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Abstract

We consider an uncertainty averse, sophisticated decision maker facing a re-
current decision problem where information is generated endogenously. In this
context, we study self-confirming strategies as the outcomes of a process of active
experimentation. We provide inter alia a learning foundation for self-confirming
equilibrium with model uncertainty (Battigalli et al., 2015). We also argue that
ambiguity aversion tends to stifle experimentation, increasing the likelihood that

decision maker get stuck into suboptimal “certainty traps.”

1 Introduction

We study the dynamic behavior of a decision maker (DM) who faces a recurrent de-
cision problem in which the actions he selects depend on the information endogenously
gathered through his past behavior as, for example, in multiarmed bandit problems
(cf. Gittins 1989). The flow of actions and information can be diagrammed as follows:

We consider an ambiguity averse, not infinitely patient DM who is uncertain about
the data generating process followed by nature. This uncertainty is represented by
means of a probability measure, a belief, over the possible stochastic models describing
the evolution of the states. Given this belief, he evaluates the possible actions according
to the smooth ambiguity criterion of Klibanoff et al. (2005). We assume that beliefs

about models are updated according to Bayes rule. However, note that an uncertainty
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the European Research Council (advanced grant 324219) and the AXA Research Fund is gratefully
acknowledged.
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averse DM may feature instances of dynamically inconsistent preferences (see, e.g.,
Siniscalchi 2011). We allow for reversals of preferences, but we assume a sophisticated
DM. Indeed, he figures out these possible inconsistencies and formulates a strategy that
is dynamically consistent because it satisfies the one-shot-deviation property: there is
no situation where DM has an incentive to choose an action different from the one
prescribed by the given strategy. In a finite-horizon model this results from folding-back
planning; however, we focus on infinite-horizon models to study the limit properties
of behavior and beliefs and to exploit the ensuing stationarity of the dynamic decision
problem.

Our setup is strictly related to the literature on active learning (or “stochastic con-
trol”) and in particular to the seminal work by Easley and Kiefer (1988, henceforth
EK). We refer to Section 5| for a formal connection between the two setups. How-
ever, note that our paper departs from their analysis in several fundamental aspects.
First, we allow for non-neutral ambiguity attitudes and dynamically inconsistent pref-
erences. Second, EK requires the DM to assign a positive subjective probability to
the correct data generating process, whereas we only assume that at least one model
observationally equivalent to the actual one (given the adopted strategy) lies into the
support of the DM’s subjective belief. Finally, the first part of our paper considers the
more general case of not i.i.d. data generating process. Therefore, the different un-
derlying hypotheses lead us to provide a novel convergence result under a consistency
assumption.

We study how self-confirming strategies arise from an active experimentation pro-
cess. We show that a long-run bias emerges that favors “tested” actions, namely,
actions on which information has been collected over time. The intuition behind our
result is that tested actions become “certainty traps”: The DM observes ex-post the
consequences of frequently chosen actions; hence he learns to be approximately cer-
tain about the risks (probabilities of consequences) implied by tested actions, whereas
he remains uncertain about the risks implied by deviations. Ambiguity aversion then
implies a bias toward tested actions—“exploitation” rather than “exploration.” More
precisely, we show that the stochastic process of beliefs and actions converges with

probability one to a random limit pair. This random limit pair satisfies almost surely



the following conditions: The limit action maximizes the one-period value given the
limit belief, and the limit belief assigns probability one to the set of stochastic models
that are observationally equivalent to the actual data generating process given the limit
action.

In the particular case of ambiguity neutrality and i.i.d. data generating process,
our result is a version and restatement of the convergence result of EK: We connect our
framework to EK and clarify that under subjective expected utility maximization (even
if the DM cares about the future) the limit action-belief pair must be a self-confirming
equilibrium of the game repeatedly played by the DM against nature, that is, the
action is a short-run best reply to the DM’s belief about nature’s randomized strategy,
and this belief is consistent with the long-run frequencies of observable outcomes]l]
Since the latter may only partially identify the true data generating process (nature’s
“strategy”), such limit behavior may be very different from the “Nash” (or “rational
expectations”) equilibrium, in which the DM plays the objective best reply. While this
may seem obvious ex-post, it is nonetheless worth noting given the almost exclusive
reliance of economic theory on the Nash equilibrium conceptE]

Although our results are derived in a single-person framework, their relevance ex-
tends to games more generally. We can interpret our DM as an agent in a large
population of individuals playing a game recurrently in a given role, against agents
drawn at random from large populations to play in different roles. The state of nature
is then interpreted as the action profile of the other agents with whom DM has been
matched. In particular, the i.i.d. case obtains in an environment similar to the steady-
state learning model of Fudenberg and Levine (1993), where individual agents learn
through their life, but the populations’ statistics are constant.

Under this interpretation, we provide a learning foundation for self-confirming equi-
librium with model uncertainty (Battigalli et al. 2015, henceforth BCMM). Specifically,
the random limit pair corresponds to the “smooth” self-confirming equilibrium concept
of BCMM, since the limit action is a myopic best response, and the limit belief is con-
firmed by the evidence generated by the action and the steady state distribution of
opponents strategies. Since self-confirming equilibrium emerges as the long-run out-
come of an active experimentation and learning process, the comparative statics result
of BCMM implies that higher ambiguity aversion reduces the predictability of long-run
behavior. At the same time, such limit behavior is more stable under higher ambiguity

aversion, since (possibly) ambiguous deviations from the unambiguous tested action

LOur definition of self-confirming equilibrium (also called “conjectural equilibrium”) is broader

than the one of Fudenberg and Levine (1993, 1998). See the discussion in Battigalli et al. (2015).
2Self-confirming equilibrium is discussed in the monograph by Fudenberg and Levine (1998), but—

to our knowledge—it is notably absent in published textbooks of microeconomic theory and game

theory.



can only become less attractive as ambiguity aversion increases. We also show by
example that higher ambiguity aversion tends to hinder experimentation and makes
convergence to objectively optimal behavior (the best reply to the correct model) less
likely.

The paper is structured as follows. Section [2| presents the static and dynamic
decision framework and some preliminary notation. Section [3describes the endogenous
information process. Section [] presents self-confirming equilibria and our learning
results. Section |5 discusses the relationships between our setup and the one used in
the literature on active learning, as exemplified by Easley and Kiefer (1988). Section @
briefly relates our analysis to the literature on belief learning in games and concludes.

All proofs are collected in the Appendix.

2 Framework

2.1 Static environment

Let S be a finite space of states of nature and let C' be a consequence space. We consider
a control setup where a finite set A of actions (or controls) is available to the DM,
and actions and states translate into consequences by means of a consequence function
p:Ax S — C. The triple (A, S, p) is the basic structure of the decision problem.
Given any probability measure p on S, each action a is evaluated through its ex-

pected utility:
Rla,p) :=Byluop] =Y (uop)(a,s)p(s),

ses
where p, = p(a,-) is the section of p at a, and v : C — R is a von Neumann-
Morgenstern utility function. It is often convenient to write the criterion in the expected
payoff form R (a,p) = Y .s7 (a,s)p(s), wherer : Ax .S — Ris the payoff (or reward)
function r :=wu o p.

Let A be the collection of all probability measures on S. We identify A with the
simplex of dimension |S| — 1, and we endow it with the Borel o-algebra B(A). If the
probability model p is unknown, namely, if there is model uncertainty (cf. Marinacci
2015), the DM posits a closed set P C A of possible probability models and ranks

actions according to the smooth ambiguity criterion of Klibanoff et al.:

V) = ot ( / ¢(R(a,p))u(dp)) | 1)

where p is a prior probability measure on (P,B(P)), and ¢ is a strictly increasing

and continuous real-valued function that describes attitudes towards ambiguity. In



particular, a concave ¢ captures ambiguity aversion, while a linear ¢ (e.g., the identity)

corresponds to ambiguity neutrality:

V(a.p) = / R (a,p) o (dp) = /S (4, 8) pul(ds) = R (a,p,)

where p, € A is the predictive probability given by p, (E) := [,p(E) p(dp) for all
E C S. This is the classical subjective expected utility criterion (Cerreia-Vioglio et al.
2013). Finally, note that:

(i) When the support of u, supp p, is a singleton {p}, criterion reduces to the
expected payoff criterion R (a,p);

(ii) The limit case of criterion as ambiguity aversion increases is a version of the

maxmin criterion inf eg.pp, R (@, p) of Gilboa and Schmeidler (1989).

The static decision problem can be summarized by the seven-tuple:

F:(A7S7O7p7u7p7¢)' (2)

2.2 Dynamic environment

Notation Finite spaces are endowed with their power sets as o-algebras. For each
time t, let Z; be a corresponding finite space of possible “realizations,” where Z; may
be independent of t We let Z¢ = [[._, Zi and Z* = [[2, Z; Z' and Z> are,
respectively, the spaces of finite and infinite histories. The space Z*° is endowed with
the Borel o-algebra, B (Z>), corresponding to the product topology on Z; this is the
same as the o-algebra generated by the elementary cylinders {21} x--- x{z;} x Z x---.
We denote by 2! = (21, ..., 2) € Z"' both the histories and the elementary cylinders that
they identify by means of the map

(21, 2t) = {zp x o  x{am}p x Zx -

We denote by 2 = (z1,..., 2, ...) a generic element of Z*°. Finally, we denote by
A (Z*) the collection of all probability measures defined on (Z*,B(Z*)), and by
B (A (Z*)), the Borel o-algebra on A (Z*) generated by the weak*-star topology,
which coincides with the sigma-algebra generated by the evaluation maps p — p(B)
for all B € B(Z%).

3Unless otherwise stated, it is understood that ¢ is an element of N, the set of natural numbers.

We use interchangeably the terms “time” and “period” to refer to ¢.



Environment Given S, let (S%°,B(5%),p) be the probability space on which a
coordinate state process (si,Ss, ...) is defined, with s, : S — S for each tE] We will
use the less demanding notation s> for the state process.

The state process s> describes the exogenous uncertainty in the decision problem.
It can be seen as the environment of the problem. Its realizations are denoted by
s € 5. To ease notation, we set s' = (sy,...,s;). We denote by o (s’) the o-algebra
generated by the random variables sy, ..., s;, namely, by the process up to time ¢. Thus,
(o (s')) is the basic filtration for the problem. We denote by o (s°) the trivial o-algebra
{0, S*}.

For each time ¢, we can also regard o (s') as a subset of 25" by identifying the
elements of o (s') with their projection on S*. In what follows, we often maintain this

small abuse of notation for the natural filtration as well as for any sub-filtration.

Actions and outcomes The DM’s choices are described by a sequence (a;) € A>®
that consists of an action for each time ¢. At each such ¢, there is a time-independent
one-period consequence function p : A x S — C. Here, p(at,s;) is the outcome that
the DM receives ex post (i.e., after the decision) at time ¢ if he chooses action a; and
state s; obtains. For convenience, we assume that the problem is stationary, i.e., its

elements are time invariant.

Information feedback In a dynamic setting, the DM may receive some feedback,
that is, a “message” generated by the outcomes of past actions. For example, he
may observe the (random) consequences of such actions. This feedback is a source
of “endogenous” (choice dependent) information about states that is peculiar to the
dynamic setting and that will play a key role in the paper.

This endogenous information is modelled through a time invariant feedback function
f:Ax S — M, where M is a (finite) message space. By selecting action a; € A at
time t, the DM receives ex post a message m; = f (a, s;) if state s; realizes. A DM
who selects action a; and ex post receives the message m; knows that the true state s,
belongs to the set {s; € S': f (ar,51) = my} = f,,' (me)]]

Actions and messages are remembered: At each period ¢ > 1, the ex ante endogen-
ous information—that is, the endogenous information gathered prior to the period-¢

=1 = (my,...,my_1) received in the

previous periods as a result of the history of actions a'~' = (ay,...,a;_1) and states

st = (sq, ..., st_l)ﬂ

4We use boldface letters for random variables and normal letters for realizations.
%As in the case of p,, f, denotes the section of f at a, f,(-) := f(a,").
SWe distinguish three point in time within each period: the ex ante time (prior to the decision),

decision—is given by the history of messages m

the decision time, and the ex post time (after the decision). Any information available ex post at



We assume that consequences are observable: There exists a function v: A x M —

C such that
Va € A, pg="40° fa- (3)
This condition ensures that the feedback function reflects at least the information on

states determined by outcome observability. In particular, ex post information about

the state is typically endogenous, that is, the partition
{f;'(m):me M} C2°

of the state space S induced by the messages depends, in general, on the choice of
action a[]
If the DM receives the same information about states regardless of his action,
namely, if
Va,d' € A, {f; (m):me M} ={f"(m):meM},
we say that feedback satisfies own-action independence. This is the case, for instance,
if f, = fu for all a,a’ € A. In particular, there is perfect feedback when the DM ex

post observes the realized state s;; that is, f, is injective for each a € A.

Example 1 (Prelude). Consider an urn that contains black (B), green (G) and yellow
(Y) balls. At each time ¢, the DM is asked to bet 1 euro on the color of the ball that
will be drawn from the urn; therefore the possible bets are b, g, and y. Suppose that,
ex ante, as in the classical Ellsberg’s paradox, the DM is told that one third of the balls
are black, and that the only possible colors are B, G and Y. That is, the set of posited
models is P = {p € A : p(B) = 1/3}. Ex post, after the draw, he only learns the result
of his bet, namely, whether or not he wins 1 euro. In other words, the messages are
the obtained prizes. Here, S = {B,G,Y}, A = {b,g9,y} and C = M = {0,1}. The

consequence function is
p(0,B) = py,Y)=p(g.G) =1
p(Y) = pb,G)=plg,B)=p(9,Y)=p(y,B)=pyG) =0

The feedback function coincides with the consequence function, f = p, and is described

by the following table:

o, f
b

OO»—!DU
O»—*O%
»—tOOQ

9

period t is also available ex ante at ¢ + 1.

If f, is not onto, the collection of subsets { fot(m):meM } also contains the empty set, hence
it is not a partition according to the standard meaning. We neglet for simplicity this minor detail,
which does not affect our analysis.



Therefore, we have:

L) ={B}, f,'(0)={Y,G},
M) ={y}, f,1(0)={B.G},
fo ) ={G}, f71(0)={B,Y}.

Note that own-action independence is violated: Ex post, betting on b yields the par-
tition {{B},{Y,G}} of S, while the bets on y and g respectively yield the partitions
{{Y'},{B,G}} and {{G},{B,Y}}. If, instead, we assume that M = {0,1} x S and

V(a,s) € Ax S, f(a,s) = (p(a,s),s),

then the DM observes the color of the ball drawn—on top of the payoff—and we

have perfect feedback. In this case, betting on any color always yields the partition
{B} G} {Y}} A

Example 2 (Two-Arm Bandit). There are two urns, I and I, with black and green
balls. The DM chooses an urn, say k, and wins 1 euro if the ball drawn from urn
k is green (Gj, good outcome from urn k) and zero if it is black (B, bad out-
come from urn k). The outcome for the chosen urn is observed ex post. Here,
S = {B;By,B;G1,GBr;, GG}, A = {[,1I}, and C = M = {0,1}; the mes-
sages are the prizes. The consequence function and feedback function coincide and are
described by the following table:

p, f | BB | BiGrr | GiBrr | GiGrr
I 0 0 1 1
II 0 1 0 1

Therefore:
i) = {GrBi,GiGr}, f71(0) = {BiBy, B/Gr},
fﬁl (1) = {B/G,G/Gr}, ff]l (0) ={BrBy1,G1Bir}.

Thus, betting on the first urn yields the partition {{G;B;;, G;G1;},{ BB, BiGi1}},
while betting on the second urn yields the partition {{ B;G;, G;G 1} ,{B1Bir,G1Bir}}.

Own-action independence of feedback does not hold. A

2.3 Strategies and information

Strategies At each period t, the overall ex ante information available to the DM is
given by the histories of actions and messages, a’~! and m!~!. The ez ante information

history h; at time t is given by:

hi = (a®m°); VE>1, hy = (a""m'™Y) = (hie1, am1, meq)

8



where (a°, m®) represents null data. Hence, the ex ante information history space Hyy,

at the beginning of period ¢ + 1, determined by information about previous periods, is
Hipr={(a",m") € A" x M":3s" € S, Vk € {1,...,t}, my, = flag,s1)} .

By definition, H; = {(a® m°)}.
Strategies specify an action for each possible information history. Thus, they are
modelled as sequences o = (ay) of functions, with «; : H; — A for each t. Since

Hy = {(a®,m°)} is a singleton, the first term «; prescribes a non-contingent action.

Information and strategies A state process s™ and a strategy o = (o) recursively
induce an action process (af), a message process (my) and an information process

h® = (hy), as follows:
(i) ag = ay (a®,m°) and af = a; (h?) for each t > 1;
(il) m® = f (a,s;) for each t;
(iii) h{ = (a®,m") and hY,; = (h$, af, m) for each .

In words, at each period t, an action a, is selected according to the time-t strategy
a; based on the information history h; = (hy_1,a;-1,m;_1). In turn, its execution
generates a message m; that may be considered in subsequent periods. Note that
«y prescribes only one action, «; (s°,m%), which, together with realization s; of s,
initializes the recursion by sending message m;.

The sequence of o-algebras (o (h{)) on S*° generated by the information process
(hy) is a filtration that describes the information structure generated and used by
strategy «. Since feedback will typically not be perfect, this filtration is coarser than
the one generated by the state process s; that is, o (h?) C o (s'!) for each ¢t > 1. For
this reason, without loss of generality, we can regard h{, and also ay and my ,, as

functions defined on S*~1

Identification correspondence Information history h; = (a'~!, m!™!) yields the
iformation set:

t—1

I(hy):= Hfa:l(mT) ={s"tesS:vre{l,...,t -1}, f(ar,s:) =m,}.

T=1

This is what information history h; says about the past state history s®~!. A priori,

a strategy a can reach all information histories that belong to the image of hy; for

8Recall that o (so) is the trivial o-algebra.



any reachable hy, it holds that I (h;) = (h®)™" (ht)ﬂ This is what h; says about s~

t—1.
’

to a DM who reached it by using strategy a. In particular, fix a state history s
the set I (h¢ (571)) is the collection of all state histories s'~! that are observationally
equivalent to 5~ given information h® (5*~1). In view of this, define (& : S~ — 25
by
@ (s =1 (R (s71) = (b)) ' oh?) (s71). (4)
We can regard f* as the identification correspondence determined by « at time ¢. This
correspondence models the information about state histories which is available ex ante
at time ¢ to a DM who is acting according to strategy a.
Clearly, s'™! € 1 (s'™!), and so the correspondence induces a partition. We have
perfect (state) identification under o when (& (s'=1) = {s'1} for each s'~! and each

t > 1; in this case, the DM knows the actual past history s'—*

. Otherwise, we have
partial identification. This dependence on « of the identification correspondence will
play a key role in our results. Of course, there is no such dependence under own-action
independence of feedback; in this case, we can write ¢ (s'™!). In particular, under

perfect feedback we have ¢, (s'™1) = {s'1}.

Identification algebra As noted above, the collection:
{1Ccs 3t esS = (s} ={ICS" "3, €elmhy, I=1(h)} (5)

is a partition of S*~!. The sigma algebra o (h®) C 25 is in fact generated by this
partition; for this reason, we call it the identification (sigma) algebra determined by
strategy « at time t Under perfect feedback, we have o (hy) = 25'7". otherwise,
o (h$) can be coarser than 25"

Thus, the filtration (o (h{)) models the evolution of the DM’s information about
the state histories s’. Events that belong to this filtration are called a-observable. The
filtration is increasing; that is, o (hy) C o (hﬁrl) for each t. We denote by o (h®) =
o (Uio (hy)) the o-algebra generated by this filtration. In other words, o (h®) is the
sigma algebra generated by the a-observable events. Under own-action independence,
information does not depend on strategy «. For example, under perfect feedback, we

have o (h*) = B (5%) for each strategy .

Example 3 (Act I). Assume that only bets on either black or yellow are possible, not

on green. As a result, we now have A = {b,y} and the table in the Prelude becomes:

p,f | B|Y |G
b 1100
y |0 ]11]0

9More precisely, I(h;) is the projection on S'~! of the pre-image of h; under h{.
0More precisely, the identification algebra is the projection on S*=! of o (hy).

10



Throughout our leading example, we will consider two strategies, denoted by o'V¥
(No Experimentation) and o (Experimentation). Strategy o™ bets on black forever;
while strategy a” experiments with yellow in period 1, and, from period 2 onwards, the
action selected depends on the result of this experimentation: If a success is observed
in period 1, y is chosen forever, otherwise b is chosen foreverE-] Formally:

Strategy oNE: For each hy = (a'™!, m!™1),

b ift=1orift>1and a;_1 =0,
a(h) =< y ift>1,a_=yand (y,1) € {(ar,m1),..., (a1, me_1)},
b ift>1, a1 =yand (y,1) ¢ {(ar,m1),..., (ar—1,m_1)}.

Of course, to assess deviations, the strategy must specify actions to be taken at histories
that the strategy itself excludes, such as what to do after having bet on yellow.
By always betting on black, the DM cannot observe the relative frequencies of Y

t—1

and G. In particular, for each period ¢ and state history s"—*,

a?NE (s1) =0,

maNE (St) _ 1 lf St = B,
‘ 0 ifs, e{Y,G},

B (51) = (h¢™" (s+1),b,1)  if 5, = B, '
(he™" (571, b,0) if s, € {V, G},
Moreover,
Ing"" sy =4 LT
{G, Y} if S € {G, Y},

and, for each ¢t and s,

I(hy)y) (s, B)) = I(hy™" (s'1)) x {B},
I(hgy) (s71,G)) = I(heyy (571, V) = I(h¢™" (s'7)) x {G, Y}

The identification algebra is then o(h®" ") = {0, {B},{G, Y}, S}"". In particular,
I(h (s') = {s'} if and only if s' = B! (B t-times). Thus, strategy o” only allows

partial identification.

Tn this paragraph, we do not explicitly comment on behavior at information histories ruled out
by the strategy itself.

11



Strategy ¥ : For each h; = ('~ m!'™1),

y ift=1,

b ift>1anda;_; =0,

y ift>1,a1 =y and (y,1) € {(ar,m1),..., (a1, m-1)},
b ift>1,a;,1=yand (y,1) ¢ {(ar,m1), ..., (at—1,m4-1)}.

OétE (he) =

The only difference between this strategy and a™¥¥ is the action chosen in the first
period.

Such strategies are more easily understood as finite automata. In particular, we
can consider a common set of states and the same decision and transition functions,

the only difference being given by the initial state:

e The set of states is Q = {F, NE, ES, NES}; intuitively, states of the form XS
(with X = E,NE) are reached after having experienced at least one Success

betting on yellow.
e The initial states for ¥ and o are, respectively, ¢* =~ = NE and ¢*" = E;

e The decision function is

Q) =1 Y if g € {E, ES},
V=N v itqe{NE NES).

e The transition function is

NE  if (¢g,a,m) € {(E,b,-),(F,y,0),(NE,b,-),(NE,y,0)},
T7(qg,a,m) =< ES if (¢,a,m) € {(-,y,1),(NES,y,0),(ES,y,0)},
NES if (¢,a,m) € {(ES,b,-),(NES,b,-)}.

(ya )

(%,1)
Eﬂ ‘ES:y

(bs ) ) (?/, O) (b> ) (ya )

12



Next we describe the induced processes of actions and messages:

a™
al =Y,

aE( ) 1 ifngY',
m S =
Lo 0 ifs €{B,G},

he” (s) (y,1) if sy =Y,
S =
2 (y,0) if sy € {B,G},

and, for each t > 1 and s,

oF -1\ __ Yy lf S1 — Y,
& (8 ) B { b else,

1 ifsg=Y and s; =Y,

m?E (St) =4q 1 ifs; €{B G} and s, = B,
0 else,
(he” (s ,y,1) ifs; =Y and s, =,
ho” (1) = (h” (1) ,b,1)  if s; € {B,G} and s, = B,
! (ho” (s71),y,0) if sy =Y and s, € {B, G},
(he” (5°1),b,0) if s, € {B,G} and s, € {Y,G).
Since
[ {v1} if st =Y?,
{yt=1} x {B,G} if st € {Y*""!'} x {B,G},
1(ngf () =4 -
{B,G} x {B"1} if st = B¢,
| {B,G} x {Y,G}! ifs' =G,

the identification algebra is
o (hfi) ={0,{Y'},{Y'"'} x {B,G},... . {B,G} x {B"'},{B,G} x {(Y, G)t_l},S}.
For instance, if t = 3, we have:

o (05") = {0.Y*L{Y?} x {B,GL{Y} x {B,G} x {v},

{Y} x {(B,G)’}.{B,G} x {B*},{B,G} x {B} x {Y, G}
{B.G} x {Y.G} x {B},{B,G} x {(Y,G)*}, S}

Note that I(h®” (s')) = {s'~1} if and only if s* = Y*: The DM learns the past state

history if and only if yellow happens to be drawn at each time. A

13



3 Models, learning, and payoffs

3.1 Distributions and updating

Distributions Fix a probability model of the stochastic process of states p : B (S*°) —
[0,1]. If information history h; is reached, the conditional probability p(- | k) :
B (S*°) — [0,1] is defined as p (B | hy) = p(B NI (hy)) /p (I (h)) for each B € B (S*),
if p(I(hy)) > 0. The regular conditional probability p(- | h{(:)) keeps track of the
information histories that strategy « can actually reach at each period ¢. Recall that,
for each event B € B(S*), p(B | h#(-)) is a o (h{)-measurable function[””] The condi-
tional probability at time ¢, p (- | h?(-)), is an a-dependent random measure, because

it is a function of the random information history hf* generated by strategy o.

Predictive and posterior probabilities A measure p : B(A(S®)) — [0,1] is
called a prior probability. A prior induces a predictive distribution p, € A (S*°) defined
by p. (B) = fA(Sw)p(B)ﬂ(dp) for all B € B(S*). Moreover, for each t, we denote
by 1 (- | ht) the posterior of pu given information history 7;["%| Recall that, for each

D e B(A(5%)),
1

— [ p({ (k) p(dp),

Pu (I (M) /D (7 (Ae)) 1 (dp)

provided that p, ( (h)) > 0. The conditional predictive distribution p, (- | ht) is such
that, for each B € B (5%),

p (D) =

peBl) = [ 2B Ihnn )

Observationally equivalent models Given any p € A (S*), denote by p® : ¢ (h®) —
[0, 1] its restriction to the sigma algebra ¢ (h*) generated by the a-observable events.
Fix a true model p; the o (h$)-measurable correspondence P (p) : St=1 — 24(5%)

given by
P ) (57) = o € suppy (g (7)) (I (572)) =7 (10 (+79))

represents the collection of models that are deemed possible and that, conditional on
h¢ (st71), are observationally equivalent to the true model p under strategy o and prior
,u Note that, for some s'~!, the set P™* () (s'~!) may be empty if p ¢ supp p.

The next lemma establishes a monotonicity property of this correspondence with

respect to time.

12Gee Appendix for a formal definition of regular conditional probability.

13See Appendix for a formal definition.

"1t is actually enough to require p® (E | h{* (s'=!)) = p* (E | hg (s7!)) for all E € Us>10 (hY).
That is, observational equivalence is determined by the a-observable events.
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Lemma 1. For every period t, X" (p) (-) C P2 (p) () p-almost surely.

The intuition behind the lemma is as follows. The set P™* (p) (s') may contain
models that disagree with p on the relative probabilities of past events (up to t), but
that agree with p on the relative probabilities of future events (from ¢ + 1). Almost
every model that agrees with p on future events conditional on information up to ¢ also
agrees on future events conditional on information up to t + 1.

It follows from the lemma that, p-a.s.,
Pyt (p) == {p € suppp : p* = p*} € P (p) ()

for every t. The set Jf’f‘ " (p) represents the irreducible model uncertainty that, when p is
the true model, the DM faces if he plays o and holds belief u When Pf‘ " (p) = supp u,
such uncertainty does not allow any learning, as all the models that the DM initially
deems possible are a-observationally equivalent to the true model. The opposite is true
when P* (p) = {p}, since in this case the DM will assign probability arbitrarily close
to 1 to the true model as he accumulates observations.

Identification of models We say that p and p are a-orthogonal, which we denote
by p* L p%, if there is some event E € o (h®) such that p(E) =0 and p(F) = 1; in
words, they are distinguishable—at least in the long run, or asymptotically—by some
observable event, given strategy a.

The collection of models that are distinguishable from p conditional on h{* under
strategy « and prior p is a o (h$)-measurable correspondence 1§ (p) : St=1 — 2A8(5%)

given by:
L) (s7") = {p € suppp (-1hf (1)) :p* (-/hi (1)) L 5% (-1 (s7)) }-

The notions of observationally equivalent models and orthogonal models motivate
the following definition. In what follows, we will often study the property of a triple
(cv, i, p). The interpretation is the following: « is the strategy that is carried on by
the DM, p is a prior probability that corresponds to his belief over models at period 0,
and the probability measure p on (S, B(S)) is the “correct” model, that is, the one
characterizing the data generating process. In view of this, we study the triple («, p, p)
in order to understand what happens to a DM who follows strategy « when his prior
probability is u and the data generating process is p. Therefore, we have a particular
interest in the statements that hold p-a.s., that is, that are almost surely true with

respect to the correct model.

15Tn this work, we use the term belief to denote the probability assessment over (stochastic) models.
Using the terminology of Marinacci (2015), this belief represents how the DM addresses epistemic
uncertainty, whereas models capture the (perceived) physical uncertainty.
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Definition 1. The triple («, i, p), where « is a strategy, p is a prior probability and p
is a probability measure on (S, B(S>)), is consistent at time t if (i) P> (p) (-) # 0
and (i) supp p (-[hi(-)) = P (p) () U L2 (P)(") p-a.s.

In words, the triple (o, u,p) is consistenﬂr_gl at time ¢ if, conditional on the available

information hf',

(i) at least one model deemed possible is a-observationally equivalent to the true

model;

(ii) the set of models deemed possible is partitioned into models that are a-observationally
equivalent to the true model and those that are (asymptotically) a-distinguishable

from it.

Suppose that supp p consists of i.i.d. models p, parameterized by their marginals
7 e A(S), so that it makes sense to write € A(A(S)) and P (7). Let

osi(h*(s"71)) = {E cCS8*: I (hf‘ (st_l)) x B € a(h"‘)}

be the sigma-algebra of a-observable events from date ¢t onwards given s*~!. Then,

Pt () (s71) and L& (7)) (s'1) are given by, respectively,
{ € suppp (¢ (5™)) : VE € 0 (0 (s'7)) 98 (E) = (B)}
and
{m € suppp (:|bf (s'7")) : IE € 05 (0 (s'71)) , 1 (B) = 1 = p§ (E) € {0, 1} } .

Hence, (o, 1, p) is consistent at ¢ if, for p-almost every s'~1, P™* () (s"1) # 0 and,
for each p, € supp p (- | h¢ (s'71)), either p@ (E) = p2 (E) for all E € 5 (h® (s™!)) or
p* (E)=1-—p2(F) € {0,1} for some E € o5, (h* (s'"!)). Tail events are particularly
useful in understanding if two models are orthogonal. Indeed, by Kolmogorov’s 0-1
law, we know that these events have either probability 1 or probability 0 under a
model. Therefore, if two models disagree over the probability of a tail event, they are

automatically orthogonal.

The previous framework can be applied both to the case of a prior with a finite
or an infinite support. However, to ease the analysis, from now on, we maintain the

following assumption:

6The word consistent may recall the consistency criterion imposed in Arrow and Green (1973).
However, note that theirs is an "existence of equilibrium condition" requiring that, given any DM’s
action and true model, there exists a subjective model conceivable by the DM that is observationally

equivalent to the actual one.
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Assumption The prior belief 1 has finite support.

In view of Lemma , for a triple (o, p,p) it is easier to meet the conditions for
consistency as t gets larger. We denote by T' =T (o, i, p) the smallest ¢ for which the
triple is consistent, if such ¢ exists; in this case we say that the triple is consistent from

pertod T

Proposition 1. Let (a, u, p) be consistent from some period T'> 1. Then,
T u(Pp (p) () | B3 () =1 7-as (6)

In words, a triple (o, i, p) that is consistent from some period T allows the DM to
learn in the long run the a-observable implications of the true model ]

The mapping p — p;f(g p) (p)(+) can be viewed as the (long-run) model-identification
map determined by a and p. We have perfect model identification when Prt | (p)(-) =

T(a,p,
{p} for each p; in this case, the DM who holds belief p and plays strat(eggfpoz learns
the true model in the long run. Otherwise, we have partial model identification: Even
in the long run, the DM is only able to asymptotically identify a collection of possible
models.
Perfect model identification occurs, for instance, under perfect feedback: If past
states are observable, the true model is asymptotically identified. This is the classical

result of Doob (1949); it is enough to recall that, under perfect feedback, P (p) = {p}.

Corollary 1. Let (o, p,p) be consistent from period T = 1. Under perfect feedback,

p@l) =1 p-as.

In terms of predictive distributions, Proposition (1| implies that predictive and true
conditional distributions merge on events in o (h®), which can be thus regarded as the

learnable events.
Corollary 2. Let (o, p, p) be consistent from period T'. Then,

Pusr) (Be | DE0) =P (B[ BE()] =0 s )
for each sequence of events (By) with range in o (h®).

For example, if B; = S*™1 x {(s¢, ..., se14)} X S® € o (h®) for each ¢, then (7))

becomes:

pu('|h%(')) (8t7 oy Stk ’ hta()) _ﬁ(stv s Stk ‘ h?())’ — 0 ﬁa_a's'

Since Py (p) (-) € P (p) () (p-as.) for all t > T, @ implies that u (Pta’” () () |h§‘) -1
p“-a.s. if the triple is consistent at any ¢t > T
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That is, the predictive and the true conditional distributions of the future finite history
(S¢, ..., St4x) merge, provided that such history is learnable (that is, that it belongs to
o (h)).

Finally, from (7)) it follows that, for every E € o (h®), if we define p (-|h*(-)) :=
lim; o p (+/hf (),

Pu ) (B 100 = P (B [ 0()) € {0,1)

That is, the DM asymptotically learns whether or not the events in o (h*) obtain. Of
course, the result is non-trivial only for events in the tail (e.g., £; in the example below).
Otherwise, if F € o (hY), i.e., F = U 1 (s"71) for some S¥~' C S*1, then, for

sk—1ggk—1

each ¢t > k, either ((s"™) C E or i(s" )N E =0, thus p ( | h (s7-1)) (
p(E | h¥(s1)=1fort > kif 1(s"') C E, and 0 if :L2(s"" )N E = .

Example 4 (Act II). We consider i.i.d. models p € A (5°°) parameterized by their

marginals margg p = 7 € A (S). Each of these models describes a possible composition

of the urn. The prior u € A (A (S)) is thus directly defined on the marginals.
Suppose that the DM:

1. knows that 1/3 of the balls are black (and so all his models 7 are such that

™ (B) =1/3);

2. has a 3-point prior y with supppu = {WY,W“”i,wG} and believes it is equally
likely that the true model is either 7¥ (with 7Y (Y) = 2/3), the uniform model
7 or 7% (with 7% (G) = 2/3):

Marginals | B | YV G
i % % 0
e Uy |2
Prior ¥ | gunt | G
z i ls |3

By requiring to always bet on the color with known proportion, strategy o/V* does
not allow the DM to learn anything. Formally,

v € supp i, p (7™ () = ().

Here, T(aNE p,7) = 1 and Pf‘NE’” (p) = supp p; strategy o¥F only allows partial
identification.
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For strategy o, if 7 € supp p, T'(af, pu, ©) = 2. To see why this is the case, note
that supp u (+[(y, 1)) = {7", 7'}, supp u (-[(y,0)) = {7, 7™, 79}, and

(y,1),
(y,0),

Sl B T if h%E 51
Pyt (m) (s1) = {}W};/,ﬂ'u”i,ﬁ(;} if hg” Esli

_ { (7} if 5, =Y,

{m¥ 7 7@} else.

We have that pﬁg 1 pifm on >5(h*”)(Y), because betting on yellow forever reveals
its objective probability as the long-run frequency of winning (2/3 under =¥ and 1/3
under 7). Formally, for 7 € {1,2}, let:

1t+1 i
Ei=4s52cS5%: lim->» 1 =_-0.

We have Ey, By € 035(h®")(Y), pls(E1) = ply (Bs) = 1 and pos (Ez) = py (E1) = 0.
This establishes that the triple (aE , u,ﬁ) is minimally consistent at 7' = 2. By
Proposition [1]

2 ( | (y7 0)) if th = (yv 0) :

If experimentation yields a success, the true model is asymptotically learned. Oth-

" (.|htaE) = { 05 if hg" = (y,1),

erwise, if hy = (y,0), posterior beliefs attain their limit value already in the second
period and the DM remains in the dark. A

3.2 Value

At each time ¢ there is a (time invariant) instantaneous utility function u : C' — R,
and an instantaneous payoff function r = uop. If h; is observed, the DM ranks strategy
« given prior u according to the present value, discounted by a factor § € [0, 1), of the

continuation stream of utility certainty equivalentsf—_g]

Vi plhe) =) 66" ( /A oo ( > (@ (s s p(s7 | m)) i (dp | m)) .

T=t sTEST

This criterion ranks at each point of time the current payoffs according to the smooth
ambiguity model and then aggregates over time their (utility) certainty equivalents
through discounting. Therefore, (utility) smoothing over time is irrelevant. Indeed,
when a DM evaluates two continuation streams of utility certainty equivalents, he is
interested only in their discounted sum, not on their variability over time.

In particular, we obtain:

8Recall that af (s*~!) = ay (b (s1)).
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(1) V(p | he) =32, eg- (@ (s™1), s7) pu (57 | hy) when ¢ is linear;
(i) V(o | he) =372, 07" e (a2 (s71)  52) p (57 | hu) when supp p = {p}.

We remark that, except for the benchmark case of ambiguity neutrality, this additive
value function does not admit a recursive formulation. This is related to the well-known
dynamic inconsistency of decision makers with non-neutral attitudes toward ambiguity.
For this reason, we are not allowed to use many of the standard dynamic programming

results. We provide an example of this inconsistencies in our setting.

Example 5 (Dynamic inconsistency). We consider a modified version of our leading
example. To ease calculations, we consider the two-periods truncated problem[™”] As-
sume also, as in Act I, that only bets on either black or yellow are possible, not on
green. However, we assume that it is also possible to bet on black and to observe the
color of the selected ball, action bo. Finally, we normalize payoffs as v (0) = 0 and
u (1) = 1. With two outcomes, risk aversion is irrelevant and we can set u(c) = ¢, so
that = wop = p, whereas f is described by the table (x means “no direct observation
of the color”):

f | B Y G

b | 1,x | 0,% |0,x%
y | 0% | 1I,x |0,
bo| 1,B|0,Y | 0,G

We consider i.i.d. models p € A (S°°) parameterized by their marginals marggp =
m € A(S). Each of these models describes a possible composition of the urn. The
prior u € A (A (S)) is thus directly defined on the marginals.

Suppose that the decision maker:

1. knows that 1/3 of the balls are black (and so all her models 7 are such that

m(B) = 1/3);
2. believes it is equally likely that the true model is either @ or 7.

Summing up:

Marginals | B | Y | G

= [ilald

¢ 3 li %
Prior | 7Y | 7#©
b5 |3

19The two-periods problem can be easily framed into our infinite horizon setting. More precisely, it
is obtained if all the models assign probability one to the same deterministic outcome after period 2,
that is, all the uncertainty is resolved after the first two periods.

20



Let ¢(z) = —e~'%%; the ez-ante optimal strategy is:

o’: “Bet on black observing the color at t = 1. For ¢t = 2, given yellow in the first
period, bet on yellow, otherwise bet on black.”[?]

However, o/ does not satisfy the one-shot deviation property. Indeed, after having
observed yellow, the DM prefers to bet on black.

The ex-ante value of strategy o is:

et @) = 3o ([ o (50 () 10 wlan ) )

T=t sTEST

L g @m0 0 (17 (1) 41 (L7 (1) (7 (B)))
3 1 (7] (a®,mP)) g1 -7 (V)? +1 (1 — 7% (V) (7€ (B)))
= 0.3+ 00.3364.

On the other hand, the posterior belief after having chosen bo and having observed
yellow, is:

u(@ [(bo,Y)) = u(7| (a®,m")) =

that is:

Posterior T
,u("(bov Y)) g %

Hence, we obtain

V(a,pw(-|(bo,Y)) | (bo,Y))
= ¢ (u (Yy (b0,Y)) ¢ (L-7 (V) + 1 (T (bo,Y)) ¢ (1-77(Y)))
1
S (@) e ()
= 0.3207
< S=V@ D) | 1),

This is a typical example of dynamically inconsistent preferences. At period 0, the
DM would like to commit to condition his behavior to the observed draw. In particular,
he would like to choose y if the draw in the first period is Y, that is, after history (bo, Y).
Indeed, even if betting on yellow leads to ambiguous consequences, the DM is confident
that with high probability, if the true model is 7, Y will not be the first period draw.
Therefore, even under model 7@ this strategy presents a moderate expected value.

However, after having observed (bo,Y), even if the posterior probability of 7 is lower,

20Note that this is not a proper strategy, since it does not assign an action to every information
history. In particular, it does not assign an action to personal histories ruled out by the strategy
itself. However, the specification of the actions selected at those information histories are irrelevant
in determining ex-ante optimality.
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the DM considers the consequences of choosing action y too ambiguous. Indeed, the
expected value under model 7, 1/4, is quite small. Therefore, since the DM is highly
ambiguity averse, he will select b (or bo).

Moreover, it can be shown that the strategy “always bet on black” has a lower

ex-ante value (1 + §)/3, but satisfies the one-shot deviation property. A

If we make explicit the information histories that the process (hy') can actually
reach, we have the o (h{)-measurable functions V (a, p | h{'()). In particular, we have

the following:

(i) Under own-action independence of feedback about the state, V (a, 1 | h§(:)) =
V (a, p | hy(+)). In this case, neither the conditional nor the posterior probabilities
depend on strategies. There is a separation between information and decision (see

Witsenhausen 1971). This is a key feature that, in general, fails.

(ii) Under perfect feedback, there is a one-to-one correspondence between inform-

ation histories h; and past histories of states s*~!, and so V (o, | h{(+)) =
V(o s 7H(0))

The dynamic structure D = (A, S, M, p, f,u, 8, ¢) enriches the static structure (2).
The feedback function f and the discount factor ¢ are the genuine dynamic notions in
the structure of the problem. In particular, we write D = (I, d, f) to emphasize both

ambiguity attitudes and feedback, our main objects of interest.

4 Self-confirming equilibrium

4.1 Steady-state analysis

We consider a stage decision problem I' faced recurrently by a DM. He acts according
to an overall strategy «, which at each time ¢ prescribes some action a; as a function
of the information history h; = (a1, mq, ..., a;_1, my_1).

To introduce our main equilibrium concept, we need some notation. For any
strategy «, information history h; = (a1, mq, ..., a;_1,m;_1) and action a, let a/(h, a)
be the strategy that behaves as specified by h; at information histories that precede
h; (namely, at the empty sequence (a°, m") and each h, = (a1, m1,...,a;_1,m,_1) for

T < t), selects action a at information history h;, and coincides with a otherwise.

Definition 2. Triple (o, p, p) is a self-confirming equilibrium (SCE) if:

(i) u(p € A(S®):p*=p*) =1;
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(ii) For every action a, period t, and information history hy,

Pull(he)) > 0=V (e, p | ) 2V (a/(hy,a), | he) - (8)

Condition (i) says that the DM only deems possible those models that coincide
with the true model on events that are observable, at least in the long run, under the
strategy played. In other words, his beliefs are concentrated on models that yield the
same distribution of data, given the strategy, as the true model.

Condition (ii) is the one-shot deviation property which says that—for every in-
formation history h; that the DM deems reachable with positive probability— action
ay(hy) maximizes the continuation value conditional on h; given that a will be followed
in the future. The motivation is the following: Strategy « is a plan formulated by
a sophisticated DM who understands his sequential incentives; in each period t, the
DM only controls the action in that period, and therefore we require that the decision
variable he controls maximizes his value given the continuation strategy. If the time
horizon is finite, then this condition is equivalent to folding-back planning. When the
DM is ambiguity neutral—that is, when ¢ is positively affine—, the one-shot deviation
principle implies that strategy « in an SCE (a, u, p) is subjectively optimal given p.

Our definition of SCE is closely related to the notion of subjective equilibrium
(Kalai and Lehrer 1995, henceforth KL). Besides minor details, there are two key
differences. First, we consider arbitrary beliefs over probability models, while KL only
consider Dirac beliefs over probability models. This is without loss of generality under
the assumption of subjective expected utility maximization, because only predictive
probability matter, hence a belief ;1 can be replaced by its predictive p,. Since we
allow for non-neutral ambiguity attitudes, such simplification is precluded (see Sections
and . Second, the analysis of KL encompasses both strategic interaction and
single-agent decision making, whereas we focus on the latter. Relatedly, unlike KL, we
assume that the state process is exogenous, that is, the DM’s actions cannot influence
the probabilities of states in future periods, which is implausible in long-run interactions
where the states are the co-players’ stage-game choices.

However, there is a specific game theoretic framework that justifies our exogeneity
assumption, the large population game. One way to interpret our setup is that it
presents the point of view of a DM who plays recurrently a game with other agents
independently drawn from large populations. The DM recognizes to be unable to
influence the evolution of the environment with his actions. With this interpretation,
the probability models describe the evolution of the distributions of actions in the co-
players populations. In KL, instead, the set of interacting players is fixed once and
for all. Finally, we emphasize that some results rely on the assumption of an i.i.d.

environment that can be hardly reconciled with a situation of long-run interaction,
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but is instead consistent with a steady-state learning environment ¢ la Fudenberg and
Levine (1993).

4.2 1.i.d. environment

For some results, we will focus on the case where the real and the posited models are
i.i.d. We denote by 7 in A(S) the (marginal) distribution of states of nature. Since
the models are assumed to be i.i.d., this marginal uniquely pins down the model. More

precisely, we define p, in A(S*) in the following way. For every ¢ in N, and for every

st in S,
t

pr(st xS x..)= HW(ST). 9)

r=1
In this way, we have defined p, over all the elementary cylinders. We call p, the
unique extension of this measure on B(S°°). Formally, beliefs are probability measures
over the measurable space (A(S*), B(A(S*)). However, since each model p, is para-
metrized by its marginal 7, we can directly consider beliefs as probability measures
over marginal distributions, that is, as elements of A(A(S)). We use the letter v to
denote generic elements of A(A(S)). If the true model and the posited set of mod-
els are i.i.d., we say that the environment is i.i.d.: p = pz for some 7 € A (S) and
suppp C {pe A(S®):3Imr € A(S),p=pr}. In the ii.d. environment, we consider
triples (a, v, 7), where 7 is the one-period marginal of the correct model and v is the
probability measure over marginals induced by a prior y in the natural way. In this
context, with the term belief, we refer to the probability measure v over marginals.

Standard results guarantee that it is without loss of generality to consider only
stationary strategies in an i.i.d. environment. A stationary strategy « is a function
a : A(A(S)) — A that specifies actions as a function of the DM’s (updated) beliefs.
Formally, the strategy o : H, — A and the beliefs v(:|-) are such that

Vt,t' € N, Vht S Ht, Vh;/ € Htl, V(’ht) = V<|h/2/) = Oé(ht) == Oé( ;/)

In other words, the strategy must be measurable with respect to the beliefs. Note that
this restriction is imposed on the pair of strategy and beliefs, not just on the strategy.
Therefore, throughout this work, when the environment is assumed to be i.i.d., the
strategy is implicitly assumed to be stationary.

Finally, a belief v induces a predictive marginal and a predictive distribution. The

former is defined as

m,(s) = /A(S) m(s)v(dm),

whereas the latter is the corresponding p,, defined as in @
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In view of all this, we can adapt our value function to this i.i.d. environment,

obtaining:

V(o vlh) =Y 676! ( | o ( S v (at (57Y) s pﬁ<sT|ht>> v (dr | m)) .
=t A(S)  \sresm
(10)
The following result shows that in an i.i.d setting, the value function depends on the

history only through beliefs. Hence, without loss of generality, we can write V (o, v)

to indicate the evaluation of a stationary strategy a under beliefs v.

Lemma 2. If p,, (I (h)) and pr, (I (h})) are strictly positive, then v(- | hy) = v(- | h})
implies V (a, v|hy) =V (o, v|h})).

We can also specialize the notion of SCE to the i.i.d. case.

Remark 1. The triple (o, v, 7) is an SCE in an i.i.d. environment if:
e suppv C {m € A(S) : p7 = p};
e for every action a, period ¢, information history h;, and ,

Pr, (I(he)) > 0= V(a, v(- [ ) = V(a/(hy,a), v(- | he)).

4.3 Learning dynamics

While DM faces a recursive choice problem, the notion of SCE characterizes behavior
and beliefs after the latter have “converged.” In other words, the data provided by the
equilibrium strategy does not lead to any further updating, because the models that
the DM deems possible in an SCE cannot be distinguished from each other or from the
true model.

In dynamic settings, we may be interested not only in behavior after beliefs have
become “stationary,” but also in behavior as the DM is learning from the data. To this

end, we introduce the following definition of pre self-confirming equilibrium.

Definition 3. Triple («, 1, p) is a pre self-confirming equilibrium if, for every period

t and information history hy,

(i) if hy € Imh?,
p(I(he)) > 0= pu(I(he)) > O;

(ii) for every action a,

Pull(h)) > 0=V (e, [ he) =2V (a/(he, @), | ha) -

25



The difference between Definitions [2| and [3 lies in condition (i). Here, this first
condition is weaker; we do not presume that beliefs have already “converged.” However,
beliefs must still be disciplined: The DM cannot be “surprised,” in the sense that
information sets I(h;) that have positive objective probability under strategy « (i.e.,
such that p(I(h;)) > 0 for h; € Imh{') have also positive subjective probability (i.e.,
they are such that p,(I(h;)) > 0). This is related to the absolute continuity condition
of Kalai and Lehrer (1995).

Example 6 (Act III). If we normalize payoffs as u (0) = 0 and u (1) = 1, we have r =
p = f. Messages are thus the bets’ payoffs. Moreover, we assume that ¢ (u) = —e =,
so that higher (absolute) ambiguity aversion corresponds to higher A (see Klibanoff et
al.). We maintain the i.i.d. hypothesis.

Suppose that the DM features the prior p presented in Act II. We consider the

NE and of presented there. The former strategy involves no experimenta-

strategies «
tion as it recommends always betting on black, the color with the known proportion.
Thus, the value of this strategy is independent of histories and beliefs, and it is given
by:

1/3
V(@ i) = L2

The second strategy recommends betting on y at ¢ = 1, and then switching to b
permanently if and only if this first bet is unsuccessful. While the DM chooses y, the
outcomes are informative about the distribution, and he updates his beliefs. Recall by
Act II that the DM has a 3-point prior p with supp pp = {7¥, 7% 7%} and believes it

uns

is equally likely that the true model is either 7, the uniform model 7™, or 7%. If we

let o ()he) == (p (" he) , po (7Y | he) s o (7] he)) the posterior is

ul 1) = (3.3.0)

nt1 000 = (353

After the first period, strategy of recommends a fixed action. Thus, the continu-

if the outcome is Y, and

otherwise.

ation problem is stationary, with beliefs as states. For any history h, (t > 1) that

induces belief p, the continuation-value function after a success in period 1 is:

¢ (u (@) o(1/3) 4+ p (7Y) 9(2/3) + pu (79) 6(0))
1—946 '

V(O‘Ea :u) =
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For the initial history, we have:

V<O‘Emu) = V( E>ﬂ| (aoij))
= o7 (3001/3) + 302/3) + 300))
+L¢71 (36 (7""(Y) - 3 + 7" (GUB) - 5) +
1-0" Lo(@"(YV) - 2+a(GUB)- 1)+ 16 (7%(Y)-0+7%(GUB)-1))

C»Jl’—‘

_1 1 1
=07t (390173 + 30(2/3) + 3000))

(e (B D) e o (e D) o ()))

=07t (30079 + 3ot/ + 500)) + 12507 (39 (5) + 30 (5) + 3

Two forces affect the option value of experimentation: ambiguity aversion (the higher
the value of A, the lower the value of experimentation) and patience (the higher the
value of §, the higher the value of experimentation). In view of this, strategy o™ is
preferred if either 6 = 0 or A is high enough given 6 > 0; if so, the triple (aN Eopu, 7‘r) is
a pre self-confirming equilibrium for each 7 € {7¥, 7" 7¢}. As for strategy o, if 4 is
sufficiently high and ) is sufficiently low, e.g., A = 1 and § = 0.39, strategy o satisfies
the one-shot deviation property at (a°,m°). However, because of experimentation, we

need to consider two different contingencies.

1. If experimentation is successful (i.e., s; = Y), the DM learns that model 7%
false and updates his belief from (1/3,1/3,1/3) to (1/3,2/3,0). At this point, the
strategy recommends sticking to y. It can be checked that this recommendation is
better than trying out b once before switching to y thereupon, that is, it satisfies
the one-shot deviation property: For all § € (0,1) and all A > 0,

V. (2~ O GE) + B (1)

‘

-6
_ 07" (30(1/3) + 56(2/3))
1-6
S 13487 <3¢(1{3125¢(2/3)):V(aE/b,(1/3,2/3,0)).

Moreover, at every subsequent period, the updating rule implies that the prior
will be of the form (1 — k, k,0), with k£ € (0,1). It is easy to see that

V(a®, (1—k ko) = 2 1=H ?Q/?) + ko(2/3))
¢~ (L - K)p(1/3) + ko(2/3)) _
1-6

> 1/3446
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2. If experimentation is unsuccessful (i.e., s; € {B,G}), the posterior of u lowers
the weight of model 7V relative to models 7% and 7, so that p, (Y | (y,0)) <
pu (B (y,0)) = 1/3. Thereupon, strategy o recommends switching (and stick-
ing) to black, so that the continuation value is the same as that under oV,
Moreover, since betting on black does not lead to any further updating, it is
enough to check the inequality with second period beliefs. For sufficiently small

0, or for sufficiently high A,

s (111
Y[ (553))
11
316
1

= 6 (GO0 + G0/ + 50 +

— V’(aE/y,(%,é,%)).

In particular, this inequality holds with A = 1 and § = 0.39, and we have already

> o (o gorr) + o) + 250 (5o (5) + 5o (5) + 50
4] 1 1 1
5 (50 (5) +50 (5) 3

proved that (aE , u) satisfies the one-shot deviation property at the root; there-

fore, (aE, 1, 7‘7) is a pre self-confirming equilibrium for each 7T € supp p. A

This example suggests the following idea: As ambiguity aversion increases, exper-
imentation becomes less attractive. Suppose for simplicity that the consequence and
feedback functions coincide (C' = M and p = f) and that the utility function v : C' — R
is injective. Then, to obtain evidence on the correct model, that is, to experiment, the
DM has to choose an action that does not induce the same probability measure over
payoffs under all the models he deems possible. This is exactly the kind of ambiguous
choice that, other things being equal, an ambiguity averse DM avoids. On the other
hand, if there is an action inducing the same probabilities of payoffs under all the
models that the DM deems possible, high ambiguity aversion makes it attractive, but
such action is not expected to be informative about the underlying probability model;
indeed, the DM is certain that his next-period belief will be the same as the current
belief if he chooses such “unambiguous” action.

The argument applied to the current-period expected payoffs can be extended to
the value of experimentation: Experimentation at time ¢ leads the DM to condition
his behavior on the collected experimental evidence. In particular, he will choose an
action with a large payoff under the models whose likelihood has been reinforced by the
collected evidence. However, for this reason, the next periods’ expected payoff will be

model-dependent, that is, “ambiguous.” Therefore, an increase in ambiguity aversion
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reduces also the value of experimentation. To sum up, there is a trade-off between
choosing unambiguous actions and choosing informative actions. As we will see, this

fact has a key implication for the long-run limit of the process.

4.4 Convergence to SCE

We are interested in studying the limit behavior of pre self-confirming equilibria. In
particular, we investigate the conditions that imply convergence to self-confirming equi-
libria. To do this, we introduce the concept of e-self-confirming equilibrium, which ad-
apts the definition of e-subjective equilibrium proposed in Kalai and Lehrer (1993) to
a context of model uncertainty. The idea is that a triple (a, , p) is an e-self-confirming
equilibrium if it satisfies two requirements. First, strategy « satisfies the one-shot de-
viation property given belief y; second, belief 1 assigns at least probability 1 — e to the
set of models p that are observationally equivalent to the true data generating model

p. This second requirement is a weakening of condition (i) of SCE in Definition

Definition 4. The triple («, i, p) is an e-self-confirming equilibrium if:

(i) p(p € A(S®):p* =p%) > 1—¢;
(ii) For every action a, period t, and information history hy,

Pull(h)) > 0=V (a, | he) 2V (af(hs,a), | ).

We study the evolution of actions and beliefs starting from a pre self-confirming
equilibrium. Recall that a pre self-confirming equilibrium characterizes a sequentially
rational DM who holds beliefs that do not assign probability 0 to observable events
that can occur under the true model, that is, he cannot be completely surprised. Now,
consider a pre self-confirming equilibrium (a, i, p) consistent from period 7. Every
history h;, with positive probability under p, induces a reinitialized triple (aht, I ﬁht).
More precisely, strategy «y, corresponds to the continuation strategy induced by « for
the information histories that follow h;, which corresponds to the new empty history.
The reinitialized true model pj, is the restriction of p on the events that are consistent
with A, and p,, is the probability measure over similarly restricted models obtained
from the posterior pu(-|h:) ]

Next we show that, after a sufficiently long history, the reinitialized triple will p-
almost surely converge to an e-self-confirming equilibrium. Given a path s>, we say
that a triple («, p,p) converges to an e-self-confirming equilibrium on s> if from a

finite time ¢ onward, the reinitialized triple {ang,  (st); Hne

t+1(st),phttx+1(st)> will form an

g-self-confirming.

21See the proof of Proposition [1| for a formal definition of these objects.
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Proposition 2. Let (o, 1, p) be a pre self-confirming equilibrium. If (o, u, D) is con-
sistent from some period T > 1, then, for every ¢ > 0, (a, u,p) converges p-almost

surely to an e-self-confirming equilibrium.

It is interesting to investigate the strength of our convergence result. Indeed, even
if beliefs converge to a limit measure that assigns probability 1 to models that, given
the adopted strategy, are observationally equivalent to the true one, the implications
of this convergence in terms of predictive probabilities are not obvious. Therefore, in
order to relate our e-self-confirming equilibrium to the definition proposed by Kalai
and Lehrer, we show that the predictive measure on observable events induced by the
beliefs becomes e-close to the objective one. Thus, we show that our first requirement
for an e-self-confirming equilibrium implies an analog of condition (c) of Kalai and

Lehrer’s definition.

Definition 5. Let ¢ > 0 and let p, q be two probability measures defined on a measurable
space (2, %) . We say that p is e-close to q if there exists E € ¥ such that:

(i) p(E) and q(E) are greater than 1 — ¢,
(ii) for every E' € ¥ with E' C E,

Ip(E") — q(E")| < eq(E). (12)

The strength of this definition with respect to other definitions of e-closeness (such
as the one proposed by Blackwell and Dubins 1962), derives from the approximation
restriction for small probability events. As underlined by Kalai and Lehrer (1993) in a
repeated-game framework “being correct in small probability events is important since
even significant events may have small probability if they occur late in the game.”
Given a path s, we say that beliefs becomes c-close to the true model on s if, from

a finite period ¢t onward, the predictive measures becomes e-close to the true model.

Proposition 3. Let (a, i, p) be a pre self-confirming equilibrium. If (o, i, p) is consist-
ent from some period T' > 1, then, for every € > 0, predictive beliefs become p-almost

surely -close to the true model.

In words, the predictive probabilities induced by beliefs and the true model almost
surely merge on the observable events. Note that this result extend the “local” result
of Corollary [2[ to a “global” one. On the one hand, Corollary [2| states that, given
a specific sequence of events, the predictive and the true conditional distributions of
these events merge, provided they are learnable. On the other hand, this proposition
shows that the predictive and the true conditional distributions merge “globally” on

observable events.
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The first condition of the Definition {4 ensures that the probability assigned to
the set of models observationally equivalent to p converges to 1. Now we show that
this implies that the DM understands the payoff relevant implications of the adopted
strategy. More precisely, we show that its subjective value converges to the objective

one.

Proposition 4. Let (o, p,p) be a pre self-confirming equilibrium. If (o, pu, D) is con-

sistent from some period T > 1, then, p-almost surely:

tlggo \V (a, u|hi) =V (a, 05/hi)| = 0.

4.5 Convergence to static SCE

We can introduce in our framework the counterpart of the SCE notion of BCMM, which
we call “static SCE.” The key feature of the equilibrium concept of BCMM is that the
chosen action is a myopic best reply to confirmed beliefs; therefore, we consider the
following definition{*’]

Definition 6. A triple (a*,v*,7) € AXA(A(S)) x A(S) of actions, beliefs, and models
is a static SCE if

(i) v* (me A(S) imo ful =m0 fiul) = 1;

(ii) a* € argmax,cq ¢ ' (fA(S) ¢ (X ses7(a, s)m(s)) U*<d7'(')).

The second condition says that a* is a (myopic, or one-period) best response to v*
given the ambiguity attitudes determined by ¢. The first condition is the self-confirming
property adapted to the static framework: the distribution of messages that the DM
“observes” in the long run if he always plays a* is exactly what he expects. Since
payoffs are observable, the self-confirming property implies that a* is unambiguous for

v* and the expected distribution of payoffs coincides with the one implied by the true
model 7. Indeed, by ,

-1 _ -1 -1 _ = -1 -1 _ = -1
Vm € suppv, mo pe =mO f 0y =T 0 fo oy =Top,..

Does our result of convergence of pre-SCE to SCE imply convergence to a static
SCE? It is clear that condition (i) of SCE (Definition [3|) implies condition (i) of Defin-
ition [6f Moreover, at an SCE in an i.i.d. environment, since beliefs are confirmed
and the strategy is stationary, a unique action « (v*) is played. However, while the
definition of static SCE (a*, v*, 7*) requires a* to be the myopic best reply to v, in an
SCE, strategy « is required to satisfy the one-shot deviation property. The following
result sheds light on the relation between SCE and static SCE.

22We adopt the standard “pushforward” notation: given 7 € A (S) and f, : S — M, the induced
measure on M is wo f;!, where (7o f; 1) (m) =7 (f;* (m)) for each m.
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Proposition 5. Fiz an i.i.d. environment and let the triple (o, v,7) be an SCE. Then
the triple (a(v),v,T) is a static SCE.

Then, we show that, under our assumption, beliefs converge almost surely to a

random limit g

Lemma 3. Let (o,v,T) be a pre self-confirming equilibrium in an i.i.d. environment.
If (o, v,7) is consistent from some period T > 1, then beliefs converge almost surely to

a random limit V.

We remark that, in an i.i.d. environment, consistency simply requires that the DM
assigns positive probability to the set of model observationally equivalent—under the
adopted strategy—to the true model 7/

Finally, we can combine Lemma [3| and Proposition [5| to provide a learning founda-
tion to the concept proposed by BCMM. Given a path s, we say that a triple (a, v, )
converges to a static SCE on s* if from a finite time ¢ onward, (af(s'™!), %, T) forms
a static SCE. Note that the tail sequence of actions (a%(s"')),>; is not required to be

constant.

Proposition 6. Let (o, v, T) be a pre self-confirming equilibrium in an i.i.d. environ-
ment. If (a,v,T) is consistent from some period T > 1, (a,v,T) converges p-almost
surely to a static SCFE.

The intuition is as follows. Under the stated assumptions, beliefs converge almost
surely to a random limit v5.. Since the action set A is finite, after a random time
ﬁoo, each action chosen by « is played infinitely often and must be a best reply to the
limit belief v%, because it is (asymptotically) a best reply to beliefs arbitrarily close
to V5. Since V5. assigns probability 1 to the set of models that are a-observationally
equivalent to 7, all such actions must yield, with (v$~,7), a static SCE. Note that
the realized sequence of actions (af(s'~1)) converges if there is a unique myopic best
reply to the limit belief 1%, but such uniqueness is not guaranteed. Yet, if the myopic
best reply is indeed unique, say action a*, the action sequence is eventually constant at
a*and (a*, %, 7) is a static SCE. Moreover, after a finite time, the agent chooses an
action that maximizes one-period value with respect to current beliefs (and not only
limit ones), that is, exploration (experimentation) becomes irrelevant, all that matter

is one-period exploitation.

Corollary 3. Let (o, v,T) be a pre self-confirming equilibrium in an i.i.d. environment
that converges to a static SCE on path s*>. If

arg max - ( I (Zrm, s>w<s>> 7 <d7r)) = {aln}

ses

23This is intuitive, but perhaps not obvious. The proof is available upon request.
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for some a’s € A, then there exist Tie such that, for everyt > fsoo,
a(s"™!) = af.

Moreover, there exists Tyo such that

t>Tee = ale € arglcrlleaj(gb_l (/A(S) ¢ (Z 7’<CL,S)7T(5)> v(dm|hf (St_l))> :

ses

It is important to stress that this convergence does not imply that the limit belief
is the Dirac measure supported by the correct model. However, the limit pairs of
beliefs and actions almost surely satisfies the usual properties of stochastic limits in the
(expected utility) stochastic control limit literature. Indeed, the realization (afw, %)

is such that we have:

o (confirmed beliefs) V% assigns probability 1 to the models that are observation-

ally equivalent given a’, (see, Proposition ;

o (subjective myopic best reply) even if the discount factor is strictly positive, the
agent maximizes his one-period value. That is, exploitation prevails on explora-

tion.

Our leading example illustrates how the true data generating process may be

unidentified in the limit.

Example 7 (Act IV). Consider the strategy o of the previous acts. Again, recall by
Act II that the DM has a 3-point prior p with supp u = {7TY,7TUM,7TG} and believes
it is equally likely that the true model is either 7, the uniform model %™, or 7¢. In
Act II, we have shown that (o, u, ) is consistent from period 2, whereas in Act III,
we have proved that with parameters A = 1 and § = 0.39 it is a pre self-confirming
equilibrium. We can show how our convergence result obtains in this simple specific
case. Suppose that © = 7. From Proposition |3, we have that the limit beliefs attained

are the following:

(1/3,1/6,1/2) if s, € {B,G},

of of / _uni oF Y o G > _
s (us (™), oo (), pigoe (T7) { (0.1,0) oY

Indeed, if the experimentation is unsuccessful, the posterior of u lowers the weight

uni

of model © relative to models 7% and 7%, thereupon, strategy o recommends
switching (and sticking) to black, and so there is no additional updating. On the other
hand, if the experimentation is successful, strategy a prescribes to stick on yellow

thereupon, and then the correct model 7 is asymptotically identified.

33



Since we are in an i.i.d. context, Proposition |6 holds. In particular, if s; € {B, G},
by (11), for every t > 1,

af”(s'"!) = b

for every t > 1, and (b, (1/3,1/6,1/2),7Y) is the static SCE that obtains in the limit.
Note that in this case the DM will end up choosing an objectively sub-optimal action.
If S1 = Y,

at (s =y,

for every t > 1, and (v, (0,1,0),7Y) is the static SCE that obtains in the limit. Indeed,
it is immediate to see that these actions maximize one-period value with respect to
limit beliefs and that the distribution of probability over messages confirms them.
Finally, consider strategy o¥¥. In Act III, we have argued that it is a pre self-
confirming equilibrium if the DM is sufficiently ambiguity averse. In this case, regard-
less of the correct marginal 7 € P = {7TY, runt 7TG} ,we have almost sure convergence

to a static SCE from period 1. Indeed, the DM sticks on black from the first period,
111
37373
that if the correct model is 7, betting on black is objectively sub-optimal.

and black is the myopic best reply to the confirmed prior y = ( ) . However, note

As argued earlier, our leading example suggests the idea that ambiguity aversion
tends to stifle experimentation. Therefore, the DM is more likely to end up not dis-
covering the correct model. If instead the true model 7 is identified in the limit, by
Proposition [6], eventually the DM chooses the one-period best reply to 7, which is the
counterpart of Nash Equilibrium in our framework.

This suggests the following conjecture: As ambiguity aversion increases, the DM
reduces experimentation and he is more likely to converge to a non-Nash SCE. However,
we can show by example that this conjecture is incorrect ]

Despite this caveat, our leading example and the previous results cast a new light
on the relation between ambiguity attitudes and self-confirming equilibrium. In the
example, the set the set of static SCE of the game is invariant with respect to ambiguity
attitudes, a property that extends to a large class of situations (see, e.g., Battigalli et
al. 2016a, and Battigalli et al. 2016b). Yet, even though ambiguity attitudes do
not affect the set of long-run outcomes, they may have a “dynamic” effect: Suppose
that the true model in the example is 7; then, for moderate ambiguity aversion
the process converges to the Nash equilibrium with positive probability, with high

ambiguity aversion the process is stuck in a non-Nash SCE.

24Gimilarly, a lower discount factor does not necessarily make convergence to a non-Nash SCE
more likely. Counterexamples are available upon request. We remark that, in the example about
comparative ambiguity aversion, only payoffs are observable; this implies the coincidence between

actions that allow for learning and ambiguous actions.
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4.6 Characterization of SCE beliefs

In what follows, we borrow from Easley and Kiefer (1988) and derive a necessary
property of SCE. In view of our Proposition [6, we can also interpret it as a long-run
result.

Let

seSs

Vi(v) = rgleaj( ¢_1 </A(S) ) <Z r(a, S)T{'(S)) l/(dﬂ')) .

That is, V;(v) is the value of the one-period truncated problem.
Proposition 7. Let (a,v*,7) be an SCE in an i.i.d. environment. Then

V' € arg min Vi(v).
v:supp vCsupp v*

The idea behind this proposition is the following: For every model 7 € supp v* the
self-confirming action a(r*) yields the same objective expected payoff as under the true
model 7. Therefore, the same holds for beliefs v with a smaller support. Then the self-
confirming action has the same one-period value under v and v*. Since this action is
feasible, but may be (subjectively) sub-optimal under belief v/, the maximal one-period
value under v must be at least as high as the true objective expected payoff, which is
the maximal one-period value under v*. This result is particularly useful because the
one-period value function is easy to calculate, and it sheds light on the beliefs that can
support an SCE.

Proposition [7] formalizes the intuition that information is valuable: if sharper in-
formation is available, that is, a smaller set of models are deemed possible, than the

value of the problem is higher.

5 Discussion: stochastic control problems

5.1 Two frameworks

In this section we connect our setting with the one used by the literature on active
learning in stochastic control problems, as exemplified by the well known work of Easley
and Kiefer (1988). To this end, we relate the SCE concept for decision problems with
feedback with the limit behavior of solutions to stochastic control problems. To ease
matters, we consider (classical subjective) expected utility—i.e., ambiguity neutrality—

and we assume that all the relevant sets are finite.

Feedback framework Consider a static decision problem with feedback and observ-

able payoffs
(A7 S? C’ M? P? u? f? 7) (13)
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where v : A X M — C' is the function introduced in (3). As a result, the objective
expected utility of a given probability model p is R(a,p) = > .o u (v (a, f(a,s))) p(s).
Let

R(a, 1) =Y R(a,p)u(p) (14)

peP
In view of Definition 6] an SCE is a triple of actions, beliefs, and models (a*, yi*, p)
such that:

(i) pr(pe P:poft=pof) =1,
(il) a* € argmax,ea R(a, u*).
An SCE given p € P is a pair (a*, u*) such that (a*, p*,p) is an SCE.

Consider the infinite repetition of the static decision problem, with i.i.d. models
with unknown marginal distribution p. Stationary strategies a : A (P) — A (Section
induce, via Bayes rule, a sequence (af', uf') of random actions and beliefs, with af* =
a(pf) and p,y (p) = (p o fa}l) (mf) gy () / 2 e (p o f;gl) (mf) (p) Given a
discount factor ¢ € [0, 1) and prior belief 11y, the DM then solves max, E,, > 1o, 'R (af, u)
over the set of stationary strategies.

Stochastic control framework Easley and Kiefer [9], 1988] (henceforth EK) analyze
the following problem of discrete-time stochastic control. We use our own notation and

terminology, but we report theirs in brackets to ease the comparison:

e a € A, actions [EK: z € X];
e m € M, messages [EK: observations, or outcomes y € Y |;

o 7: Ax M — R, payoff function [EK: r: X xY — R |;

e 0 € O, parameters;

e o(:|,): M x Ax © — R, conditional density, a function (a,0) — ¢ (-|a,0) €
A (M) in the finite case [EK: f(-|-,-) : Y x X x © — R|{

e prior/posterior beliefs v € A(O), with vy being the prior, that is, the initial

belief [EK: u € A (O)];

25 Throughout the section we adopt the convention 0/0 = 0.
26Densities require some reference measure over Y. For instance, when Y C R” is full dimensional,

the reference measure is the Lebesgue measure; when Y is finite, the reference measure is the uniform

measure.
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In particular, the current (one-period) expected reward of action a given belief v is

R(a,v) = Z (Z r(a,m)p(mla, 0)) v(0).

0c® \meM

where the tilde distinguishes this reward from (14)).

This setting can be summarized by the sextuple
(A7 M7T7@71/0790)~ (15)

In an infinite repetition of this static decision problem, with i.i.d. models, the state
space is A (0) and the law of motion is Bayes rule. Let « and (af, v{) denote, respect-
ively, the stationary strategy of the DM and the implied sequence of random actions

and Bayesian posteriors, with ay = « (v§') and

v a.m) = @(m|a78) Vi (6’)
t+1 <(9| ) ) Ze’e@ © (m|a’ 9/) v (0,),

where v is a realization of v¢. Given a discount factor § € [0, 1) and prior belief vq, the

DM then solves max, B, S5° 6" R(a?, v§*) with respect to his stationary strategies.

5.2 Unification of the two frameworks

Let us unify the two previous frameworks, noting that A, M, and the discount factor

0 are common to both.

From feedback to the stochastic control framework Given a decision problem
with feedback and observable payoffs (A, S, C, M, P,u, f,~) and a prior p,, the basic

elements of a stochastic control problem (A, M, r, ©, v, ) are derived as follows:
T =uo";
e ©=P CA(S) and vy = py;

o o(la,p) =po f;' € A(M) for all (a,p) € Ax P=Ax0.

The stochastic control problem can be thus seen as a reduced form of a decision
problem with feedback and observable payoffs.

Vice versa Now we fix the elements (A, M, r, ©,vq, ) of a stochastic control prob-
lem, and derive (A, S,C, M, P,u, f,~) and the prior p, as follows:
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o States of nature: S = © x MA*®_ States are thus the pairs (0,7) € © x M4*®©,

” where nature chooses 6 before a (and the DM

that is, the “strategies of nature,
does not observes 6) or simultaneously, and in a second stage of the same period
nature chooses the outcome m as a function of (a,6). The following extensive

game form of a (binary) decision problem illustrates this construction:

AN A WANA

Cam' Ca'm’ Cam/ Ca'm/
This is the most important connection between the two frameworks.

e Stochastic models: The issue is how to define the set P of possible stochastic
models given the function (a,0) — ¢(-|a,0) € A(M). This map defines a

7 of nature, and P can be defined as the set

“second-stage behavioral strategy
of “mixed strategies of nature” that pick a particular # with probability 1 and
are consistent with such second-stage behavioral strategy:
peA (@ y MAXG) : 30" € ©,Y (a,m) E*A X M, margg p = dg-,
p((0,n) € S:0=0"n(a,0) =m) = ¢ (m|a,0))
However, one would like to parametrize P so that it is isomorphic to ©, because

all that matters for the DM are the objective probabilities
p((,n) € 5:60=0"n(a,0) =m) = ¢ (m|a,0)

and the true model #*. Because of the finiteness of all the sets, P can be fully
parametrized by 6 by restricting the set of probability models in the same way
as Kuhn (1953) goes from behavioral strategies to mixed strategiesE] Let © C

27See also Selten [29, 1975].
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A(O) be the canonical embedding of © into A (©), ie., © = {dg}ycq- Given
¢ € A(M)**®, define the following measure on M4*®: for all n € MA*® |

Do =] ¢®(a6)lab).

(a,0)€AXO

That is, pjaxe(n) is the probability of the profile (1(a,0)), gcaxe Of contingent
choices by nature under the assumption that such choices are independent across

nodes. Then, write the set of probability models as follows:
P={peA(O®xM"®):30€0,p=0y x p%,ase},

where dy X p?w axo 18 the product measure obtained from dy and p?w axe- This
yields the bijection ¢ : © — P given by:

g(@) = 0p X pLAxe'

This is the second most important connection between the two frameworks. The
usual realization-equivalence argument & le Kuhn (1953) shows that, for each
(a,0,m) € Ax O x M,

]P6a,§(0) (aa 67 m) =@ (m‘a7 9) 5
where, in general, for every “mixed strategy pair” (o, p) € A (A)xA (@ x M AX@),
Poyp (a,0,m) = a(a)p ((¢',7) € © x M**® 0" = 0,1 (a,0) = m)

denotes the induced probability of (a, 0, m).

e Prior: puy=vgos '

e (Consequences, consequence function, and utility: C = Imr C R, u = Id¢, and
~v = r. Note that the stochastic control problem does not specify a consequence
space and a consequence function because of its reduced-form nature. Therefore,
the specification of C' and u has to be somewhat arbitrary. The specification
above is natural when there are monetary consequences and risk neutrality. An

alternative and equally salient specification is C'= A x M and u = r.

o Feedback: f (a,(0,m)) = n(a,0) for all (a,(0,n)) € AxS=Ax6O x MA*C,

5.3 Convergence to self-confirming equilibria

Fix a decision problem with feedback and observable payoffs (A, S, C, M, P,u, f,7), a
prior i, € A (P), and some discount factor § € [0,1). In this section, we have assumed

so far that all sets are finite. Now assume that:
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(i) the sets S and P are finite,
(ii) the sets A and M are, possibly infinite, subsets of an Euclidean space.

(iii) the optimum problem max,ec4 R(a, 1) has, for each p € A (P), a unique solution,
denoted a* ().

The analysis of the previous part of this section still holds, mutatis mutandis, under
the weaker cardinality assumptions (i) and (ii). Let p* € A (P) denote the (unknown)
true distribution of states. Then the associated stochastic control problem defined in
Section [5.2| satisfies all the assumptions of Easley and Kiefer (1988). In particular, they
give conditions on the stochastic control problem so that, given the prior vy and the true
parameter 0y, for every optimal stationary strategy a* the induced stochastic process
of actions and posterior beliefs (af, v}) converges, fp-almost surelyF_g] to a random limit

* V*

(af,,v% ) such that, fp-almost surely,

and

suppry, C{v" € A(O) v ({0: ¢ ([a”(v"),0) = o (-]a"(v"),00)}) = 1}.

In terms of our feedback setting, this means that for every stationary expected
utility maximizing strategy o* of the repeated decision problem (given the prior ),
the induced stochastic process (aj, pu;) of actions and posterior beliefs converges p*-
almost surely to a random pair (a% , u’,) such that, p*-almost surely,

a, = a" (p3)
and
supp ps, C {M* €A(O): " ({p 1PO [y =P 0 f(;}u*)}> = 1}.
This can be verified by bookkeeping. In particular, given that © = P, 6y = p*,
o(-la,s(p)) =po f ! for all (a,p) € A x P, and v* = u*, the condition

vi(0: ¢ (la*(v7),0) = ¢ (la*(¥7), 00)) = 1

becomes p*(p : p o f{;&m) = p*o f;ﬁ%u*)) = 1. But then, for each pair (a*, u*) in the

support of the random limit, we have:
(i) (confirmed belief) u*(p: po fa_*lw) = p*o fa—*%u*)) =1,
(ii) (subjective best reply) a* = arg max,eca R (a, u*).

We conclude that the stochastic process of actions and beliefs implied by expected

utility maximization converges, with probability one, to an SCE given p*.

28That is, almost surely with respect to the i.i.d. process determined by 6.
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6 Conclusions

The concept of self-confirming equilibrium (SCE) characterizes stable pairs of behaviors
and beliefs. This stability is ensured through two conditions: First, the behavior must
be subjectively optimal given beliefs and (smooth ambiguity) preferences. Second,
these beliefs must be confirmed, that is, they must be consistent with the evidence
obtained playing the equilibrium strategy. SCE with standard expected utility max-
imizing agents can be given a rigorous learning foundation. Indeed, the literature on
stochastic control problems shows that the behavior and beliefs of an ambiguity neut-
ral agent, who face an unknown i.i.d. process of states affecting the outcome of his
actions, almost surely converge to an SCE, although such equilibrium concept was not
explicitly emphasized (see Easley and Kiefer 1988 and Section. As for games against
other agents, convergence cannot be taken for granted, but if it occurs the limit point
must be an SCE (e.g., Fudenberg and Levine 1993, Fudenberg and Kreps 1995).

This learning foundation cannot be mechanically applied to the case of non-neutral
ambiguity attitudes. First, it is not even apparent from the decision theoretic literature
that ambiguity averse players are supposed to update beliefs according to the standard
rules of conditional probabilities (see, for example, Epstein and Schneider 2007, Hanany
and Klibanoff 2009). On this issue, we take instead the position that these rules are
part of rational cognition, and the adoption of the smooth ambiguity model allows us
to describe learning in a standard Bayesian fashion. Second, ambiguity averse agents
typically have dynamically inconsistent preferences over strategies. We assume that
agents are sophisticated and thus take future incentives into account as they choose
actions in earlier periods. This is modeled by the requirement that the adopted strategy
satisfies the one-shot-deviation property, which in a finite horizon problem is equivalent
to “folding-back” planning. However, dynamic inconsistency prevents us from applying
standard dynamic programming techniques.

Given such difficulties, in this paper, we focused on the case of repeated play against
nature to derive results and insights about convergence to SCE. Although we are mostly
interested in the case of i.i.d. states, we consider the more general case of an exogen-
ous stochastic process of states. Under smooth ambiguity, beliefs about the correct
stochastic model are key. Therefore we are interested in the evolution of such beliefs,
rather than the updated predictive probabilities of the states. Another essential fea-
ture of the SCE literature and our analysis is that feedback about the realized state is
typically imperfect and endogenous, i.e., choice-dependent.

First, we prove convergence of beliefs under rather mild assumptions (Proposition
1)). In particular, we do not require that the DM deems the actual model possible.
In the i.i.d. case, we just require that the DM assigns positive probability to the

set of models that are observationally equivalent to the true one under the adopted
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strategy. Next, this result is used to obtain almost sure convergence to a version of SCE
adapted to our dynamic environment (Propositions , and—for the i.i.d. case—to
static SCE as defined by BCMM (Proposition @ Thus, the comparative statics result
of BCMM implies that higher ambiguity aversion allows for a larger set of possible
long-run outcomes and therefore makes the limit behavior less predictable.

Since we do not assume that the DM assigns positive probability to the correct
data generating process, our analysis belongs to the literature that studies agents with
misspecified models. In particular, we relate to Esponda and Pouzo (2016). They show
that, even if the beliefs of myopic players in a strategic game do not assign positive
probability to models that are observationally equivalent to the correct one,—with
positive probability—they will converge to the models that minimize the Kullback-
Leibler divergence from the correct one. In our case, the divergence is zero due to
our consistency condition (see Definition ?7). Furthermore, our convergence occurs
with probability one, because we do not consider a strategic framework. However, we
generalize in two dimensions: we allow for ambiguity aversion and patience”]

We remark that our analysis provides additional insight. In several interesting
decision problems or games the set of SCE, hence of possible long-run behaviors, is
independent of ambiguity attitudes. Yet, ambiguity aversion affects the dynamics.
We point out that higher ambiguity aversion tends to decrease experimentation and
therefore makes convergence to Nash equilibrium (best reply to the correct model) more
unlikely. Although this is not a general result, the intuition for this tendency is quite
clear: The DM can learn only from the actions that imply an unknown likelihood of
observable outcomes (otherwise, under Bayesian updating, the next-period belief would
be the same as the current belief); if uncertainty about observable outcomes translates
into uncertainty about payoff-relevant outcomes, then the actions from which the DM
can learn are also the ambiguous actions he tends to avoid. In particular, we illustrate
with a 3-color urn example that higher ambiguity aversion may make it more likely
that the agent falls into a “certainty trap” whereby he keeps choosing an unambiguous
action from which he cannot learn, which prevents him from finding out the objectively
optimal action (see Examples [6] (Act IIT) and [7] (Act IV)).

We can give a game theoretic interpretation of our analysis within a population-
game scenario. In this setting, the DM recognizes to be unable to influence the actions
of future co-players. Nevertheless, experimentation is valuable for him, since a better
understanding of the correct distribution of strategies in co-players’ populations may

allow selecting a better strategy in the following periods (cf. Fudenberg and Levine

In their Online Appendix, Esponda and Pouzo (2016) extend part of their analysis to the non-
myopic case. Of course, unlike us, they can rely on standard dynamic programming arguments because

they assume ambiguity neutrality.
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1993). The main difference is that Fudenberg and Levine consider an overlapping
generation model with finitely lived agents. Since we assume an infinite horizon, we
would have to slightly modify our model by introducing a constant probability of death
and embed our analysis in an overlapping generation model (cf. Blanchard 1985).
Our analysis of the more general case of an exogenous process of states of nature may
shed some light on learning in a non-steady state environment, where the statistics of

the populations from which co-players are drawn change over time due to their learning.

7 Appendix: proofs and related material

7.1 Jessen’s Theorem

Throughout the appendix, to simplify notation we denote by (2 the set S and by (F;)

the natural filtration, where each F; is induced by the elementary cylinders
st = (s1,.,8) = {1t X - x {8} x S x-o-,

where s = p' (w) = (p; (W), ...,p; (W) = (s1,...,5:) given the projections p’ : Q — S*
and p, : © — S. We also consider a coarser filtration (G;) where G; C F; for all ¢,
and we denote by & the (finite atomic) partition of € that generates G;. Note that a

probability on & extends in a unique way to G, for all ¢.

Remark 2. It is immediate to see that &, is coarser than the partition induced by the
elementary cylinders {{s1} x - -+ x {8} x S x -+ :(s1,...,8) € S*} for all ¢.

We define Fo, = o (UyF) and G = 0 (UGy). Let A (§2, Fo) be the set of prob-
ability measures on (92, F.,), and let p,q € A(Q,F). We denote by p; and ¢; the
restrictions pig, and qg, of p and ¢ to G, for all ¢. Similarly, we denote by p., and g
the restrictions pig,, and g6, of p and g to G.. For each ¢, the absolutely continuous
part of ¢; with respect to p; is given by

) @, (E) ifp(E) >0, _ q(E) ifp(E)>0,
Gt,a (E) - -
0 else, 0 else,
for each E € &, and (a version of) the Radon-Nikodym derivative of ¢, with respect

to py is:

q: (E) q(E)
t Z E Z p (E) E,
Ec&i:pi(E)>0 Ee&:p(E)>0
where 1g is the indicator function for event E. In particular, for each w € €, letting
E; (w) denote the only element in & containing w["|
(Br(w)) - (Be(w)
A (W) = { Zi(Ei(w)) if p (B¢ (w)) >0, _ { Z(Ez(uJ)) if p (Bt (w)) >0,
0 else,

0 else.

30Given Remark [2| observe that if (wy,...,w;) = (w],...,w}) then E; (w) = E; (w').
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For each t, the set

Co= |J F={weQ:p(Bw)>0teq,

Ee&i:pi(E)>0

is the minimal carrier of p; in G;; that is, it is the smallest event F' in G, such that
Pt (F) = poo (F) = p(F) = 1. Then, for each t,

We introduce one last object, the set

C(peo) = [)C(pt) ={w € Q: p (B (w)) >0 Vt} € .

Clearly, we have that pe (C' (pso)) = 1, and

_ (B (W) _ g (B (w))
P(E (W) Poo (Br(w))

The next theorem is credited to Jessen by Stroock (1993).

Vw € C (poo) s VE, At (w)

Theorem 1 (Jessen). If p,qg € A(Q, Fs), oo L Poo if and only if \y — 0 pso-a.s.

Let u be a prior on A (Q, Fo) with finite support supp p. The predictive measure
Py 18
VE € Foo, pu(E)= > q(E)plq).

gEsupp

For each t and E € &, the posterior distribution of y given F is defined by:

u(g)q(E) :
sadB) i (B >0,
nig| E) = { P

otherwise.
| supp pl

Note that p (¢ | E) = 0 for all ¢ ¢ supp p, for all E' € & and all ¢t. For each ¢ € supp p
and t, consider the function u' (¢ |-) : Q — [0, 1] given by:

piglw) =plq| E (w))

_ E w ]-SU L( )
— U ) (@) + 222D (1 — 1, ) ()
_ w(@)q(Ee(w))

T pu(Br(w)) C(qt) Goo~a.8.;

for each ¢ € suppp and ¢, pu (¢ | -) is an element of L (Q, Gy, ¢1).
For each ¢, the map ¢ — pu‘(+|-) has a natural extension on o (A (Q, Fy)) X §2:

WDw = 3 p(g|w) V(Dw) e o (AQFL) xQ

q€esupp pND

44



Without loss of generality, we use the same symbol to denote both the original function
and this extension.

The function p' is the posterior of u given G;. Note that, for each D € o (A (Q, Fw)),
the function p! (D | -) is G;-measurable.

Consider the following measurable equivalence relation in A (Q, F):

P~ Q< Poo = Qoo-

We denote by [p] the equivalence class, with respect to ~, that contains p. It is easy
to show that [p] € o (A (€, Fs)). The next result follows from Theorem [1]

Proposition 8. Let p be a prior on A (Q, Fo) with finite support. If p € A (2, Fuo)
is such that [p] Nsupp pn # 0 and qoo L Poo for all g € supp p\ [p], then there exists a
set D ([p]) € G such that:

(i) P(D([P))) = Poo (D ([p])) = 1; and,
(i1) for each w € D ([p]), limy—o " ([p] | w) = 1.

Proof. Set Q = suppp and Q = suppp \ [p]. Consider p € [p] N supp p. For each
q € Q, oo L Poo; By Theorem , we can produce a set B (q) € Go, such that:

Poo) = C (Pso);
_ oo (Bt (w))
oo (Er (w))
(C) P (B(q)) =P (B(q)) = 1.

If we define D ([p]) := NyeaB (¢) € C (P), it follows that P, (D ([p])) = 1 —which

gives point (i) — and

— 0 for all w € B (q);

Goo (Bt (w))

Poo (B (W)
for all ¢ € Q and all w € D ([p]). Consider w € D ([p]) C C (poo). It follows that
P (E: (w)) =p(E: (w)) > 0, hence p, (E; (w)) > 0 for all t. We conclude that:

— 0

_ _ Ei(w
it ([p) | w) = it ([P N supp i | @) = 3 peqiq s lEie)

- > pea\o H(P)P(Ei(w))
T Ypeqro MPIP(EL(W))+30 e o a(Br(w))ulq)
> peo\G H(P)Poo (Er(w))
> pe\6 Poo (Bt(@))u(p)+3- e 5 doo (Bt (w))1(q)
Doo (Et(w)) ZPGQ\Q w(p)
Poc (Bt (w)) 2 peqrg #(P)+2o e oo (Et(w))1u(q)
_ 2 pe\g HP
Srea\a 1T qeq 22 HA)
_ 2 pe\@ H(P)
T X pea\o MDD e Ae(w)nla)
R 2pe@ P _
2 peong #(P)
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proving point (ii). |

Given p € A (Q, Fy) and the algebra G;, we denote by p (- | ) : Foo X Q — [0,1]

any function with the following properties:

(i) p' (- | w) is a probability measure on F,, for each w € Q;

(ii) p' (B | -) is a version of the conditional probability of B given G;.

We call p! the regular conditional probability of p given G,. Since G, is finite, then
by Gray (2009, Lemma 6.7), the existence of p'is guaranteed for all . We also have
that, for each ¢ and for each W’ € €, if p (E; (w')) > 0, then
p(FNE (W)

p (B¢ (W)

For each w’ € Q and for each ¢, p ~ ¢ and p (E; (w')) > 0 imply p' (- | &) = ¢ (- | &').

VE € Goo, P (F | W) =

(16)

Corollary 4. Suppose that

- w, p and D ([p]) are as in Proposition [§;

- (v) is a uniformly bounded process such that v, is Gs-measurable for all t; in
particular, there exists a,b € R such that vy (w) € [a,b] for all (t,w) € N x Q;

- and ¢ : [a,b] — R is a strictly increasing and continuous function;

Then, for all W' € D ([p]),

\w (f o ([utra @) @al) = [ @lw)] -0

Proof For each t and for each w’ €  such that p, (E; (w')) > 0, we have that

p(q o) = % > 0 if and only if ¢ € suppp and ¢ (E; (w')) > 0, namely,

supp ! (- | ') = {qg € supp pu : ¢ (Ey (w')) > 0}. Thus, for each ¢ and each w’ € Q such
that p, (E; (w')) > 0, it holds that

/A(Qfoo) </Q v (@) ¢ (dw | W')) gt (dg | ')

- Y ([a@daiv) il

gesupp pt (-|w’)

Let w' € D ([p]) C C (pso)- Since there exists p € [p] Nsupp p, we have p (E; (&) =
P (Ey (w')) > 0 for all ¢, implying that p,, (E; (w')) > 0. Then, letting K > 0 be a bound
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on ¢ (which exists because ¢ is a continuous function defined on a compact domain),

‘fAQ]—'oo ¢ (Joue (w dw]w)) Hdg | W) — o (e (w dw|w))
- fA(Q,]—'oo (fQ v (W) ¢ (dw | w )) (dg | w) (fg vy (W) P (dw | w ))’
< sup v " dw | w t W'
S P o (fg i ( | W) it (g | &)
su d d
I AL @ (Jo w W) (g |w) =@ (oo w | w))
< K su w
SR oL >
+ 1> qesuppp (vat dw|w)) (q|w)— (fﬂvt dw|w))
q(E(w’))>0,¢€[p]

<KDY,  qgesuppn 7N(Q|w)+K
q(Er(w'))>0,q¢[p]
= K [p" ([p]" | ') = (1 = ' ([p] [ )]

By Proposition [§) the last expression converges to 0. Finally, for each (¢,w') € N x

D (7)), set
al) = [ L0 ( [ o] w'>) i (dg | )

we) = o [u@iaw).

Note that z (W) ,y, (W) € [¢(a), ¢ (b)] and that ¢~ : [¢ (a), ¢ (b)] — [a, b] is uniformly
continuous (since ¢ is continuous and strictly increasing on a closed and bounded

Z gESupp pt Mt (q ‘ W/) - 1‘
q(Et(w’))>0,q€(p]

interval, and so is its inverse). Therefore, for each ¢ > 0 there exists § = d (¢) > 0,
such that ¢~ (z) — ¢~ (y)| < e for all y,z € [¢ (a), ¢ (b)] such that [z —y| < 5. Fix
w' € D ([p]). By the previous part of the proof, for each € > 0, there exists n = n (¢)
such that |z (') — y: (W')] < 6 (g) for all t > n, proving the statement. |

7.2 Further proofs

Proof of Lemma (1| Define the correspondence S : S*=! — 257 by S2(si71) =
1 (s'71) x §%; for each finite state history s'', S¢(s~!) is the set of infinite state
histories that yield the same information history up to t under o as s*~!. Thus,
S; is the correspondence of observationally-equivalent infinite state histories under
a. Fix s' with p(s') > 0. Note that s' € S, (s*) C S (s'1); thus, p (S (s1)) >
5 (82 (s1) > 5(s) > 0. Let p € B (p) (s); by definition, p (S (s*1)) > 0. We
want to show that p € P2% (§) (s'). To this end, fix E € o(h®) with E C 8¢, (s).
Since p € P (p) (s'1), then

p(E) _ p(E) p(Sta(s) P (S (s)
p(SE (1) p(SE(s) p(SF(s7Y)  p(SF (™)
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The second equality implies p (S (s')) > 0. Since

p(E) p(Sta(s) _ p(E)  P(Sha(s)
p(S2a(s) p(SP(s1) b (Sia(sh) B(SP(sY)

it follows that

p(E) BB

(StaH(St)) p (Staﬂ(st)) '
Hence, p* (- | by, (s')) = p* (- | by, (s')). Since p € supp (- | by (s"1)) and p (S (s)) >
0, it follows that p € supp,u( | by, (s")), hence p € P (P) (s1). |

Consider the coarser filtration (G;) where G, = o (hg,;) C F, for all t. Note that
Geo = 0 (h®) and, given p € A (Q, Fu), it holds that [p] N suppu = P (p). Given
a prior i, we denote its posterior u' given by G; alternatively as p (- | he,; (+)), that
is, (D | by (w)) = p' (D | w) for all (D,w) € 0 (A(Fx)) x Q. As the posterior is
G;-measurable with respect to the second component and G; C F;, if w and @ are such
that (s1,..,s:) = (51,...,5;), then p (D | h,, (w)) = p (D | h$, (®)). Thus, with a
slight abuse of notation, the second argument w can be replaced by the finite history
(s1,...,5¢). Finally, given p € A (2, F) and the algebra o (hfﬁrl), we denote the regular
conditional probability either by p’ (- | -) or by p (- | h{',(-)).

Proof of Proposition [1| By Proposition |8 and the above notation, there exists a set
D ([p]) € Go such that ps, (D ([p])) = 1 and, for each w € D ([p]), limy_ p* ([p] | w) =
1. Moreover, we know that if u(p) = 0, then p'(p | w) = 0 for every w € . This
proves that, if T = 1, then u ([p] Nsuppp | h?(-)) = (P‘“‘( 5) | he (- )) 1 pas.
Let (v, i, p) be consistent from period T > 1. For each hy = (a?=!, m?~1) consistent
with o and such that p (I(hr)) > 0, we can look at the triple (cv,., f1y,,., Py ) obtained

from («, i, p) by initializing the strategy and the processes at information history hr:
e ap, (a®,m®) = ala®t,m"Y), ap,(a*, m*) == a (@™, a¥), (m™1, mk));
® i, (Pnr) = pil[pag] [hr) where
[Phe] = A{p € A(S) : VE € 0(5%), pny (E) := p(I(hr) X E|I(hr))};
o 0y, (E):=p(I(hy) x E|I(hr)) for each E € o(S*).
Then (ahT, P ]BhT) is consistent from period 1, so

b, (P27 7

t—o00

h, "7 (- )) =1 pahT — a.s.,
which in turn implies that
Tim o (P () b)) =1 5 (I (hr)) = a5,
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Since this holds for each hy consistent with « such that p®(I(hr)) > 0, the thesis
follows. n

Proof of Corollary (1] Since G, = F; for all ¢ > 1, it follows that P? (p) = {p} and
o (h*) = F. By Proposition |1} the statement follows. |

Proof of Corollary [2| Consider the process (v;) such that v; (w) = 1p, (w) for all
w € Q and for all t. It follows that (v;) is o (h*)-measurable and clearly uniformly
bounded. By Corollary [4! it follows that,

Pu (B | i (W) — ’(Bt | b (W)

:‘f A(Q,Foo) (fQUt dw|w)) Hdg | W) — (fQUt P (dw | W) ‘—>0
for all W' € D ([p]). Let ¢ be the identity function, since p (D ([p])) = 1 and D ([p]) €
o (h®), the statement follows. |

Proof of Lemma [2| First note that since p,, (I (h;)) and p,, (I (hy)) are strictly pos-

itive, then

v (m) pr (I (he)) =v(m | hy)

v () pr (I (b))
P, (I (her)) '

w, (1 ()

=v(m | h) =

In particular,
v(m | hy) =v(r | h) >0 = p. (I (h)) >0, and p, ({ (hy)) > 0.

That is, the models in the support of the v(- | hy) = v(x | h;) assign positive probability
to the two conditioning events. In turn, this implies that p,(-|h;) is well defined by
(16)). Hence we have:

V(a,v | hy)
> e ( / ¢ ( > r(a (s ) pw<sf|ht>) v (dr | m)) (17)
| suppu(fhe)  \regr

To show our result, we will prove that for every n in Ny,

. / o > (@ () seen) o8 R | v (dr | )
supp v(-|ht

sttn:he (st—1)=hy

v ol X r(aben () s ) s ) | v | )
supp v(-|hy

st/+”:h§‘, (stl—l):ht/

Since V (o, v | hy) and V (e, v | hy) are defined as the sum from n = 0 to infinity of,

respectively, the first and second line above, the statement will follow.
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Choose arbitrarily n € Ny, and 7 € suppv(- | hy) = suppv(- | hy). Define
K(ko,...,kn) = {St+n’8t = ko, coey Stan = kn} N {$t+n . h?(Stil) = ht}

and
Kéko,...,k:n) = {Stl+n|8t' = kOa ey St = kn} N {St’Jrn : t’(st/ 1) = ht’}
for some (ko, ..., k,) such that 7(k;) # 0 for every i in {1,...,n} . Note that, since P is

composed by i.i.d. models, then

n

D (Koo |he) = [ [ (k) = 0 (s g 1.

=0

To ease notation, fix (ko, ..., k,) and let K = K, _x,) and K' = K, .. Note that

7777777

t+n71>

r (@, (8777) s sten)

is constant on K . Indeed, we prove by way of induction that for every j € {0, ...,n},

af, ; (s"7771) is costant on K. Since for every s"7" € K we have h{'(s'') = hy,

al (s" ") =a(v(|h).

Suppose by way of induction that the statement holds for j* < j. Thus, for every

st € K we have

hta+]( t+j_1) = (hma? (St_l) f (af (St_l) 7St) . (a?ﬂ;l (StH_I) ,5t+j—1))

that, by definition of K and by the inductive hypothesis, is costant on K. But then
it follows that

al’; (s"771) = o (v (i, ("))

is constant on K. Therefore, since s;,, = k, for every s'™ € K, we have shown

t+n—1

that also r (a,,, (s ). St+n) is constant on K. A similar argument shows that

! .
r(ag,, (s"T"71) , sp4n) is constant on K’. Moreover, we have that, for every s
. / . ..
in K and s"*" in K’, for every j in {0, ...,n},

v (- (s97) = v (g (")

We prove this equality by induction on j. By hypothesis, it is true for j = 0. Let
j €{1,...,n} and suppose that is true for j — 1. This implies that

afy; 1 (s7777) = a (v (fh, . (s"77))

= a (v (B, "))
_ at0ﬁ+j71 <St’+j*2> '
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Therefore:

(7T|ht+y( t+j_1))
v (g (572 7 (£

t+j—

L(st+i-2) (f (a?ﬂ' 1 ( tﬂ 2 ), ki1 ))

7T1/(~\h?+1

)
1 (s1+972)) (fa_?ijfl(stJrj*Q) (f (ata+j 1 (st172) )))
( |ht/+j 1( t’+j—2>) T <fa_;¥/1+j_l(st/+j_2) (f (at’+] . ( t 45— 2) ;kj 1)))

7ru<,‘hz+;l(st/+j ) (f :ﬂ 1<st,+j,2) (f (a3+j_1 (st'+j’2) ’ kj1)>)

1151
= <7T|ht'+3 (57 ))
This in turn implies that, for every s

(o (47

Now, we restart to explicitly highlight the dependence on (ky, ..
k) € 8™, let r(ko, ...

every n € Ny and for every (ki ...

quantity is well defined. We have:

2

sttn:h (sttm)=hy

-z

(k1,..., kn):H?ZO m(ki)#0

-y

(k1,eeskn): T m(ki)#0

- >

st/+”:h?, (st/"""):ht/

) 8t+n) =

r (k?(),

r (k(),

. ! .
T in K and s* ™ in K’,

r (o (v (-, (s)) k)
o (o (i) )
(s () ).

., k) of K. Moreover, for
— 1 (a5 )

n- By this

(18)

7]{:71)

777777777

r(af, (87N seen) pr(sT )

kn) pr (Koo ke

)

7]€n) pﬂ'(K]i‘o ..... kn

«a t'4+n—1 t'4+n
r (at,ﬂl <3 ) ,Stq_n) pa(s" T hy).

Finally, since we have v(- | hy) = v(- | hy), this implies that:

>

U
supp v(-|ht)

o / b
supp v(:|hyr)

and the thesis follows.

>

r (af+n (St+n_1) ) St-l—n) pw(8t+n|ht)

sttn:he (st—1)=hy

v(dr | hy)

(8  (87771) ssven ) pals R | v (dm | o)

st'+n:h (s~ 1)=hy
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Proof of Proposition [2] By Proposition [I] we know that there exist G € o(h®) such
that p*(G) = 1 and for all s* € G,

lim (PR () (s7) [hgy, (1)) = 1. (19)

Define G’ as G N ﬂ {s*° € 5> : p*(1¥(s"1)) > 0}. Note that, by definition of o(h®)

neN

and o(h?), it holds that {s* € G: p*(12(s" 1)) >0} € o(h?) C o(h*) for every
n € N. Moreover, it is immediate to see that:

p*(s*eG: p*((s")>0)=1.
Hence, p*(G") = 1. Fix any path s> € G’. Since s> € G’ C G, we have that holds.

Therefore, for every ¢ > 0, there exists t. o > 7" such that, for every ¢ > ¢, s

(P () (s771) |hgyy (51) > 1—e.

We have that

Fhg, 1 (s0) (P € A(S®) : p™inal) = p"‘hﬁl(st))

= K (Pta’u(_) ( . 1) lhiy; (s ( ))
> p(PR(p) (s ) Ihyy, (s) > 1—e,

where the equality holds by definition of ]5,5“’“ (p) (s'1), and the weak inequality follows
from Lemmal[l] Therefore the first condition of e-self-confirming equilibrium holds. For

the second one, let ., be a generic information history such that p, ., , (I(h-)) > 0.
t

+1(St)
By definition of G’, we have p,(:& (s*~ 1)) > 0, and so:

p,u(bg-i-l (St) N I<h7')) = pM(L?—i-l (st) )puhg+1(5t) (I(hT)) > 0.

Next note that, for every a in A,

V (om0 oo | 1) =V (00| (B4 (') 7))

Vi(a/ (B (%)  hr) ca) o | (B (%) Br))

=V <ah?+1 )/<ht’ a), g (st) | hT) ’

v

and therefore also the second condition holds. In other words, for every ¢ > 0, there
exists t. s > T such that the reinitialized triple is an e-self-confirming equilibrium.
Since the result holds for every s> € G’ and p*(G’) = p*(G’) = 1, we have proved the

statement. ]
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Proof of Proposition [3| Let G’ be as in the proof of Proposition [2. Choose arbitrarily
s> € G’ and €’ > 0; Proposition 1] yields the existence of t./ s > T such that for every
t >t g0 it holds that

i (P () (%) Iy (1)) 21— =
Therefore, for every t > t./ s~ and for every F € o (h*)
[p u(-he,, (s1) (E|h?+1 (St)) (E|ht+1 (St)) |

BN, ())uapli, () — " (Bl ()

A(S>)

(E|ht+1( )) (dp‘htJrl( ))

Pt (p)(s)

e (s ()~ (B (s >>\
A(S%)/Pp " (p)(s5%°)
= [u(PE () (%) Iy ()p" (Bl () = 57 (B, ()

—|—/ A (E|ht+1( >) (dp|ht+1( ))
A(5%) /P2 (p)(s*)

<E|ht+1( )) (dp|ht+1( ))

A(5%) /Pt (p)(5%°)

— 1 (A(S™)/ P () (%) Iy () 7 (Bl (1)

< €.
Summing up, for every t > ¢ oo

VE € o (h®) |pﬂ<.|h?+l(s )(E|ht+1( s')) = p* (B, (s")) | << (20)

Moreover, by Proposition 2 of Kalai and Lehrer (1994), we know that for every ¢ > 0,
there exists ¢’ > 0 such that implies . Therefore, we obtain the desired result.
|

Proof of Proposition |4 Since A and S are finite, there exists K such that, for every
a,a’ € A, for every s, 5" € 9,

lu(a,s) —u(d,s")| < K.

Moreover, for every € > 0, there exists n € N such that

n

1-9

K <¢g/2.
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Let G’ be as in the proof of Proposition [2; for every §° in GG, for every t € N, we have
that

S a6 (s @ (Dores 7 (a2 (5771)5) p(57 | 0 (571))) o (dp | b (5 ‘
_ZT t+n o tZsTEST r(a? (s 1), s.)p(s" | hy (571))

_ i57t<¢1(fw) (Sares 7 (@3 (7)) p (57 | B (571)) e (dp | b (5 )
~ Sres 7 (a2 (1) ) B B (51))

T=t+n

< ZéTtK_ 56

T=t+n

Now, consider the process v;(s®) =7 (a2, (s"™7!), se1x) , with k € {0,...,n} . Again,
since the spaces of actions and states are finite, this process is uniformly bounded.
Moreover, from observable consequences and since r = wu o p, v is o(hf,, )-
measurable. Since, by definition, o(h*) = ¢ (U;o (h$)), we have that for every ¢, v; is
also o(h®)-measurable. Hence, we can apply Corollary (4| to v;, and we obtain that, for

every ¢ > 0, there exists t. , for every 7 > ¢,

' . (fA(S‘”) & (Dsrenesrre T (@2 (s771) sein) p (57 [ B (5°°71))) p(dp | g (gt_l)» ‘

- Z:ST‘HI“GST‘Hc r (aT—l-k: ($T+k_1) 78T+k) D (8T+k | h? (gt_l))

_ €
on

Let t! := maxgeo,...n} tex- We have that, for every ¢ > ¢

V (o, plhg (5°1))
ST Y g (a2 (5771 57) B (5T B (5)
_ S ( 67 (Jagsm) @ (Syres 7 (a2 (71 57) p (7| B3 (55°1)) e (dp | b (5°1))) ) '
— e (@2 (571 5) B (s | b (571))
Z . ( 67" (Jasoy @ (Surese 7 (@2 (771, 57) p (57 | B (571)) p(dp | b (5°1))) ) ‘
- ~Yees (@2 (571 5,) B(s7 | by (571)
e ( ' (Saiser @ (Spres (a2 (771 50) p (57 | B (s571))) pe(dp | B (5171))) )‘
— Y s T (a2 (571 5,) (57 | B (s°71)

IN

o4



- Hznfl(r_t < ¢ (fA(Soo) ¢ (Xgres-r (@ (s, 5,)p(s7 | By (57Y)) p(dp | B (EH))) )
g — Y vesr (@2 (s77Y) ,s.) p(sT | by (5171))

(]

i ( 0 (Jam) @ (s (@2 (7)) p (57 | B (571))) e (dp | 1 (5°71))) )
S 7 (a2 (57 5) B (7 | B3 (571))

£ g
ot <—>‘ — < e
o)l T3 =¢

1™

This, by definition of limit implies that

V (a, ufhf (571))
=0 Vs (@2 (7)) p(sT | B (57))

Summing up the subjective continuation value of strategy « converges to the ob-

lim =0.

t—o00

jective one almost surely. ]
In order to prove Proposition [0}, for the sake of completeness, we show that Bayesian
beliefs satisfy the Martingale property.
Denote the period-(¢ 4+ 1) Bayesian map £,,; : A(A(S)) x A — A(A(S)), and
define it in the the following way for every B € B(-(S))

-1
I q;f:( f(_nfzq)yzly)t)(dﬂ) with probability fP 7( fa_l (m1)) Vt( d7)

6t+1(Vt(')7CL)(B) =

falt(m vt(dr . . o R
qup( t(féll(fv?&im( ! with probability [, 7(f; () (d7).

The distribution 3,,,(v, a, ) is the distribution over period ¢ + 1 beliefs consistent with

holding belief v and taking action a at time ¢.
Lemma 4. In an i.i.d. environment, for every Borel subset B in B(A (S)),
o). (V' (B)) = V(B).

Proof of Lemma |4| Note that the subjective probability assigned to the models in B
after having observed m and having played a is

Jp a(f " (m))v'(dr)
p(fet(m))

whereas the subjective probability of observing message m when a is played is

/ (7 (m)) (7).
A(S)

3)
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By definition of Bayesian map, we have:

B0y = 3 (fB e DS g ) 0)

mip,e (fa ' (

_ Yy el dn)

vt Hm
mip,¢ (fa H(m))>0 b (f“( )

S S TAT

mp,t (f;1 (m))>0

- / S w(f m) ()
B mip,t (fat(m))>0

= /(B)

Note that the result holds also if v(B) = 0. |

Proof of Proposition |5 It is immediate to see that condition (i) of SCE implies
condition (ii) of static SCE. Now, we show that an SCE features myopic best reply on
path, that is, (a(v), v ,T) satisfies property (i) of static SCE. By way of contradiction,
suppose there is a € A such that

¢! </A(S) ¢ (Z r(a, s)ﬂ(S)) I/(d7r)> > ¢! (/A(S) o) (Z r(a(u),s)n(s)) y(dﬂ) .

seS sES
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By definition of SCE it must be the case that V(a/a,v) < V(«,v). However, we have:

V(a,v)
= Zr(a(u), s)T(s) + 6V (a,v)

seS

N
=
2.
S
&
3
&
_l’_
(&%)
z
=
=
S
=
=
2

4] min ) / )
memy, (fa L (m))>0 (Z < A(S)

)
(
= o ( I <Zr<a, s>w<s>> u(dw))
)
)

SES

) st min /
(; memy (faH(m)>0 \ JA(S)

< 4 ( I (Z( s>w<s>> v(dr)

s(Spet ([0 (32 o ) ) csotetasin )
= ¢ ( /A 5 ¢ <;r(a, s)w(s)) u(dw)) +

5 (; gt ( /A X (; r(a® (7)1 s,) pﬁ(87|ht)> y (dw)))

= V(a/a,v),

where the first equality comes from by the confirmed beliefs property of SCE, the strict
inequality comes from hypothesis, the second equality comes from the fact that ¢ is
strictly increasing, the third equality by Lemma [, and the fourth and fifth equalities
by the definition of «/a. Note that we will be done as soon as we prove the first weak
inequality, that is

V(a,v) < min V(a,v(-|(a,m)).

- m:wu(f,fl(m))>0
Indeed, it would follow that V(a,v) < V(a/a,v), a contradiction with the fact that
(a, v, 7) is an SCE.
Suppose that there exist m such that 7,(f,;'(m)) > 0 with V(a,v(-|(a,m)) <

o7



V(a,v). The fact that 7,(f;'(m)) > 0 implies that 7,(I(a,m)) > 0. On the other
hand, since (o, v,7) is an SCE, v (7 € A(S) : 7 = 7*) = 1, and in particular

V(7T eA(S):mo Oj(ly) :?ofoj(i)) =1
Then, let B = {77 eA(S):mo Oj(}/) =To f;(}j)} . By Bayes rule, we have that

m))v(dr) Jaw ®(fa (m))v(dn)

—1/ fB =v
v (Bl(a,m)) = T = O

=v(B)=1.
But then it follows that

V(a,v(-|(a,m)) < — )V (a,v) + 6V (a,v(-|(a,m))

)
= ¢ (/A(S)qﬁ( )m(s )) V(dﬂ)> +0V(a, v(:|(a, m))

([ <s>) J(arl (o m») 6V v (0, m)

¢
_ 5T th (/ é < r(a/e) (5771 ;) pw(ST“Lt)) 4 (dﬂ(a,m)))

= , % ’

seS
sES

(-
But this contradicts the fact that (o, v, 7) is an SCE. |

Proof of Lemma [3] Since the assumptions of Proposition [2] are satisfied, we can
consider G' as defined in the corresponding proof. Fix any path s> € G’. By defini-

tion of P *(p) (ST 1) we have that for every ¢ larger than T' and, for every p; p in
p; #(ps) (sT1)

pr(hy (1) [hg (s771)) = pr(hf (s1) hy (s"71)).
Hence, since property (i) of pre self-confirming equilibria implies that the agent does

not reach information histories that are subjectively unreachable. It follows from the

v (s=1) _ v(rlbg (571)
v (1) v (s771))

chain rule that:

This assures that
a . 1: e t—1
Voo 1= tlggo v(-|h (s71))
is well defined.

Indeed the relative probabilities of the models in P "(pz) ( = 1) remain constant and

19) holds, then:

) V(ﬂ'\h%<8T_1)) lfp c pa,u(pi) (STﬁl)
Vo (1) = 4 PP oG kg ) Pr € PR )
0 if pr & P (pr) (s771) -
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and the thesis follows. [ |

Proof of Proposition [6] First, we have that the hypothesis of Proposition [2| are
satisfied, so let G’ be as in the corresponding proof. Second, note that the value
function is continuos in beliefs v. Then, by Proposition , for every a in A,

Jim V(a/a,v(- |0 (1)) = V(a/a,v2),

where a/a is the strategy that prescribes a in the first period to come and coincide
with a otherwise.
Let Ay = argmaxgeca V(a/a,v% ). Note that, in general, the definition of pre

self-confirming equilibrium does not require that
a(ris) € argmax V(a/a, V).
acA

Indeed, if there is no h; such that p., (I(h:)) > 0 and v(-|hs) = V%, then a (r%) does
not need to satisfy the one-shot-deviation property. Since s> € G’, then it follows by
the definition of G/, that p=(I(h¢ (s'~1))) > 0 for every finite ¢. By property (i) of pre
self-confirming equilibria we have that p-(I(h® (s'~1))) > 0 implies p,, (I(h¢ (s"71))) >
0. Hence,

a(v(-|hy (s'71))) € arg max V(afa,v(-|hy (s'71))).

Now, let a ¢ A, and fix a* € A,. We have that

lim V(a/a,v([g (1)) = Viajo,vix)

< maxV(a/d, Vi) =V(a/a*, 1)
a’'cA

= lim V(a/a",v(-[7 (s'71))).

Hence there existsT% such that a ¢ a(v(-|hy (s'71))) for every t > T4%. Let Th =
maXge /4., Liw. Then, from T} onward, the only actions played are in A, that is,
they satisfy the one-shot deviation property with respect to having the limit beliefs
2. Let Ty = max {T, T% }; we have that from T onward the action prescribed by
strategy o, a%(s'™!), satisfies the one-shot deviation property with respect to beliefs
V%, and confirm them. By Proposition [5| this implies that (a?(s'™!), 1%, 7) is a static
SCE for every t > Tyoe. |

Proof of Corollary [3| By hypothesis, we know that (o, v, 7) converges to a static SCE

on 5. Therefore, there exists i such that, for every ¢ > T, the pair (a2 (s 1), 1%, T)

is a static SCE, and so

a7 (s'!) € argmax o ( I (Zrm, s>w<s>> Ve <dw>) = (a3}

SES
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Therefore, (4w, % ,7T) is a static SCE. Now, let a # a’«. By continuity of the

V

one-period value function with respect to beliefs, and by Proposition [3] it follows that
lim ¢~ (/ o (Z (@, 3)7?(3)) v(dr|hy (st_l))>
e A \ses
= ¢! (/ ¢ T(aim,S)ﬂ(8)> V?oo(dﬂ))
a2
¢~ (/ ¢ 7‘(%5)??(8)) V?oo(dﬂ)>
A(S) sEZS
= lim ¢ * (/ o (Z r(a, s)w(s)) v(dr|hy (st_l))> .
e as) \ies

N

Therefore there exists Ta,soo > fsoo such that t > T(L’Soo implies

¢ (/A(S) ¢ (Z 'f’(al‘omS)?T(S)) v(dm|hy (S”)))

SES

> ¢t (/A(S) o) (Z r(a,s)w(s)) v(dr|hy (st_l))> :

ses

Let Theo = max,e A/a%oo Ta,soo. We have that t > T, implies

¢~ (/A(S) ¢ (Z T(al‘wS)W(S)) v(dm|by (SH))>

seS
— max¢ ' / o) r(a,s)m(s) | v(dr|he (s"1)) | .
acA ( A(S) (; i ( )
And the thesis follows. [

Proof of Proposition [7] Let

a;(v) = arg max ot (/A(S) ¢ (Z r(a, s)w(s)) V(dﬂ'))

ses
be defined as the one-period best reply correspondence to the belief v.
Since (o, v*,7) is an SCE, we know by Proposition [j] that a(v*) € a;(v*). In what
follows, let a(r) an arbitrary element of the image of v under the correspondence a;.
By definition:

seS

> o ( I (Zr<a<u*>,s>w<s>> u(dw») -

sES

Vi(y) = ¢ (/A(S)qﬁ (Z T(a(V)>S)7r(8)> V(dﬂ)))
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From Remark (1] and by the observable payoffs property, we have that for every model
T in supp v*,
Z r(a(v*), s)n(s) = Z r(a(v*), s)7(s). (21)
ses ses
But since supp v C supp v*, we have that holds also for every model 7 in supp v/*.
Then,

wo = o KX Zr<a<u>,s>w<s>) u(dm)
> 4 /A X ;ma(u*),sws)) v(dw))
- (/. X ;maw*),sws)) v<dw>>
— Y (), )m(s)
_— ( /. X (;m(u*),sws)) u*(dm)
— V)
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