhu*v srvlwlrq1 Dv d pdwwhu
ri idfw/ wkh phgldq kdv d vshfldo dsshdo dv wkh uhvxow ri frpsurplvh lq d rqh0
glphqvlrqdo srolwlfdo vsdfh1 Ohw �p eh wkh phgldq srvlwlrq/ lw lv lpphgldwh wr
yhuli| wkdw/ li wkh srvlwlrqv ri wkh ohiwprvw dqg wkh uljkwprvw sduw| duh v|pphwulf
durxqg 4@5/ li �p ? 4@5 wkhq �p ? �� ? 4@5/ dv zhoo dv zkhqhyhu 4@5 ? �p wkhq
4@5 ? �� ? �p1 Wklv uhvxow fohduo| vxjjhvwv wkdw wkh htxloleulxp srolf| rewdlqhg
zlwk sursruwlrqdo uhsuhvhqwdwlrq lv dozd|v pruh �prghudwh� wkdq wkh phgldq
rxwfrph14;

Pruhryhu/ frqvlghulqj wkh jdph zlwk d frqwlqxxp ri yrwhuv/ exw zkhuh hyhu|
sod|hu dfwv dv li klv yrwh zrxog eh qrq0qhjoljleoh/ wkh fxwsrlqw vwudwhj| fdq eh
rewdlqhg wkurxjk d surfhvv ri lwhudwhg holplqdwlrq ri grplqdwhg vwudwhjlhv/ li
wkh glvwulexwlrq ixqfwlrq K+�, lv qrw wrr vwhhs1 Wklv lv wkh frqwhqw ri wkh qh{w
sursrvlwlrq1

Sursrvlwlrq 8 Ohw K+�, eh gl�huhqwldeoh1 Li

+�U � �O,K
3+�, ? 4>

wkhq �� lv wkh rqo| vwudwhj| frpelqdwlrq wkdw vxuylyhv wkh lwhudwhg holplqdwlrq ri

grplqdwhg vwudwhjlhv1

Surri1 Jlyhq �O/ hyhu| sod|hu ehwzhhq 3 dqg �O kdv yrwlqj iru O dv grpl0
qdqw vwudwhj| +zkdwhyhu wkh rwkhuv gr/ wkh rxwfrph zloo eh wr klv uljkw,1 Khqfh/
holplqdwlqj doo wkh rwkhu vwudwhjlhv/ hyhu| sod|hu ehwzhhq �OK+�O, . �U+4 �
K+�O,, dqg 4 kdv yrwlqj iru U dv d grplqdqw vwudwhj|1 Zh fdq lwhudwh wklv
surfhvv4< 1 Wkh lwhudwlrqv reh| wkh iroorzlqj g|qdplf=

�w.4 @ �U � +�U � �O,K+�w,

zklfk fohduo| frqyhujhv wr �� li

+�U � �O,K
3+�, ? 4=

4;Uhvxowv lq wkh vdph  dyru duh rewdlqhg/ lq gl�huhqw vhwwlqjv/ e| Shuvvrq dqg Wdehoolql

+5336,/ Dxvwhq0Vplwk +5334,/ dqg Pruhool +5335,1
4<Wkh vdph frqfoxvlrq fdq eh rewdlqhg holplqdwlqj vlpxowdqhrxvo| wkh grplqdwhg vwudwhjlhv

ri wkh ohiwlvw dqg wkh uljkwlvw yrwhuv +fi1 wkh dqdorjrxv surfhgxuh iru d wzr0sduw| prgho lq

Ldqqdqwxrql +4<<<,,1 Zlwk vxfk d surfhgxuh/ krzhyhu/ zh zrxog kdyh wr dqdo|}h d v|vwhp1

Iru wklv uhdvrq zh kdyh suhihuuhg d vlpsohu zd| wr surfhhg1
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Lq wklv vhfwlrq zh frqvlghu wzr zhoo0nqrzq prghov ri srolwlfdo hfrqrp|1

Wkh �uvw prgho zh dqdo|}h lv Dohvlqd dqg Urvhqwkdo +4<<9,1 Lq vxfk d prgho
wkh srolf| rxwfrph lv ghvfulehg wkurxjk d frpsurplvh ehwzhhq wkh h{hfxwlyh/
hohfwhg e| soxudolw| uxoh/ dqg wkh ohjlvodwxuh/ hohfwhg e| sursruwlrqdo uxoh1 Frq0
vlghulqj wkh wzr0vwdjh jdph lq zklfk �uvw wkh suhvlghqw dqg wkhq wkh ohjlvodwxuh
lv hohfwhg/ edfnzdug lqgxfwlrq lpsolhv wkdw lq wkh vhfrqg vwdjh rqo| wkh wzr
h{wuhplvwv zloo rewdlq yrwhv1 Pruh lpsruwdqwo|/ lq wkh vslulw ri Dohvlqd dqg
Urvhqwkdo*v dqdo|vlv/ zh rewdlq d prghudwlrq uhvxow= zh vkrz wkdw ixuwkhu uljkw
wkh suhvlghqw lv/ wkh pruh yrwhv duh wdnhq e| wkh ohiwprvw sduw| lq wkh ohjlvodwlyh
hohfwlrq1

Wkh vhfrqg prgho zh frqvlghu lv wkdw ri Ehvoh| dqg Frdwh +4<<:,/ zkhuh
wkh vhw ri fdqglgdwhv lv hqgrjhqrxv1 Hdfk flwl}hq ghflghv zkhwkhu wr ehfrph
d fdqglgdwh/ lqfxuulqj d frvw/ ru qrw1 Rxu uhvxow lpsolhv wkdw dv wkh frvw ri
fdqglgdf| jrhv wr }hur/ rqo| wkh wzr h{wuhplvw flwl}hqv zloo eh fdqglgdwhv1

Zh dqdo|}h erwk prghov dvvxplqj d frqwlqxxp ri yrwhuv dqg xqghu wkh
dvvxpswlrq wkdw wkh glvwulexwlrq ri eolvv srlqwv K+�, lv vwulfwo| lqfuhdvlqj dqg
frqwlqxrxvo| gl�huhqwldeoh/ ehfdxvh lq vxfk d fdvh zh kdyh xqltxhqhvv dqg gl�hu0
hqwldelolw| ri wkh �htxloleulxp�1 Zh xqghuolqh wkdw wkh jdph zlwk d frqwlqxxp
ri yrwhuv kdv wr eh lqwhusuhwhg dv dq dssur{lpdwlrq ri d �qlwh jdph zlwk d odujh
qxpehu ri yrwhuv1

 �� #
�
��� ����������

Dohvlqd dqg Urvhqwkdo +4<<9, ghvfuleh wkh irupdwlrq ri qdwlrqdo srolflhv dv
wkh uhvxow ri lqvwlwxwlrqdo frpsoh{lw| fdswxuhg e| wkh h{lvwhqfh ri wzr ghfl0
vlrq eudqfkhv ri wkh jryhuqphqw= wkh h{hfxwlyh +l1h1/ wkh suhvlghqw,/ hohfwhg
xqghu soxudolw| uxoh/ dqg wkh ohjlvodwxuh/ hohfwhg xqghu sursruwlrqdo uxoh1 Lq
wkhlu prgho/ wzr sduwlhv dqqrxqfh wkhlu srolflhv dqg wkhq yrwhuv yrwh1 Wkh
pdlq lpsolfdwlrq ri wklv prgho lv wkdw �glylghg jryhuqphqw� fdq eh h{sodlqhg
wkurxjk wkh ehkdylru ri yrwhuv zlwk lqwhuphgldwh +wkdw lv/ vlwxdwhg ehwzhhq sdu0
wlhv* dqqrxqfhg srvlwlrqv, suhihuhqfhv/ zkr wdnh dgydqwdjh ri wkh lqvwlwxwlrqdo
vwuxfwxuh wr edodqfh wkh soxudolw| ri wkh zlqqlqj sduw| lq wkh h{hfxwlyh e| yrw0
lqj iru wkh rssrvlwh sduw| lq wkh ohjlvodwlyh hohfwlrq1 Wkh pdlq uhvxow ri Dohvlqd
dqg Urvhqwkdo fdq eh h{suhvvhg dv= d sduw| uhfhlyhv pruh yrwhv lq wkh ohjlvodwlyh

hohfwlrq li lw kdv orvw wkh h{hfxwlyh hohfwlrq1
Lq wklv vhfwlrq/ zh olplw wkh dqdo|vlv wr d wzr0vwdjh jdph lq zklfk �uvw wkh

suhvlghqw dqg wkhq wkh ohjlvodwxuh lv hohfwhg/ dqg zh vkrz wkdw dqdorjrxv uhvxowv
krog iru dq| �qlwh qxpehu ri sduwlhv1 Pruh suhflvho|/ wkh uhvxowv suhvhqwhg lq wkh
suhylrxv vhfwlrq lpso| wkdw/ lq wkh sursruwlrqdo vwdjh/ rqo| wkh wzr h{wuhplvwv
wdnh yrwhv/ dqg zh vkrz wkdw wkh ixuwkhu wr wkh uljkw wkh suhvlghqw lv/ wkh
pruh yrwhv duh wdnhq e| wkh ohiwprvw sduw|1 Dv vkrzq deryh/ rxu vroxwlrq uhvwv
rq sxuho| lqglylgxdo ehkdylru/ ylhzlqj wkh jdph zlwk d frqwlqxxp ri sod|huv
dv d olplw ri �qlwh jdphv1 Dohvlqd dqg Urvhqwkdo*v vroxwlrq lv lqvwhdg edvhg
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rq frdolwlrqv/ wr flufxpyhqw wkh gl!fxowlhv dulvlqj iurp wkh idfw wkdw zlwk d
frqwlqxxp ri yrwhuv hyhu| yrwh lv qhjoljleoh wr wkh rxwfrph1

Lq wkh �uvw vwdjh sod|huv yrwh iru wkh suhvlghqw/ hohfwhg zlwk soxudolw| uxoh/
wkhq lq wkh vhfrqg vwdjh wkh| yrwh iru wkh ohjlvodwxuh/ hohfwhg zlwk sursruwlrqdo
uxoh1

Jlyhq wkh uhvxow ri wkh hohfwlrqv/ ohw wkh srvlwlrq ri wkh ohjlvodwxuh eh jlyhq
e|

[ohj @
p[
n@4

�nyn

zkhuh yn ghqrwhv wkh vkduh ri yrwhv wdnhq e| sduw| n/ dqg ohw wkh srolf| rxwfrph
eh d frqyh{ frpelqdwlrq ri suhvlghqwldo dqg ohjlvodwlyh srvlwlrqv=

[ @ +4� �,�S . �[ohj

zkhuh �S ghqrwhv wkh srvlwlrq ri wkh sduw| zlqqlqj wkh suhvlghqwldo hohfwlrq dqg
3 ? � ? 41

Vroylqj wklv jdph e| edfnzdug lqgxfwlrq/ lw lv hylghqw wkdw/ jlyhq wkh hohfwlrq
ri wkh suhvlghqw S / wkh sursruwlrqdo vwdjh lv htxlydohqw wr wkh �sursruwlrqdo
jdph� vwxglhg lq wkh suhylrxv vhfwlrqv/ zlwk wudqvodwhg srvlwlrqv ri wkh sduwlhv1
Lq rwkhu zrugv/ jlyhq S / zh kdyh wr dqdo|}h wkh �sursruwlrqdo jdph� zlwk wkh
vhw ri sduwlhv PS zkhuh hdfk sduw| n lv fkdudfwhul}hg e| wkh srolf|

�Sn @ +4� �,�S . ��n=

Wkh uhvxowv ri wkh suhylrxv vhfwlrqv lpso| wkdw wkh htxloleulxp lv vxfk wkdw
rqo| wkh wzr h{wuhplvw sduwlhv53 O dqg U wdnh yrwhv1 Pruhryhu/ wkh fxwsrlqw

vwudwhj| ��
S
lv jlyhq e| wkh xqltxh vroxwlrq wr=

��
S
@ �SOK+��

S
, . �SU+4�K+��

S
,>

zklfk fdq eh uh0zulwwhq dv=

��
S
@ +4� �,�S . ��U � �+�U � �O,K

�
��
S
�
= +5,

Khqfh zh kdyh

C��
S

C�S
@

4� �

4 . �K 3

�
��
S
�
+�U � �O,

A 3= +6,

Ehfdxvh K+��
S
, uhsuhvhqwv wkh vkduh ri yrwhv wdnhq lq wkh ohjlvodwlyh hohfwlrq

e| wkh ohiwprvw sduw| dqg K+�, lv vwulfwo| lqfuhdvlqj/ +6, lpsolhv wkdw vxfk d
vkduh lv lqfuhdvlqj lq wkh srvlwlrq ri wkh suhvlghqw1 Khqfh dovr lq pxowl0sduw|
v|vwhpv/ zh kdyh d prghudwlrq uhvxow1

53Reylrxvo| zh kdyh u ' @h}4�?& l& ' @h}4�?& l
�
& dqg - ' @h}4@ & l& ' @h}4@ & l

�
& 1
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Wkh pdlq gl!fxowlhv lq dqdo|}lqj vxfk d prgho dulvh lq wkh suhvlghqwldo vwdjh/
ehfdxvh pxowl0fdqglgdwh hohfwlrq zlwk soxudolw| uxoh lq d frpsohwh lqirupdwlrq
iudphzrun ohdgv wr d pxowlsolflw| ri htxloleuld dqg/ wr kdyh vhqvleoh vroxwlrq/ d
vwurqj uh�qhphqw +dv Phuwhqv* vwdelolw| rqh, vhhpv wr eh qhhghg154

Qhyhuwkhohvv/ iru vrph vshfl�fdwlrq ri wkh sdudphwhuv ri wkh prgho/ wkh
soxudolw| vwdjh fdq eh vroyhg e| lwhudwhg holplqdwlrq ri grplqdwhg vwudwhjlhv1
Wkh iroorzlqj h{dpsoh vkrzv d fdvh zkhuh/ jlyhq wkh htxloleulxp rxwfrph iru
hdfk vxejdph/ wkh soxudolw| vwdjh lv grplqdqfh vroydeoh dqg wkh fhqwhu zlqv wkh
suhvlghqwldo hohfwlrq/ zkloh wkh wzr h{wuhplvwv zlq wkh ohjlvodwlyh rqh1

H[DPSOH 5

Wkhuh duh wkuhh sduwlhv O>F> dqg U zlwk �O @ 3> �F @ 4

5
> dqg �U @ 6

8
1 Vxs0

srvh wkh yrwhuv* eolvv srlqwv duh glvwulexwhg xqlirupo| rq ^3> 4`/ zlwk v|pphwulf
xwlolw| ixqfwlrqv dqg � @ 4

9
=

Li zh vroyh wkh jdph edfnzdug/ htxdwlrq +5, jlyhv xv wkh htxloleulxp rxwfrph
iru hdfk srvvleoh suhvlghqw1 Lw lv qrw gl!fxow wr frpsxwh wkdw

��
O
@

4

44
> ��

F
@

64

99
> dqg ��

U
@

9

44
=

Lq wkh �uvw vwdjh/ khqfh/ flwl}hqv fkrrvh zlwk soxudolw| dprqj ��
O
> ��

F
> dqg

��
U
1 Reylrxvo| zh kdyh wkh iroorzlqj suhihuhqfh rughuv rq wkh hohfwlrq ri O>F>

dqg U dv suhvlghqw=

3 � �l ?
6:

465
O "l F "l U

�l @
6:

465
O @l F "l U

6:

465
? �l ?

:

55
F "l O "l U

�l @
:

55
F "l O @l U

:

55
? �l ?

9:

465
F "l U "l O

�l @
9:

465
F @l U "l O

9:

465
? �l � 4 U "l F "l O

Lq d soxudolw| hohfwlrq/ wkh vwudwhj| ri yrwlqj iru wkh ohdvw suhihuuhg fdqglgdwh
lv grplqdwhg +e| yrwlqj iru wkh prvw suhihuuhg,1 Lq wkh uhgxfhg jdph rewdlqhg
e| holplqdwlqj vxfk vwudwhjlhv/ wkh sod|huv kdyh wkh iroorzlqj vwudwhjlhv=

�l ?
:

55
O>F

�l @
:

55
F

�l A
:

55
U>F=

Lq wklv uhgxfhg jdph wkhuh lv qr fkdqfh ri fdqglgdwh O ehlqj hohfwhg suhvl0
ghqw/ ehfdxvh kh wdnhv dw prvw :

55
ri wkh wrwdo qxpehu ri yrwhv1 Khqfh yrwlqj

iru klp lv grplqdwhg/ dv duh yrwlqj iru U li :

55
? �l ?

9:

465
dqg yrwlqj iru F li

9:

465
? �l � 41 Dv d uhvxow/ fdqglgdwh F zlqv wkh soxudolw| hohfwlrq/ dqg lq wkh

sursruwlrqdo vwdjh O dqg U wdnh/ uhvshfwlyho|/ 64

99
dqg 68

99
ri wkh yrwhv1

54Zh uhihu wr Gh Vlqrsrol +5333, iru d glvfxvvlrq rq wklv srlqw1
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Lq wklv vhfwlrq zh dqdo|}h zkdw fdq kdsshq zkhq wkh vhw ri fdqglgdwhv lv qrw
h{rjhqrxv1 Wr wklv hqg/ zh dgrsw d prgho dqdorjrxv wr Ehvoh| dqg Frdwh
+4<<:,1 Zh frqvlghu d frppxqlw| frqvlvwlqj ri d vhw ri flwl}hqv Q wkdw/ lq rughu
wr lpsohphqw d srolf| [/ pxvw hohfw vrph uhsuhvhqwdwlyhv dprqj wkhpvhoyhv1

Wkh vhohfwlrq ri wkh frppxqlw| uhsuhvhqwdwlyhv uhtxluhv dq hohfwlrq1 Hdfk
flwl}hq lv doorzhg wr uxq iru hohfwlrq/ dfwlqj dv d fdqglgdwh1 Doo flwl}hqv fkrrvlqj
wr eh d fdqglgdwh idfh d xwlolw| frvw �1

Wkh srolwlfdo surfhvv frqvlvwv ri d wkuhh0vwdjh jdph1 Lq wkh �uvw vwdjh/ hdfk
flwl}hq ghflghv zkhwkhu wr ehfrph d fdqglgdwh ru qrw1 Lq wkh vhfrqg vwdjh/ wkh
hohfwlrq rffxuv1 Lq wkh wklug vwdjh/ wkh srolf| lv lpsohphqwhg1 Lq Ehvoh| dqg
Frdwh*v +4<<:, prgho wkh hohfwlrq lv uxq zlwk soxudolw| uxoh dqg/ ehfdxvh wkhuh
lv qr frpplwphqw/ hdfk hohfwhg fdqglgdwh lpsohphqwv klv suhihuuhg srolf|1

Ohw xv frqvlghu zkdw kdsshqv zkhq wkh hohfwlrq lv uxq zlwk sursruwlrqdo
uxoh dqg wkh srolf| lv jlyhq e|=

[ @
p[
n@4

�nyn

zkhuh yn ghqrwhv wkh vkduh ri yrwhv wdnhq e| flwl}hq0fdqglgdwh n155

Li zh ohw wkh qxpehu ri flwl}hqv jr wr lq�qlw|/ zh nqrz wkdw iru d jlyhq vhw ri
fdqglgdwhv rqo| wkh wzr h{wuhplvwv zloo wdnh yrwhv1 Khqfh lq hyhu| sxuh vwudwhj|
vxejdph shuihfw htxloleulxp zh zloo kdyh rqo| wzr fdqglgdwhv1 Pruhryhu56 zh
kdyh=

C��

C�O
@

K+��,

4 . +�U � �O,K
3+��,

A 3

C��

C�U
@

4�K+��,

4 . +�U � �O,K
3+��,

A 3=

Wklv lpsolhv wkdw d pruh h{wuhph flwl}hq/ li kh ghflghv wr eh d fdqglgdwh/
zloo pryh wkh rxwfrph wrzdug klp1 Khqfh/ iru d jlyhq frvw ri fdqglgdf|/ li wkh
ohiwprvw fdqglgdwh lv vx!flhqwo| idu iurp wkh h{wuhplvw flwl}hq/ wkh odwwhu zloo
suhihu wr ehfrph d fdqglgdwh1 Dv d uhvxow/ lq hyhu| sxuh vwudwhj| htxloleulxp/
dv wkh frvw ri fdqglgdf| jrhv wr }hur/ rqo| wkh wzr h{wuhplvwv ghflgh wr ehfrph
fdqglgdwhv1

Uhpdun= Wkh idfw wkdw C��
C�
O

A 3 dqg C��
C�
U

A 3 kdv dq lqwhuhvwlqj lpsolfdwlrq

lq d prgho zkhuh wkhuh duh wzr srolf|0rulhqwhg sduwlhv wkdw fdq frpplw wr d

55Wr dyrlg frqixvlrq zh vwloo ghqrwh l� dv wkh suhihuuhg srolf| ri fdqglgdwh �1 Zh kdyh

suryhg wkh edvlf uhvxowv iru d �qlwh qxpehu ri sduwlhv/ khqfh zh kdyh wr dvvxph wkdw wkh

qxpehu ri fdqglgdwhv lv �qlwh1 Wklv lv QRW dq dvvxpswlrq zkhq zh frqvlghu wkh jdph zlwk

d frqwlqxxp ri flwl}hqv dv dq �dssur{lpdwlrq� ri wkh jdph zlwk d �qlwh qxpehu ri sod|huv1
56Dvvxplqj �w *M tfc �� �
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srolf| ehiruh wkh hohfwlrq lv fdoohg1 Wkh htxloleulxp fkrlfhv ri wkh sduwlhv gr
qrw frqyhujh wrzdug fhqwulvw srolf|/ exw hlwkhu erwk sduwlhv duh �udglfdo� +l1h1/
wkh srolflhv wkh| frpplw wr zloo eh uhvshfwlyho| 3 dqg 4, ru rqh lv �udglfdo� dqg
wkh rxwfrph frlqflghv zlwk wkh suhihuuhg srolf| ri wkh rwkhu/ wkh fkrlfh ri wkh
odwwhu ehlqj/ krzhyhu/ pruh h{wuhplvw wkdq lwv suhihuuhg srolf|1 D vlplodu uhvxow
kdv ehhq suryhg zlwk vlqfhuh yrwlqj dqg ixuwkhu dvvxpswlrqv rq wkh glvwulexwlrq
ri yrwhuv e| Ruwxôr0Ruwlq +4<<:,/ zkloh zh rewdlq lw zlwk vwudwhjlf yrwlqj157

Ixuwkhupruh/ Dohvlqd dqg Urvhqwkdo +5333, suryh/ xqghu lqfrqsohwh lqirupdwlrq/
wkdw sduwlhv r�hu glyhujhqw sodwirupv/ zkhq wkh| fduh erwk derxw zlqqlqj dqg
derxw wkh srolf|/ zklfk lv frpsurplvh ehwzhhq wkh h{hfxwlyh dqg wkh ohjlvodwxuh1

% &��� ������
���

Lq wklv vhfwlrq zh dqdo|}h wzr gl�huhqw rxwfrph ixqfwlrqv1
Wkh �uvw lqvwlwxwlrqdo frqwh{w zh frqvlghu lv wkh iroorzlqj1 Wkhuh duh wzr

frdolwlrqv ri sduwlhv dqg wkh rxwfrph ixqfwlrq lv d olqhdu frpelqdwlrq/ zlwk
frh!flhqwv htxdo wr wkh uhodwlyh vkduh ri vhdwv/ ri wkh sduwlhv* srvlwlrqv lq wkh
frdolwlrq wkdw wdnhv pruh yrwhv1 Vxfk d prgho fdq eh dq dssur{lpdwlrq ri wkh
dssduhqwhphqw v|vwhp xvhg/ dw glvwulfw ohyho/ lq wkh Iuhqfk ohjlvodwlyh hohfwlrq
lq 4<84 dqg 4<89 +vhh Urvhqwkdo/ 4<:8,1 Wkh dssduhqwhphqwv zhuh suhhohfwrudo
frdolwlrqv ri sduwlhv/ dqg/ hyhq li hdfk sduw| kdg lwv rzq olvw ri fdqglgdwhv/
vhdwv zhuh doorfdwhg e| wuhdwlqj wkh dssduhqwhphqw dv vlqjoh eorf1 Pruhryhu/ li
dq| dssduhqwhphqw kdg pruh wkdq kdoi ri wkh yrwhv/ lw zrq doo wkh vhdwv ri wkh
glvwulfw1

Zh rewdlq/ lq sxuh vwudwhjlhv dqg xqghu wkh dvvxpswlrq wkdw wkhuh lv qrw
d slyrwdo yrwhu +l1h1/ d yrwhu zkrvh yrwh fdq d�hfw wkh zlqqlqj frdolwlrq,/ wkdw
rqo| wzr0sduw| htxloleuld fdq hphujh/ zkhuh wkh wzr sduwlhv wdnlqj d vljql�fdqw
dprxqw ri yrwhv duh wkh h{wuhphv ri wkh zlqqlqj frdolwlrq1

Wkh vhfrqg rxwfrph ixqfwlrq zh zloo frqvlghu lv d olqhdu frpelqdwlrq/ zlwk
frh!flhqwv htxdo wr wkh uhodwlyh vkduh ri yrwhv/ ri wkh srvlwlrqv ri wkh wzr �uvw0
udqnhg sduwlhv1 Lq vxfk d fdvh/ zh zloo vkrz wkdw/ lq sxuh vwudwhjlhv/ rqo|
wzr0sduw| htxloleuld fdq hphujh1

%�� '���
�
���

Vxssrvh wkdw wkh vhw ri sduwlhvP lv glylghg lqwr wzr frdolwlrqv D dqg E/ dqg wkh
rxwfrph ixqfwlrq lv d olqhdu frpelqdwlrq ri wkh zlqqlqj frdolwlrq*v sduwlhv/ hdfk
frh!flhqw ehlqj htxdo wr wkh uhodwlyh vkduh ri yrwhv wdnhq e| wkh fruuhvsrqglqj
sduw|1 Irupdoo|/ jlyhq d sxuh vwudwhj| frpelqdwlrq v @ +v4> v5> ===> vq,/ ohw �+v, @

57D pryh wrzdug d pruh h{wuhph srvlwlrq surgxfhv wzr h�hfwv= rq rqh kdqg wkh qxpehu

ri yrwhv ghfuhdvhv/ rq wkh rwkhu kdqg wkh yrwhv duh rq d pruh h{wuhph srvlwlrq1 Zlwk vlqfhuh

yrwlqj wkh qhw h�hfw fdq eh hlwkhu srvlwlyh ru qhjdwlyh/ ghshqglqj xsrq wkh glvwulexwlrq ri

wkh yrwhuv/ zkhuhdv zlwk vwudwhjlf yrwlqj wkh vhfrqg h�hfw dozd|v grplqdwhv wkh �uvw rqh1

48



S
l5Q

vl eh wkh yhfwru uhsuhvhqwlqj wkh qxpehu ri yrwhv wdnhq e| hdfk sduw| dqg

ohw �D @
S
n5D

�n dqg �E @ q� �D1 Wkh rxwfrph ixqfwlrq lv jlyhq e|=

[ +v, @

;?
=

4

�
D

S
n5D

�n�n +v, li �D �
q
5

4

�
e

S
n5E

�n�n +v, li �D ? q
5

=

Li qr slyrwdo yrwhu h{lvwv/ lw lv vwudljkwiruzdug wr vhh wkdw rqo| rqh frdolwlrq
wdnhv d vljql�fdqw dprxqw ri yrwhv/ dqg/ zlwklq wkh zlqqlqj frdolwlrq/ rqo| wkh
wzr h{wuhplvw sduwlhv vkduh lw1

Ohw OD ghqrwh wkh ohiwprvw sduw| dqg UD wkh uljkwprvw sduw| lq frdolwlrq D>
irupdoo| OD @ dujplqn5D �n/ dqg UD @ dujpd{n5D �n1 Dqdorjrxvo|/ zh gh�qh
OE dqg UE dv wkh wzr h{wuhplvw sduwlhv iru wkh frdolwlrq E1 Lw lv qrw gl!fxow
wr vhh wkdw hyhu| sxuh vwudwhj| htxloleulxp zkhuh qr slyrwdo yrwhu h{lvwv lv vxfk
wkdw +h{fhsw iru d qhljkerukrrg zkrvh ohqjwk lv lqyhuvho| sursruwlrqdo wr wkh
qxpehu ri sod|huv, hyhu|erg| yrwhv iru rqh ri wkh wzr h{wuhplvw sduwlhv ri wkh
zlqqlqj frdolwlrq=

Sursrvlwlrq 9 Ohw v eh d sxuh vwudwhj| htxloleulxp ri d jdph zlwk q yrwhuv/

dqg dvvxph wkdw lq v dw ohdvw wzr sduwlhv lq wkh zlqqlqj frdolwlrq wdnh vrph

yrwhv1

+d, Li �D �
q.5
5

/ �l � [+v,� 5

q
+�UD � �OD, lpsolhv vl @ OD dqg �l � [+v, .

5

q
+�UD � �OD, lpsolhv vl @ UD1

+e, Li �D ? q�5
5

/ �l � [+v,� 5

q
+�UE � �OE, lpsolhv vl @ OE dqg �l � [+v, .

5

q
+�UE � �OE, lpsolhv vl @ UE1

Surri1 Wkh frqglwlrqv �D �
q.5
5

dqg �D ? q�5
5

lpso| wkdw wkhuh lv qrw d
slyrwdo yrwhu1 Zh vkrz wkh �uvw sduw ri +d,/ wkh rwkhu fdvhv ehlqj v|pphwulf1
Vxssrvh vl 9@ OD1 Zh kdyh wr dqdo|}h wzr fdvhv=

+l, vl 5 DqOD
[+v, A [ +v

�l> OD, @ [ +v,� 4

�
D

�
�vl � �OD

�
A [+v,� 5

q
+�UD � �OD, � �l

Khqfh vl 5 DqOD fdqqrw eh d ehvw uhso| wr v
�l

+ll, vl 5 E

[+v, A [ +v
�l> OD, @

�
D

�
D
.4
[ +v,. 4

�
D
.4
�OD @ [ +v,� 4

�
D
.4

�
[ +v,� �OD

�
A �l

Khqfh vl 9@ OD lv qrw d ehvw uhso|158

Zh vwuhvv wkdw/ lq rughu wr rewdlq wkh uhvxow/ rqo| wkh k|srwkhvlv rq vlqjoh
shdnhgqhvv ri yrwhuv* suhihuhqfhv lv qhhghg dqg dq dqdorjxh wr Sursrvlwlrq 5 fdq
eh hdvlo| suryhg iru hdfk frdolwlrq1 Pruhryhu wkh uhvxow frxog eh h{whqghg wr
pl{hg vwudwhj| htxloleuld/ zlwk wkh frqglwlrq wkdw/ krzhyhu/ qr sod|hu lv slyrwdo
dprqj wkh zlqqlqj frdolwlrq/ dqg wr wkh fdvh zkhuh wkhuh duh pruh wkdq wzr
frdolwlrqv1

58Wkh frqglwlrq wkdw dw ohdvw wzr sduwlhv lq wkh zlqqlqj frdolwlrq wdnh vrph yrwhv lv qhfhvvdu|

wr kdyh/ lq wklv fdvh/ fEr� �' fEr
3�c u��1
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Wkh iroorzlqj h{dpsohv frxog foduli| krz wkh htxloleuld ghvfulehg lq Sursr0
vlwlrq 9 orrn olnh1

H[DPSOH 6

+d, Wkhuh duh 434 yrwhuv htxlglvwdqw rq wkh ^3> 4` lqwhuydo> l1h1/ rqh yrwhu
lv lq 3/ rqh yrwhu lv lq 3=34 dqg vr rq xqwlo wkh odvw rqh/ zkr lv lq 41 Wkhuh
duh vl{ sduwlhv/ orfdwhg dw i3> 3=5> 3=7> 3=9> 3=;> 4j dqg wzr frdolwlrqv/ D dqg E1
Frdolwlrq D lv iruphg dprqj wkh �uvw wkuhh sduwlhv/ dqg frdolwlrq E lv iruphg
dprqj wkh rwkhu wkuhh sduwlhv1

Lw lv hdv| wr vhh wkdw dw ohdvw wzr htxloleuld frqirup wr sursrvlwlrq 91
Wkh �uvw rqh/ zklfk ohdgv wr wkh ylfwru| ri frdolwlrq D/ lv wkh iroorzlqj1 Dq|

yrwhu lq ^3> 3=5;` yrwhv iru wkh ohiwprvw sduw| lq frdolwlrq D/ l1h1/ iru wkh sduw|
orfdwhg dw 3> dq| yrwhu lq ^3=5<> 4` yrwhv iru wkh uljkwprvw sduw| lq frdolwlrq D/
l1h1/ iru wkh sduw| orfdwhg dw 3=71 Wkh uhvxowlqj srolf| rxwfrph lv 5;;

4343
* 3=5;81

Fohduo| dq| sod|hu lq ^3> 3=5;` kdv qr lqfhqwlyh wr yrwh iru dq| rwkhu sduw| ri
frdolwlrq D ru iru dq| sduw| ri frdolwlrq E ehfdxvh e| grlqj vr/ kh zrxog vkliw
wkh srolf| rxwfrph pruh wr wkh uljkw/ l1h1/ ixuwkhu dzd| iurp klv eolvv srolf|
srlqw1 Dw wkh vdph wlph dq| yrwhu lq ^3=5<> 4` kdv qr lqfhqwlyh wr yrwh iru dq|
rwkhu sduw| ri wkh frdolwlrq/ ru iru dq| sduw| ri frdolwlrq E/ ehfdxvh e| grlqj
vr/ kh zrxog vkliw wkh srolf| rxwfrph wrzdug wkh ohiw/ l1h1/ ixuwkhu dzd| iurp klv
eolvv srolf|1

Wkh rwkhu htxloleulxp rffxuv zkhq frdolwlrq E lv wkh zlqqlqj rqh/ dqg dq|
yrwhu lq ^3> 3=:4` yrwhv iru wkh ohiwprvw sduw| lq wkh frdolwlrq/ l1h1 iru wkh sduw|

orfdwhg dw 3=9> zkloh dq| yrwhu lq ^3=:5> 4` yrwhv iru wkh uljkwprvw sduw| lq wkh

frdolwlrq/ l1h1/ iru wkh sduw| orfdwhg dw 4/ dqg wkh srolf| rxwfrph lv htxdo wr�
:5
434

3=9 . 5<
434

�
* 3=:471

+e, Ohw xv frqvlghu dq rwkhu fdvh1 Jlyhq wkh vdph vhw ri yrwhuv dqg sduwlhv/

ohw frdolwlrq D eh iruphg ehwzhhq sduwlhv orfdwhg dw 3 dqg dw 41 Frdolwlrq E lv

iruphg dprqj wkh rwkhu irxu sduwlhv1

Dq htxloleulxp h{lvwv vxfk wkdw dq| yrwhu lq ^3> 3=7<` yrwhv iru frdolwlrq D

dqg/ zlwklq wkh frdolwlrq/ iru wkh sduw| orfdwhg dw 3> dq| yrwhu lq ^3=84> 4` yrwhv

iru frdolwlrq D dqg/ zlwklq wkh frdolwlrq/ iru wkh sduw| orfdwhg dw 41 Wkh yrwhu

orfdwhg dw 3=8 yrwhv lq vxfk d zd| dv qrw wr d�hfw wkh rxwfrph/ l1h1/ kh fdvwv

klv yrwh iru dq| sduw| lq wkh orvlqj frdolwlrq1 Wkh rxwfrph uhvxowlqj iurp wkh

vwudwhj| frpelqdwlrq deryh lv 3=8/ dqg lw lv vlpsoh wr yhuli| wkdw wklv lv lqghhg

dq htxloleulxp
59
1

%�� ��� (���
�� ����
��

Xs wr qrz/ zh kdyh dqdo|}hg wkh h{wuhph vlwxdwlrq lq zklfk wkh sduwlhv pryh

wkh rxwfrph wrzdug wkhp zlwk vwuhqjwk h{dfwo| sursruwlrqdo wr wkh qxpehuv

ri yrwhv wkh| wdnh1 Dw dqrwkhu h{wuhph/ zh fdq frqvlghu d pxowl0sduw| v|vwhp

zkhuh rqo| wkh wzr ohdglqj sduwlhv ghwhuplqh wkh srolwlfdo rxwfrph1 Li wkh

59Ri frxuvh/ rwkhu htxloleuld h{lvw1 Iru h{dpsoh/ dq| yrwhu lq dfc f�ebo yrwhv iru frdolwlrq
�/ dqg zlwklq wkh frdolwlrq iru wkh sduw| orfdwhg dw f�2/ dqg dq| yrwhu lq df�D�c �o yrwhv iru
frdolwlrq �/ dqg zlwklq wkh frdolwlrq iru wkh sduw| orfdwhg dw f�H/ zkloh wkh sod|hu lq f�Df yrwhv
iru dq| sduw| lq wkh orvlqj frdolwlrq1
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rxwfrph lv d olqhdu frpelqdwlrq/ zlwk frh!flhqwv htxdo wr wkh uhodwlyh vkduh ri

vhdwv/ ri wkh srvlwlrq ri wkh wzr ohdglqj sduwlhv/ zh suryh wkdw/ lq sxuh vwudwhjlhv/

rqo| wzr0sduw| htxloleuld fdq hphujh1

Pruh irupdoo|/ �{ d vwudwhj| frpelqdwlrq v1 Gh�qh Z 4
dv wkh vhw ri sduwlhv

wkdw uhfhlyh pruh yrwhv xqghu wkh vwudwhj| frpelqdwlrq v1 Li wklv vhw frqwdlqv

rqo| rqh sduw|/ gh�qh Z 5
dv wkh vhw ri sduwlhv wkdw uhfhlyhv pruh yrwhv/ h{fhsw

Z 4
+l1h1/ Z 4 @ in = Cn3v=w= yn3 A ynj/ Z

5 @ in = <$n3v=w= yn3 A ynj,1 Li &Z
4
�

5/ ohw L @ dujplqn5Z 4 �n dqg LL @ dujpd{n5Z4 �n1 Li &Z 4 @ 4/ fdoo L lwv

hohphqw dqg LL wkh ohiwlvw hohphqw
5:

ri Z 5
1 Lq d pxowl0sduw| v|vwhp zkhuh wkh

rxwfrph lv d olqhdu frpelqdwlrq/ zlwk frh!flhqwv htxdo wr wkh uhodwlyh vkduh ri

vhdwv/ ri wkh srvlwlrq ri wkh wzr sduwlhv wkdw wdnh pruh yrwhv
5;
/ zh kdyh=

[ +v, @
�LyL . �LLyLL

yL . yLL
+7,

Lq vxfk d fdvh zh fdqqrw rewdlq d �xqltxhqhvv� uhvxow dv lq vhfwlrq 61

Qhyhuwkhohvv/ wkh iroorzlqj sursrvlwlrq lpsolhv wkdw/ lq sxuh vwudwhj| htxlole0

uld/ rqo| wzr sduwlhv wdnh d vljql�fdqw dprxqw ri yrwhv1 Jlyhq d sxuh vwudw0

hj| frpelqdwlrq v/ wkh vhw iL> LLj ri zlqqlqj sduwlhv lv ghwhuplqlvwlf1 Ohw

o +v, @ dujplqn5iL>LLj �n dqg u +v, @ dujpd{n5iL>LLj �n1 Lq wkh iroorzlqj/ iru

vlpsolflw|/ zh lqglfdwh o +v, dv o dqg u +v, dv u1

Sursrvlwlrq : Ohw wkh rxwfrph ixqfwlrq eh dv lq +7,/ dqg ohw v eh d sxuh vwudw0

hj| htxloleulxp ri d jdph � zlwk q yrwhuv1 Wkhq=

+�, li �l � [+v,�
p+�

U
��

O
,

5q
wkhq vl @ o

+�, li �l � [+v, .
p+�

U
��

O
,

5q
wkhq vl @ u1

Surri1 +�, Vxssrvh/ e| frqwudglfwlrq/ wkdw sod|hu l grhv qrw yrwh iru sduw|

o1 Ohw qo +uhvs1qu, eh wkh qxpehu ri sod|huv zkr yrwh iru o +uhvs1 u,/ dffruglqj

wr wkh sxuh vwudwhj| frpelqdwlrq v1 Fohduo|/ qo . qu � 5q
p
1 Zh glvwlqjxlvk wkh

fdvh zkhq sod|hu l yrwhv iru sduw| u iurp wkh fdvh zkhq sod|hu l yrwhv iru dq|

rwkhu sduw|1

Vxssrvh vl @ u1 Zh kdyh wkdw=

[ +v, A [+v, .
4

qo . qu
+�o � �u, @ [+v�l> o, � [+v,�

p+�U � �O,

5q
� �l>

zklfk frqwudglfwv v ehlqj dq htxloleulxp1

Vxssrvh vl 9@ u/ khqfh [+v, A �o1 Zh kdyh wkdw=

[ +v, A + qo.qu

qo.qu.4
,[+v, . 4

qo.qu.4
�o @ [+v,� 4

qo.qu.4
+[+v,� �o, @

@ [+v�l> o, � [+v,� 4
qo.qu.4

+�U � �O, A �l>

zklfk djdlq frqwudglfwv v ehlqj dq htxloleulxp1

5:Ru dq| rwkhu suhgh�qhg hohphqw ri ` 2/ dv zhoo dv li &`� D �/ zh fdq fkrrvh wkh wzr
zlqqlqj sduwlhv lq dq| ghwhuplqlvwlf zd|1 Iru rxu dqdo|vlv lw lv qhfhvvdu| wkdw hyhu| wlh lv
ghwhuplqlvwlfdoo| eurnhq1

5; Li wkh wlhv duh eurnhq dv zh kdyh grqh1

4;



+�, D v|pphwulf dujxphqw krogv1

Djdlq/ wklv sursrvlwlrq lv edvhg rqo| rq wkh vlqjoh shdnhgqhvv dvvxpswlrq rq

yrwhuv* suhihuhqfhv dqg dq dqdorjxh ri Sursrvlwlrq 5 fdq eh hdvlo| suryhg iru hdfk

sdlu ri sduwlhv1 Dovr lq wklv fdvh wkh surri frxog eh h{whqghg wr pl{hg vwudwhj|

htxloleuld/ zlwk wkh frqglwlrq wkdw/ krzhyhu/ qr sod|hu lv slyrwdo dprqj wkh vhw

ri zlqqlqj sduwlhv1 Ixuwkhupruh/ zh frxog jhw d wzr0sduw| uhvxow hyhq li wkh

rxwfrph ixqfwlrq lv d olqhdu frpelqdwlrq/ zlwk frh!flhqwv htxdo wr wkh uhodwlyh

vkduh ri vhdwv/ ri wkh srvlwlrqv ri wkh p3
�uvw udqnhg sduwlhv +5 � p3

� p,1

Xqiruwxqdwho|/ zh fdqqrw dqdo|}h d pl{hg vwudwhj| htxloleulxp zlwkrxw wkh qr0

slyrwdo dvvxpswlrq/ ehfdxvh d gl�huhqw ehkdylru e| d vlqjoh sod|hu frxog lpso|

d gudpdwlfdoo| gl�huhqw rxwfrph1 Khqfh rxu surri fdqqrw eh h{whqghg iru odfn

ri frqwlqxlw|1

Wkh qh{w h{dpsoh vkrz krz wkh sxuh vwudwhj| htxloleuld fdq ehkdyh lq wklv

vhwwlqj1

H[DPSOH 7

Ohw*v wdnh h{dfwo| wkh vdph vhw ri sduwlhv dqg sod|huv dv lq h{dpsoh 61 Lw lv

hdv| wr vhh wkdw wkh vdph dujxphqw ghyhorshg iru h{dpsoh 6 vkrzv xv wkdw wkh

vwudwhj| frpelqdwlrq zkhuh dq| yrwhu lq ^3> 3=5;` yrwhv iru wkh sduw| vlwxdwhg lq

3 zkloh dq| yrwhu lq ^3=5<> 4` yrwhv iru wkh sduw| vlwxdwhg lq 3=7 lv dq htxloleulxp/

dv lv wkh vwudwhj| frpelqdwlrq zkhuh dq| yrwhu lq ^3> 3=:4` yrwhv iru wkh sduw|

srvlwlrqhg lq 3=9 zkloh dq| yrwhu lq ^3=:5> 4` yrwhv iru wkh sduw| srvlwlrqhg lq

41 Pruhryhu/ wkh dqdorjrxv dujxphqw ri wkh fdvh +e, lq h{dpsoh 6 fodul�hv wkh

htxloleulxp uhsuhvhqwhg e| wkh vwudwhj| frpelqdwlrq zkhuh dq| yrwhu lq ^3> 3=7<`

yrwhv iru wkh sduw| vlwxdwhg lq 3/ dqg dq| yrwhu lq ^3=84> 4` yrwhv iru wkh sduw|

vlwxdwhg lq 4/ zkloh wkh sod|hu vlwxdwhg lq 3=8 yrwhv iru dq| orvhu sduw| lq rughu

qrw wr d�hfw wkh rxwfrph1
5<
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Wklv sdshu lv d �uvw vwhs lq xqghuvwdqglqj wkh h�hfw ri vwudwhjlf yrwlqj lq sur0

sruwlrqdo uxoh hohfwlrqv1 Wkh lqvljkw lv txlwh �reylrxv�= xqghu sursruwlrqdo

uhsuhvhqwdwlrq vwudwhjlf yrwhuv kdyh dq lqfhqwlyh wr yrwh iru wkh h{wuhplvw sdu0

wlhv lq rughu wr gudj wkh srolf| rxwfrph wrzdug wkhlu lghdo srlqw1 Wkh pdlq

frqvhtxhqfh lv wkdw Gxyhujhu*v k|srwkhvlv pd| eh lqfruuhfw xqghu vwudwhjlf yrw0

lqj1 Li wkh srolf| lv d zhljkwhg dyhudjh ri sduwlhv* sodwirupv/ zlwk zhljkwv htxdo

wr wkh vkduh ri yrwhv/ ru li wkh srolf| lv wkh zhljkwhg dyhudjh ri wkh sodwirupv ri

wkh phpehuv ri wkh zlqqlqj suhhohfwrudo frdolwlrq/ ru li wkh srolf| lv d zhljkwhg

dyhudjh ri wkh wrs wzr yrwh0jhwwhuv/ rqo| wzr sduwlhv jhw yrwhv1

H{whqvlrqv ri wkh suhvhqw zrun frxog lqfoxgh sduwlhv lq wkh vhw ri sod|huv/

pxowlglphqvlrqdolw| ri wkh srolf| vsdfh dv zhoo dv pruh jhqhudo rxwfrph ixqf0

wlrqv1 Zh krsh wkdw wklv sdshu zloo vsxu lqwhuhvw lq wklv uhvhdufk djhqgd1

5<Ri frxuvh rwkhu htxloleuld h{lvw/ iru h{dpsoh/ rqh iru hyhu| srvvleoh sdluv ri sduwlhv1
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Surri ri sursrvlwlrq 6=

Jlyhq d pl{hg vwudwhj| �m > wkh sod|hu m*v yrwh lv d udqgrp yhfwru
63 �vm zlwk

Su +�vm @ n, @ �nm 1 Jlyhq ��l @ +�4> ===�l�4> �l.4> ===�q,> ohw
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@ 4
q�4

S
m5Q@l

�vm

dqg ����l @ 4
q�4

S
m5Q@l

�m 1 Wkh �uvw vwhs ri wkh surri frqvlvwv lq surylqj wkh

iroorzlqj ohppd=
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Su
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Surri1 Wr suryh wkh ohppd zh fdq xvh Fkhe|fkhy*v lqhtxdolw| frpsrqhqw

e| frpsrqhqw1 Jlyhq ��l/ lw lv hdv| wr yhuli| wkdw H+�vnm , @ �nm dqg Y du+�vnm , @

�nm +4��nm , �
4
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Su

#�����
�
�v
�l

n � ��
��l
n

����� A !

$
�

4

7+q� 4,!5
=

Khqfh

Su
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Su
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� 4�

p

7+q� 4,!5
>

zklfk lv vwulfwo| juhdwhu wkdq 4� � iru q A p
7!5�

. 4=

Ohppd < ;% A 3/ <qO3 vxfk wkdw ;q � qO3 / li wkh jdph kdv q yrwhuv dqg li

�l � [ +���,� %/ wkhq O lv wkh rqo| ehvw uhso| iru sod|hu l wr ��l1

Surri1 Il{ % A 3= Gh�qh ;� 5
�
3> 4� %

5

�
P% +�, @ pd{

[5^�. %

5
>4`

Cx+[> �,

C[
=

E| vlqjoh0shdnhgqhvv zh nqrz wkdw P% +�, ? 3= Pruhryhu/ jlyhq wkh frqwlqxlw|

ri
Cx+[>�,
C[

zh fdq dsso| wkh wkhruhp ri wkh pd{lpxp
64
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Dqdorjrxvo|/ lw fdq eh suryhg wkh iroorzlqj Ohppd1

Ohppd 43 ;% A 3/ <qU3 vxfk wkdw ;q � qU3 / li wkh jdph kdv q yrwhuv dqg li

�l � [ +���, . %/ wkhq U lv wkh rqo| ehvw uhso| iru sod|hu l wr ��l1
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qO3 > q
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frpsohwhv wkh surri1
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^4` Dohvlqd/ D1/ dqg K1 Urvhqwkdo +4<<8,/ Sduwlvdq Srolwlfv/ Glylghg Jryhuq0

phqw/ dqg wkh Hfrqrp|/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^5` Dohvlqd/ D1/ dqg K1 Urvhqwkdo +4<<9,/ �D Wkhru| ri Glylghg Jryhuqphqw�/

Hfrqrphwulfd/ 97/ 4644046741

^6` Dohvlqd/ D1/ dqg K1 Urvhqwkdo +5333,/ �Srodul}hg Sodwirupv dqg Prghudwh

Srolflhv zlwk Fkhfnv dqg Edodqfhv�/ Mrxuqdo ri Sxeolf Hfrqrplfv/ :8/ 40531

^7` Dxvwhq0Vplwk G1 +5333,/ �Uhglvwulexwlqj Lqfrph xqghu Sursruwlrqdo Uhs0

uhvhqwdwlrq�/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ 43;= 45680459<1
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^8` Dxvwhq0Vplwk G1/ dqg M1 Edqnv +4<;;,/ �Hohfwlrqv/ Frdolwlrqv/ dqg Ohjlvod0

wlyh Rxwfrphv�/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ ;5= 73807551

^9` Edurq G1 S1 dqg G1 Glhuphlhu +5334,/ �Hohfwlrqv/ Jryhuqphqwv/ dqg Sdu0

oldphqwv lq Sursruwlrqdo Uhsuhvhqwdwlrq V|vwhpv�/ Txduwhuo| Mrxuqdo ri

Hfrqrplfv/ 449= <660<9:1

^:` Ehvoh|/ W1/ dqg V1 Frdwh +4<<:,/ �Dq hfrqrplf prgho ri uhsuhvhqwdwlyh

ghprfudf|�/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 445/ ;804471

^;` Fduw|/ U1N1 +4<;;,/ Luhodqg = Iurp Suhgrplqdqfh wr Frpshwlwlrq/ lq Sduwlhv

dqg Sduw| V|vwhpv lq Olehudo Ghprfudflhv/ hglwhg e| V1 Zrolqhw}/ Urxw0

ohgjh1

^<` Fr{/ J1 +4<<7,/ �Vwudwhjlf Yrwlqj Htxloleuld Xqghu wkh Vlqjoh Qrqwudqv0

ihudeoh Yrwh�/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ ;;/ 93;09541

^43` Fr{/ J1 +4<<:, Pdnlqj Yrwhv Frxqw/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw|

Suhvv1

^44` Gh Vlqrsrol/ I1 +5333, �Vrsklvwlfdwhg yrwlqj dqg htxloleulxp uh�qhphqwv

xqghu soxudolw| uxoh�/ Vrfldo Fkrlfh dqg Zhoiduh/ 4:/ 98809:51

^45` Gxyhujhu/ P1 +4<87,/ Srolwlfdo sduwlhv/ Orqgrq/ Phwkxhq1

^46` Hqjhopdqq/ I1 F1 +4<;;,/ Wkh Dxvwuldq Sduw| V|vwhp= Frqwlqxlw| dqg

Fkdqjh/ lq Sduwlhv dqg Sduw| V|vwhpv lq Olehudo Ghprfudflhv/ hglwhg e| V1

Zrolqhw}/ Urxwohgjh1

^47` Ih|/ P1 +4<<:, �Vwdelolw| dqg Frruglqdwlrq lq Gxyhujhu*v Odz= D Iru0

pdo Prgho ri Suhhohfwlrq Sroov dqg Vwudwhjlf Yrwlqj�/ Dphulfdq Srolwlfdo

Vflhqfh Uhylhz/ <4/ 468047:1

^48` Jurvvpdq/ J1/ dqg H1 Khospdq +4<<<,/ �Frpshwlqj iru Hqgruvphqw�/

Dphulfdq Hfrqrplf Uhylhz/ ;</ 83408571

^49` Krwhoolqj/ K1 +4<5<,/ �Vwdelolw| lq frpshwlwlrq�/ Hfrqrplf Mrxuqdo/ 6</

7408:1

^4:` Ldqqdqwxrql/ J1 +5336,/ �D Sxuho| Qrq0Frrshudwlyh Prgho ri Glylghg Jry0

huqphqw�/ iruwkfrplqj lq Vrfldo Fkrlfh dqg Zhoiduh1

^4;` Oh|v/ F1 +4<8<,/ �Prghov/ Wkhrulhv dqg wkh Wkhru| ri Srolwlfdo Sduwlhv�/

Srolwlfdo Vwxglhv/ :/ 45:04791

^4<` Pruhool P1 +5335,/ �Sduw| Irupdwlrq dqg Srolf| Rxwfrph xqghu Gl�huhqw

Hohfwrudo V|vwhpv/ iruwkfrplqj Uhylhz ri Hfrqrplf Vwxglhv1

^53` P|huvrq/ U1 E1/ dqg U1 M1 Zhehu +4<<6,/ �D Wkhru| ri Yrwlqj Htxloleuld�/

Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ ;:/ 43504471

57



^54` Ruwxôr0Ruwlq/ L1 +4<<:,/ �D vsdwldo prgho ri srolwlfdo frpshwlwlrq dqg sur0

sruwlrqdo uhsuhvhqwdwlrq�/ Vrfldo Fkrlfh dqg Zhoiduh/ 47/ 75:076;1

^55` Sdoiuh|/ W1 +4<;<,/ D pdwkhpdwlfdo surri ri Gxyhujhu*v odz1 Lq= Rughvkrrn/

S1F1 +hg, Prghov ri Vwudwhjlf Fkrlfh lq Srolwlfv/ Dqq Dueru/ Xqlyhuvlw| ri

Plfkljdq Suhvv1

^56` Shuvvrq/ W1/ dqg J1 Wdehoolql +5336,/ �Frqvwlwxwlrqdo Uxohv dqg Ilvfdo Sro0

lf| Rxwfrphv� iruwkfrplqj Dphulfdq Hfrqrplf Uhylhz1

^57` Ulnhu/ Z1K1 +4<;5,/ �Wkh Wzr0sduw| v|vwhp dqg Gxyhujhu*v odz= Dq hvvd|

rq wkh klvwru| ri srolwlfdo vflhqfh�/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ :9/

:860:991

^58` Urvhqwkdo/ K1 +4<:8,/ �Yldelolw|/ Suhihuhqfh/ dqg Frdolwlrqv lq wkh Iuhqfk

Hohfwlrq ri 4<84�/ Sxeolf Fkrlfh/ 54/ 5:06<1

^59` Vduwrul/ J1 +4<9;,/ Srolwlfdo Ghyhorsphqw dqg Srolwlfdo Hqjhlqhhulqj/ lq

Sxeolf Fkrlfh/ Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^5:` Vkxjduw/ P1 V1 +4<<8,/ �Wkh Hohfwrudo F|foh dqg Lqvwlwxwlrqdo Vrxufhv ri

Glylghg Suhvlghqwldo Jryhuqphqw�/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ ;</

65:06761

^5;` Vwrnh|/ Q1O1 dqg U1H1 Oxfdv +4<;<,/ Uhfxuvlyh phwkrgv lq hfrqrplf g|qdp0

lfv/ Fdpeulgjh/ Pdvvdfkxvhwwv/ dqg Orqgrq/ Hqjodqg/ Kduydug Xqlyhuvlw|

Suhvv1
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