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1 Introduction

In continuous-time modeling in finance, continuous-time processes for asset prices are com-
bined with an absence of arbitrage argument to obtain the prices of derivative assets.
Therefore, statistical inference on continuous-time models of asset prices can and should
combine two sources of information, namely the price history of the underlying assets on
which derivative contracts are written and the price history of the derivative securities
themselves.

However, statistical modeling poses a challenge. A joint model needs to be specified, not
only for the objective probability distribution which governs the random shocks observed in
the economy, but also for the risk-neutral probability distribution, which allows to compute
derivative asset prices as expectations of discounted payoffs. Since the two distributions
have to be equivalent, there exists a link between the two through an integral martingale
representation which includes the innovations associated with the primitive asset price
processes and the risk premia associated with these sources of uncertainty. Moreover, state
variables, observable or latent, may affect the drift and diffusion coefficients of the primitive
assets and the corresponding risk premia.

The main contribution of this paper is to propose a new methodology for an integrated
analysis of spot and option prices. It is based on simple generalized method-of moment
(GMM) estimators of both the parameters of the asset price and state variable processes
and the corresponding risk premia. To focus on the issue of the joint specification of an
objective probability distribution and a risk-neutral one, we will restrict ourselves to the
case of one state variable which will capture the stochastic feature of the volatility process
of the underlying asset.

We will adopt a popular affine diffusion model where volatility is parameterized as

follows:

ol = a+¢V
AV = k(O - V,)dt + o dW?

where V} is a latent state variable with an innovation governed by a Brownian motion W/ ..
This innovation can be correlated (with a coefficient p) with the innovation of the primitive
asset price process governed by W,

dSy

_— = ILLtdt + O'tthS (11)
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In a seminal paper, Hull and White (1987) have shown that, in the particular case
where p = 0, the arbitrage-free option price is nothing but a conditional expectation of the

Black and Scholes (1973) (BS) price, where the constant volatility parameter o>

is replaced
by the so-called integrated volatility process: ==Vir = 7 j;T 0?(s)ds and where the
conditional expectation is computed with respect to the risk-neutral conditional probability
distribution of V; r given o;. Our method of moments will be based on analytical expressions
for the moments of this integrated volatility to estimate the parameter vector of the vector
B = (k,0,7,0,&,p). These expressions were derived recently by Lewis (2001) using a
recursive method, and also by Bollerslev and Zhou (2002) for the first two moments. Heston
(1993) has extended the analytical treatment of this option pricing formula to the case
where p is different from zero, allowing for leverage effects and the presence of risk premia.

However, with or without correlation, the option pricing formula involves the compu-
tation of a conditional expectation of a highly nonlinear integral function of the volatility
process. To simplify this computation, we propose to use an expansion of the option
pricing formula in the neighborhood of v = 0, as in Lewis (2000), which corresponds to
the Black-Scholes deterministic volatility case. The coefficients of this expansion are well-
defined functions of the conditional moments of the joint distribution of the underlying
asset returns and integrated volatilities, which we also derive analytically. These analytical
expansions will allow us to compute very quickly implied volatilities which are functions of
the parameters of the processes and of the risk premia.

An integrated GMM approach using intraday returns for computing approximate inte-
grated volatilities and option prices for computing implied volatilities allow us to estimate
jointly the parameters of the processes and the volatility risk premia A. The main at-
tractive feature of our method is its simplicity once analytical expressions for the various
conditional moments of interest are available. The great advantage of the affine diffusion
model is precisely to allow an analytical treatment of the conditional moments of interest.

Bollerslev and Zhou (2002) have developed such a GMM approach based on the first two
moments of integrated volatility to estimate the objective parameters of stochastic volatility
and jump-diffusion models. Recently, Bollerslev, Gibson and Zhou (2004) adopted a very
similar approach to ours, but considered a so-called model-free approach to recover implied

volatilities.

See in particular Britten-Jones and Neuberger (2000), Lynch and Panigirtzoglou (2003) and Jiang and
Tian (2004). The latter study shows how to implement the model-free implied volatility using observed
option prices. They characterize the truncation errors when a finite range of strike prices are available in
practice. To calculate the model-free implied volatility, they use a curve-fitting method and extrapolation

from endpoint implied volatilities.



Only few studies have estimated jointly the risk-neutral and objective parameters, and
the estimation methods used are generally much more involved. Pastorello, Renault and
Touzi (2000) proposed an iterative estimation procedure that used option and returns
information to provide an estimate of the objective parameters in the absence of risk premia.
Poteshman (1998) extends their methodology to include correlation between returns and
volatility, a non-zero price of volatility risk, and flexible nonparametric specifications for
this price of risk as well as the drift and diffusion functions of the volatility process.

Chernov and Ghysels (2000)use the Efficient Method of Moments (EMM), a procedure
that estimates the parameters of the structural model through a seminonparametric aux-
iliary density. Finally, Pan (2002) uses the Fourier transform to derive a set of moment
conditions pertaining to implied states and jointly estimate jump-diffusion models using
option and spot prices.? Pastorello, Patilea and Renault (2003) propose a general method-
ology of iterative and recursive estimation in structural non-adaptive models which nests all
the previous implied state approaches. Compared to all these methods, the main advantage
of our method is its simplicity and computational efficiency.

We show through an extensive Monte Carlo that the estimation procedure works well for
both the Hull and White (1987) model and the Heston model (1993). Of course the selected
moment conditions differ between the two models. Due to the presence of a correlation
parameter in the Heston (1003) model, we include moment conditions involving the cross-
product of returns with either integrated volatility or implied volatility. In the Hull and
White (1987) case, the moment conditions were based only on moments of integrated
volatility and of implied volatility.

Finally, we provide an empirical illustration of our method for the Hull and White
(1987) model applied to the Deutsch Mark - U.S. Dollar exchange rate futures market.
We use 5-minute returns on the exchange rate futures and daily option prices on the same
futures to compute the moments and implement our methodology.

The rest of the paper is organized as follows. In Section 2, we present the general
methodology, and show how we construct two blocks of moment conditions for the esti-
mation of the models, one based on the high-frequency return measures, another on the
implied volatility obtained as power series in the volatility of volatility parameter v. Section

3 describes the moment conditions for the first block of moment conditions, while Section

2Duffie, Pan and Singleton (2000) have extended the moment computations to the case of affine jump-
diffusion models (where jumps are captured by Poisson components), while Barndorff-Nielsen and Shephard
[8] have put forward the so-called Ornstein-Uhlenbeck-like processes with a general Levy innovation. The
general statistical methodology that we develop in this paper could be extended to these more general

settings if a specification is chosen for the risk premia of the various jump components.



4 explains how to use option prices expansions to define model-specific implied volatilities,
and how these implied volatilities can lead to the estimation of B (B, A). Section b presents
a Monte Carlo study for the two stochastic volatility models, with and without correlation,
for several sets of parameter values. In Section 6, we provide an empirical illustration of
the methodology. An extensive appendix contains all the detailed formulas for computing

the various quantities of interest.

2 A general outline of the method

As stated in the introduction, two different but equivalent sets of bivariate stochastic
processes are to be considered here. The objective process is taken to be the affine stochastic

volatility process

0 dW}

S S s
a| ot Ny are | 7 , (2.2)
Vi k(0 — V) Yo V1 — p? dW?

where S; and V; are the price and volatility processes. The affine qualification comes from
the form of the volatility appearing in the returns process, a form which was first studied
by Duffie and Kan (1996). The risk neutral process is taken to be

S, 754 St 0 thl

d - dt + \/a+ &V, L (23)

v, KH(0F = V) o /1 —p? AW

where we assumed that only the parameters x and 6 were modified in the passage from one
measure to the other. This is in accord with the risk premia structure proposed by Heston

(1993), which generalizes, in the affine case, to
K'=K—A\ (2.4)

K (o +£0%) = k(o +£0), (2.5)

the volatility risk premium being parametrized by A. For such models, the objective para-

meters to be estimated are?
6 - (I{7 67 ’Y? a7§7p) . (2'6)

In order to define the risk-neutral set of parameters, one must have the additional parameter

A, since we shall assume the short rate r; to be observed. By abuse of language, we will

3Since the drift term p; does not matter for option pricing purposes, we do not specify it explicitely.

Moreover, the inference method we will use for the objective parameters is robust to its specification.



often refer to the risk-neutral parameters as the vector (3, \), which is simply related to
the set

ﬁ* = (’i*70*77aaa§7p) . (27)

In the next sections, we will show that high-frequency measures of returns can be
used to measure the integrated volatility V; r. Lewis (2001) proposes a method to compute
conditional moments of the integrated volatility in affine stochastic volatility models. Using

these, it is possible to construct a set of moment conditions fi(V;.r, 5), which is such that

Elfi(Vir. 8)] =0. (2.8)

Moreover, as we will present, it is possible to define model-specific implied volatilities
V(8 A, {Cops }), With {cops } being the set of observed option prices. These implied volatil-
ities, that are not to be confounded with Black-Scholes implied volatilities, are defined to
be the point-in-time volatility which gives, for given values of the risk-neutral parameters
(%, the observed option price. As we will discuss, it can be used to construct a second set of
moment conditions f5(V,;" (83, X, {coss}), 3), which depends on the values of the risk-neutral
parameters 3, A taken to define the implied volatilities and on the parameters associated to
the implied volatility process, which we will denote 3. Note that if the model is correctly
specified, one expects 3 and 3 to be equal. This second set of moment conditions obeys

the usual requirement

E f2(‘/timp<57 )\7 {Cobs}>7é> :07 (29)

Since we want 3 = 3, it is thus possible to construct the set of moment conditions

5 fiVer, B) —0 (2.10)

fZ(Vtimp(ﬁa A {cons}): B)
which we would like to use to estimate the objective parameters § and the risk premium
A, both of them providing the risk-neutral parameters 5*.

Such a set of moment conditions can be estimated efficiently using a GMM approach.
This is the main approach we will follow. However, since the parameters in 3 appear
in a very nonlinear fashion in (V™ (8, A, {cos}), it can be argued that estimating the
system (2.10)directly by GMM is a difficult task. Therefore we also consider several other
approaches. Namely, one can first restrict his attention to the first set of moment conditions,

from which it is possible to obtain an estimate B of the objective parameters.?. Then, one

4In this case, we will be able to compare the estimators obtained with our moment conditions including
skewness to the estimators of Bollerslev and Zhou (2002) based on only the first two moments of integrated

volatility



considers the simplified set of moment conditions

filVer, B)

E . .
f2(vtlmp(ﬁa A A{cobs ), By)

=0 (2.11)

According to Gouriéroux, Monfort and Renault (1996), there should not be any efficiency
loss when comparing the system of moment conditions (2.11) to the one in (2.10).

We also consider a simpler sequential approach by using a sequential estimation proce-
dure rather than a two-step GMM. That is, we will use the first set of moment conditions

to obtain the estimate B
E[fi(Vir. B)] =0 — B. (2.12)

Given a value of A, we will then use the estimate B to obtain B(B, A);

E [ £V, (B2 {eas}). B)] = 0 — B(B.N). (2.13)

Finally, by defining a suitable metric, a task for which the results from indirect inference
can be used, we will minimize the distance between the two sets of objective parameters
estimate (3 and B(B, A) in order to estimate A

A= min |5~ B3 V). (2.14)

One advantage of the sequential approach is to allow for mixed frequencies when esti-
mating the parameters of the objective distribution, and when recovering the risk neutral
parameters through option prices. Even though the sequential approach is not optimal,
the loss in efficiency may not be large since the computation of the implied volatility in
the fy set of moment conditions is based on moments of integrated volatility. Figure 1

summarizes the various estimation steps in the sequential GMM method.

3 Estimating Objective Parameters from High-Frequency Returns

From the seminal works of Andersen and Bollerslev (1998) and Barndorff-Nielsen and Shep-
hard (2001), we know that high-frequency intraday data on returns can be used to obtain
indirect information on the otherwise unobservable volatility process. The logarithmic price

of an asset is assumed to obey the stochastic differential equation

dp, = p(py, Vi, t)dt + \/VidW,, (3.15)

where V; is the squared-volatility process (which could be stochastic, particularly of the

affine type we discussed above) and W; is a standard brownian motion. Note that from

6
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Figure 1: Overview of the sequential estimation procedure.

now on, we shall restrict our attention to the a = 0, £ = 1 case. If the drift and diffusion
coefficients are sufficiently regular to guarantee the existence of a unique strong solution to
the SDE, then, by the theory of quadratic variation, we have

N

2 T
lim ) [p%(T_t) - pH_%(T_t)] — / V, ds = Vi, (3.16)
t

N—oo

i=1
and V,r is referred to as the integrated volatility of the process V; from time ¢ to 7.
Andersen et al. (2001a, 2001b, 2003) offer a characterization of the distributional features
of daily realized returns volatilities constructed from high-frequency five-minutes returns for
foreign exchange and individual stocks. The finiteness of the number of measures induces
a systematic error in the integrated volatility measure, and, in fact, the quadratic variation
estimator will be a biased estimator of the integrated volatility if the drift term is not
zero, this bias falling as the number of measures increases. Bollerslev and Zhou (2002)
use such an aggregation of returns to obtain integrated volatility time series from which
they estimate by GMM the parameters of Heston’s (1993) stochastic volatility model.
They base their estimation on a set of conditional moments of the integrated volatility,
where they add to the basic conditional mean and second moment various lag-one and
lag-one squared counterparts. In constructing estimates of the objective parameters of
the stochastic volatility process, we follow their basic approach but introduce a new set
of moment conditions involving higher moments of the integrated volatility, in particular
its skewness. Lewis (2001) derives analytically all conditional moments of the integrated

volatility for the class of affine stochastic volatility models (which includes the Heston

7



(1993) and Hull-White (1987) models). 5

Some attention has to be devoted to information sets. Following the notation of
Bollerslev and Zhou (2002), we shall define the filtration F; = o {V;,s <t}, that is,
the sigma algebra generated by the instantaneous volatility process. Our moment con-
ditions for the integrated volatility are originally conditional on this filtration. Since
only the integrated volatility is observable, we need to introduce the discrete filtration
G =0{Vs_15,5=0,1,2,---  t}, which is the sigma algebra of observed integrated volatil-
ities. Evidently, the filtration G; is nested in the finer F;. This enables one to rewrite

moment conditions in terms of the coarser filtration using the law of iterated expectations:

EECF) ]G] =E(-]G).

3.1 The Hull and White Model

In the case where there is no correlation between returns and volatility (p = 0), we use the

following set of moment conditions:

VtJrl t+2 VtJrl t+2 ‘gt]

E]
fu(B) = t+1 t+2 [ t+1 t+2|gt] (3.17)
V1t3+1,t+2 -k [Vt+1,t+2|gt}

The three conditional moment restrictions (3.17) can be expressed in terms of ob-
served integrated volatilities because we have (see Appendix B) closed form formulas for
E [Vf+17t+2|gt] k=1,2,3, in terms of E [Vf t+1]gt} k=1,2,3. We use each of the resulting
three orthogonality conditions with two choices of instruments. That is, for the moment
condition involving E [V} 1 +2|G:], we use both a constant and VI |, as instrumental vari-

ables, which results in six unconditional moment restrictions.®

Duffie, Pan and Singleton (2000)provide analytical expressions for the instantaneous volatility process
for such models. Bollerslev and Zhou (2002)derived analytical expressions for the mean and variance of the
integrated volatility in Feller-type volatility models. To our knowledge, higher moments of the integrated
volatility were not previously computed. Zhou (2003) characterized the It6 conditional moment generator
for affine jump-diffusion models, and other nonlinear quadratic variance and semiparametric flexible jump

models.
6Due to the MA(1) structure of the error terms in (3.18), the optimal weighting matrix for GMM

estimation entails the estimation of the variance and only the first-order autocorrelations of the moment

conditions.



Virrtr2 = E[Vit1,642/Gi
Vesrr2 — EVigr,002|Ge]) Vi1
Vt2+1,t+2 —E [V152+1,t+2‘gt]
(Vt2+1,t+2 -k [Vt2+1,t+2|gt} )Vtzq,t
Vt3+1,t+2 —-E [V?+1,t+2|gt}
(Vf+1,t+2 —E [V?+1,t+2’gt} Vg—l,t)

flt(ﬂ) =

3.2 The Heston Model

(3.18)

The Heston model has one more parameter than the Hull & White one: the correlation

coefficient between the two Brownian motions, p. In principle, the latter could be identified

even using only the marginal moments of the integrated and the spot volatility (thanks to

the fact that the implied spot volatilities depend on both A and p). In practice, this is

not sufficient. It is mandatory to add some cross-moments between the log returns

7 and

the integrated volatility to the moment conditions in (3.17). The set of twelve moment

conditions used in the estimation of the objective parameters is as follows:

f1(8) =

Vitiir2 — E Vig1142/|Gi]
(Vit1t+2 — EVig1.042]Ge ) Vi1
Vt2+1,t+2 —E [Vt2+17t+2|gt}
(Vt2+1,t+2 —E [Vt2+1,t+2‘gt] )VtQ—l,t
Vf+1,t+2 —-E [Vt3+1,t+2|gt}
(V?+1,t+2 - E [Vt3+1,t+2|gt] )Vtg—l,t
(Pev1 — P)Vesrer2 — E (041 — pe)Vig1,042|Gi]
((Pt+1 — Pe) V142 — E[(Pe41 — 0e)Vig1,642]Ge)) (De—1 — Pr—2) Vi1
Per1 = Po)Veri a2 = E[Der1 — o) Vir1,042|Ge)
((pt+1 - Pt)th+1,t+2 —E [(Pt+1 - pt)2Vt+1,t+2|gt])(pt—1 - pt—Q)QVt—l,t
(pt+1 - pt)Vt2+1,t+2 —E [(pt—f—l - pt)V152+1,t+2‘gt]
((Pe1 — pt)V152+1,t+2 —E [(ptﬂ - pt)vt2+1,t+2|gt] )(Pe—1 — pt—z)vt{l,t

(3.19)

"We cannot express the moments conditions in terms of the log price of the asset, as in Bollerslev and

Zhou (2002), since it is nonstationary. Attempts to run the GMM estimation with the price instead of

the returns conditions resulted tended to exhibit an erratic behavior: estimates on the boundary of the

admissible region, numerous error flags raised by the optimization software, and so on.



To derive the closed-form expression of the cross-moments, we used the recurrence
formula provided in Appendix A of Lewis (2001). These expressions are given in Appendix
B.

4 Using Implied volatilities to link objective and risk-neutral parameters

The Black-Scholes formula usually leads to incorrect option pricing, but it remains a central
tool in the derivatives’ industry, through the widespread use of the so-called Black-Scholes
implied volatility. Since option prices are strictly increasing functions of the volatility, it is
possible to invert the function globally so as to associate to an option price the volatility
for which the Black-Scholes formula would provide accurate pricing. The mispricing is
revealed through the fact that the implied volatility function appears to be dependent on
moneyness. This dependency is often referred to as the volatility smile.

Implied volatilities can also be defined for more complex pricing models. These models
will usually have extra parameters, so that the inversion of the pricing formula in the
volatility parameter can be done if one sets values for the other parameters. The value of
the implied volatility will therefore be dependent not only on the option price, but also on
the values of the other parameters.

However, analytical option pricing formulas are generally difficult to invert and one has
to use numerical procedures which are computationally intensive and whose precision has
to be controlled. Moreover, implementing integral solutions such as Heston’s formula can
be very delicate due to divergences of the integrand in regions of the parameter space.

One way to avoid both problems is to rewrite option pricing formulas as power series
around values of the parameters for which the model can be analytically solved (i.e it has
an explicit form in terms of elementary and special functions; not an integral one). This

avenue is followed by Lewis[31].

4.1 Series expansions of option pricing formulas

Since option prices are continuous in the volatility of volatility parameter v, one can expand
the pricing formula around a fixed 7, which we will set to zero, as it corresponds to a
deterministic volatility model that we can solve analytically, as we will show. Generally,
options will have prices ¢(S, K,r,T,V;, 3,\) at time ¢, where S is the underlying asset’s
price at this time, K the strike price, T the expiration date, § and A are respectively the

objective parameters and the volatility risk premium and V; is the volatility at time ¢. The

10



general expansion around v = 0 of an option pricing formula has the form

(S, K, T,V (), 8(,7),A) = Y i (S, K, r, T,V (t), 5(-,0), )y, (4.20)

j=0
the notation (-, ) being chosen to exhibit the explicit dependence of the parameter set [3,
B(-,0) meaning that the z;’s have no dependence in 7. If v — 0, the model has deterministic

volatility. For affine stochastic volatility models, it reduces to

dV,
d—tt =Kk (0" = V), (4.21)
with the obvious solution
Ve =0 4+ (V(t)—6%)e " T, (4.22)

Hull and White have shown that in non-constant but deterministic volatility models, the
option price is given by the Black-Scholes formula evaluated at the mean value of the

integrated volatility over the option life;

1

C(Sa K7 T, Ta V(t)7 B() 0)7 A) = cBS(‘Sv Ka T, Ta T _ t)_}t,T)v (423)
with
]_}t,T = E. V.7 (4.24)
1 r .
= {—/ 0"+ (V(t) —6")e" (T_S)] ds (4.25)
T—t),
o+ (vV(t) — o) o 4.2

(V) =) s (4.26)

The first coefficient of the expansion is thus

1

MO(SJ K7 r, T7 ‘/;7 6(7 0)7 )\) = CBS(Sa K7 r, T7 ﬂvt,'f)‘ (427)

Other coefficients can be computed in an analogue way (see Appendix A for explicit com-

putations of coefficients of the expansion up to order 6 for the Hull-and-White model).

4.2 Explicit inversion of the pricing formula: Implied volatilities

One of the main advantages of having at our disposal a series expansion of option pricing
formulas, apart from the rapid and simple price computation scheme it provides, is that
inverting a series is usually straightforward, so that one can define implied volatilities

and compute them very efficiently. As we pointed out earlier, option prices being stricly

11



increasing functions of the volatility, the inversion is always possible. Given the price series
expansion (4.20), assume that given an observed option price ¢y, the volatility Vtimp admits

the expansion
V(S K, 7, T, Cops, B+, ZVJ S, K, 7, T, cops, 3(+,0), A)y7. (4.28)
7=0

If the observed option price is correctly priced by (4.20) with volatility being the implied
volatility V"™ (S, K,r,T, Cops, B(-,7), \), then

Cobs = (S K,r, T, V™, 6(- ), A) (4.29)
= Zﬁ‘] (S, K,rT, ZVk (S, K, 7, T Cops, B(-,0), \)v¥, B(-,0), A)y7. (4.30)
7=0

Having explicit expressions for the p;s, in which the volatility parameter will usually enter
in a polynomial form, one can solve the above equation order by order in . From these

expressions, one can define coefficients (S, K, r, T, cops, (-, 0), A, {vx}) that are such that

[e.9]

Cobs = 3 _ (S, K1, T, sy B+, 0), X, {m})7 (4.31)

§=0
This equation is solved by imposing the conditions

Do = Cops 5 =0,Yj>1, (4.32)

which form a system of polynomial equations for the v. This system is easily solved order
by order in k. Such a procedure can be understood as defining the inverse of a function
f(z) as the function f~1(z) which is such that f(f~'(z)) = 2. For instance, in mean-
reverting stochastic volatility process such as the one we consider here, only the j = 0 and
k = 0 terms contribute to the zeroth order term in (4.30), so that the coefficient vy can be

identified straightforwardly:;
Cobs — ﬂO - ,U,0(S, K, r, T, 1/0(5, Ka r, T; Cobs B(? 0)7 >‘)7 ﬁ<7 0)7 >‘) (433)

Now, if we define V5o? to be the usual Black-Scholes implied volatility, which can always

be used instead of the observed option price, we can simplify this equation to

1— e*l{* (T—t)

lmp .
ViR =07+ (o = 0) (4.34)
so that “T 4
(S, K, T,V 6(,0), ) = 07 + (Vi — )L 1) (1.35)

1 — e r*"(T-1)

12



In the following, to emphasize that the implied volatility series we defined here is parameter
specific, we will refer to it as mep (B, A). That is, given an option data set, one can associate
an implied volatility time series to every choice of the parameters 5, A. It is only when

B = By and X\ = ), the true values of the parameters, that V;""”(Gy, A¢) = V;. This will be

the starting point of our GMM estimation which we will now present.

4.3 Moment Conditions for implied volatilities

Given daily option prices and some initial values for the objective parameters (3, and the
risk premium \g, we are able to construct an implied volatility time series. If the risk
premium was suitably chosen and the objective parameters the true ones, every option on
a given day would have the same implied volatility, so that the implied volatility surface
would be flat, with a value equal to the point-in-time volatility V;. Since this will not
usually be the case, one could use some daily mean value of the observed implied volatilites

V"™ (3, Xo) to generate the implied volatility time series. 8

4.3.1 Moment conditions for the Implied Hull and White volatility

One can then consider the daily volatility series and use the moments of the instantaneous
volatility in the moment conditions fo (/) where, again, each of these conditional moment
conditions are used with two instrumental variables (which are a constant and V/* for the

moment condition involving E [V/£,|7;]), resulting in six unconditional moment conditions.

(Vi1 — E(Via| 7))
(Vesr — E(Via | 7)) Ve
(Vi — E(VLFR))
(Vi1 — BV RV
(Vi — E(V 7))
(Vi — E(VEL[FR)VE

fa(V, 8) = (4.36)

These moment conditions are used in (2.10) to obtain estimates of the # and A pa-
rameters with a joint GMM procedure. We can also use these conditions replacing (3 by

B obtained with the high-frequency returns and estimate the system (2.11) by a two-step

8Whether strongly out or in-the-money options should be included in this mean value computation can
be debated. We chose to do so when dealing with Monte Carlo generated option prices, but it is not obvious

that this would be the reasonable choice when using empirical data.
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GMM procedure. Finally, one can use the sequential approach described in (2.12), (2.13),
and (2.14).

4.3.2 Moment conditions for the Implied Heston Volatility

We proceed in the same way for the Heston model and use a similar of moment conditions

as (3.19) with V replacing V and F replacing G:

Vigr,42 — E [W+1,t+2|7t]
(Virrere — E[Vigr 2| F) Vi1
Vt2+1,t+2 —E [Vtil,tH’ft}
(‘/ﬁrl,tm —-E [Vzl-l,t—i-2|]:t])‘/tQ—1,t
VE&-Lt—l—Q —E [V;fil,t+2|]:t]
th(ﬁ) _ (V;::-ii-l,tﬂ—Z - E [‘/til,t-i-z‘ft] )‘/;f?)—l,t (4 37)
(pt+1 - pt)vt+1,t+2 —E [(thrl - pt)m+1,t+2|ft]

((pt+1 - pt)Vt+1,t+2 -E [(pt+1 - pt)‘/}+1,t+2|-7'—t])(17t—1 - pt—2)Vt—1,t
(P11 — P)*Vigr,042 — E (D1 — p)*Vig1,042| F]

((pt+1 - pt)Q‘/tJrl,tJrZ —E [(pt+1 - pt)2vt+1,t+2’~7:t]>(17t4 - pth)QVvtfl,t
(P41 — pt)vt2+1,t+2 —E [(p“rl - pt)vt%rlﬂﬂft]

((peg1 — Pt)Vt%rLtJrQ —E [(pt-H - pt)‘/;%r1,t+2|}_t} )(De-1 — pt—2>‘/;2—1,t

The expressions for the moments are provided in Appendix B.

5 A Monte Carlo Study

In order to assess how the estimation methods proposed in the previous sections perform, we
conducted a Monte Carlo study for both the Hull-White and the Heston models, that is two
stochastic volatility models with and without leverage effect (that is, p = 0) respectively.
It should be mentioned that any model that admits a formulation of the option pricing
formula in terms of a power series could be considered with the same methodology.

To test the efficiency of the methods, we generated, using usual Monte Carlo techniques,
several sets of high-frequency price-volatility time series and the associated sets of daily

option prices.

14



5.1 Hull and White Model

We chose to study four sets of parameters. The volatility parameters are chosen in the
same way as in Bollerslev and Zhou (2002), in order to compare with their results. The

four sets of parameters are as follows:
e (k,0,7,A)=(0.1,0.25,0.1,0.05): A stationary process with high risk premium.
e (k,0,7,A) = (0.1,0.25,0.1,0.02): The same process with a lower volatility risk pre-
mium
o (k,0,7,A) =(0.03,0.25,0.1,0.01): A highly persistent volatility process (nearly unit-

root)

o (K,0,v,\)=(0.1,0.25,0.2,0.05): A quasi non-stationary process with high volatility

of volatility parameter

Note that these are daily parameters. As in Bollerslev and Zhou, we normalized 6 so

V240x6
100

This means that to # = 0.25 is associated a yearly volatility of 7.74%.

that the yearly volatility is , with 240 being the number of days per year we chose.

As we just said, each year was defined as 240 days, which were further subdivised in 80
five-minute periods. The quadratic variations V; ;41 were aggregated over those 80 periods,
giving daily integrated volatilies, whereas the option prices were computed from the mid-
day price and spot volatility of the underlying asset (i.e. the 40-th observation in each
day). In turn, each 5-minute interval is actually subdivided in ten 30 seconds subintervals,
and the SDE is simulated using the finest grid.

Option prices were computed by using the Hull and White’s model specificity that
option prices can be expressed as mean values of the Black-Scholes price over the integrated
volatility distribution. Explicit expressions for the option prices and implied volatility
series up to the sixth order in + can be found in Appendix C. However, option prices
were obtained by simulating volatility trajectories to approximate the integrated volatility
distribution. We wanted to avoid using our option pricing formula in order to validate
its use. However, if enough trajectories are simulated, the simulated and series expansion
price are quasi indistinguishable (at least in the region where the expansion is valid and
has enough precision). One could reduce the number of drawn trajectories to add noise to
option prices.

The risk premium structure is chosen as in the Heston’s (1993) paper, that is, risk-

neutral (denoted by stars) and objective parameters are related by
K'=kK—A\ (5.38)
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0"k =0k (5.39)

7= (5.40)

Usually, one would expect A to be positive, so that the asymptotic volatility is higher,
meaning that option prices will also be. This is however not important in what follows,
although all the examples we chose have positive risk premium.

We applied the four estimation methods described in section 3. The GMM estimation
procedure was conducted with a Newey-West kernel with a lag length of two.”

Results of the estimations are provided in Table 1, Panels A to D. Statistics were
obtained by estimating parameters over 5000 independent sets of 4-year data (960 obser-
vations). A first general remark could be that all estimators show little bias and that the
method denoted ¥, where all the moment conditions are taken jointly appears to be the
most efficient overall. In any case it is better than the two other methods that deliver
an estimation of the risk premium. With respect to the 8 vector, the RMSE of gamma
is smallest for the B estimator. Since the volatility of volatility coefficient estimation is
intimately linked with the data frequency, this is not a surprise. The estimate could be
improved if one had access to mid and end-of-day option prices. Finally, the volatility
risk premium is also nicely recovered. The RMSE for lambda in ¥; remains quite small,
except maybe for the last configuration of parameters (Panel D). This may be due to the
fact that the process is in this case quasi non-stationary, with a high volatility of volatility
parameter. The error is also relatively large for the other parameters in this case.

A comparison of the (3 estimates with the GMM estimates of Bollerslev and Zhou (2002)
reveals that the RMSE are in general smaller with the moment conditions that we specified.
An exception is 6, which seems to be slightly better estimated by their set of moment
conditions. The difference between the two sets is the introduction in our estimators of the
third-moment conditions, while in their selection of instruments they included the lagged
squared integrated volatility.

Finally, one element that was not put forward before is the large excess kurtosis present
in the distributions of the parameter estimates for almost all the estimation methods. It
does not always affect the same parameter but it is very pervasive. This point should be

investigated further in future research.

5.2 Heston Model

For this model, the sampling scheme used for the Hull and White model is not coherent

with the timing used to evaluate the cross moments included in the moment conditions. It

9We checked that results were quite insensitive to this choice.
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requires prices and spot volatilities observed at the beginning of the period over which the
quadratic variation is computed. For this reason, we modified the sampling scheme to use
opening prices instead of mid-day prices.

Moreover, the previous Monte Carlo strategy does not work in the Heston model. Basi-
cally, the problem is that the in-the-money option prices simulated in the way we proceeded
violate often the lower bound C' > S — Ke™"", which makes it impossible to compute the
associated Black and Scholes volatility. In the Hull and White model this problem was
absent because C' could be computed as the expectation of Cgg(S, Vs 4r) with respect to
the distribution of the integrated volatility. A similar expression also exists for the Heston
model (see formula (C.3), but in this case Cgg is not evaluated in S, but in S rescaled by
a function of the volatility trajectory.

Of course increasing the number of trajectories may attenuate the issue, but it does
not provide a complete solution, and it significantly increases the computational burden.
For this reason, in the following experiments the option prices were evaluated using the
series expansion formula in implied volatility and adding a random error term. We studied
the characteristics of the error terms implicitly introduced in the option prices by the MC
strategy used to evaluate them in the Hull and White model, and found out that they
looked fairly similar to N(0,w?) added to the implied B&S volatilities, with w =4 x 1077,
This is the distribution from which the random noises in option prices (via the implied
B&S volatilities) are drawn in the experiments concerning the Heston model.

The optimal weighting matrices have been computed in a second step using Newey -
West with two lags for estimators based on f; only and on both f; and f5, and with one
lag for those based on f; only.

We considered the same 4 sets of values for § as in the Hull and White experiments, and
two possible values for the additional parameter p: -0.5 and -0.2. The results are provided

in Table 2. The parameter sets referred to in the table are defined as follows:
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Label | & 0 v P A

la 0.1 025 01 -05 0.05
1b 0.1 025 0.1 -0.2 0.05
2a 0.1 025 0.1 -0.5 0.02
2b 0.1 025 0.1 -0.2 0.02
3a 0.03 0.25 0.1 -0.5 0.01
3b 0.03 0.25 0.1 -0.2 0.01
4a 0.1 025 02 -0.5 0.05
4b 0.1 025 02 -0.2 0.05

For each parameters configuration, the MC experiment consists of 5,000 replications of
960 observations each.

In order to identify the correlation parameter p, these experiments considered six ad-
ditional cross-moment conditions in addition to those used in the experiments conducted
in the Hull and White model. Nevertheless, p is clearly the most difficult parameter to
estimate. In particular, this is witnessed by the uniformly highest — sometimes by a very
significant margin — RMSE among all the parameters, and some mean and median bias in
many of the estimators considered.

A closer look also suggests that the bias in p characterizes BQV, and also those based
upon it (B and @Eg) Hence, it seems that, in general, estimators more closely based on
quadratic variations tend to underestimate the leverage, roughly by 20% of the true value.

One might think that this behavior is due to the fact that the quadratic variations are
only estimates of the true integrated volatilities, and that the measurement errors they
embed may lead to the underestimation highlighted above. To check this hypothesis, we
estimated 3 using also the true integrated volatilities. It turns out that the underestimation
of p is roughly the same as before. Hence, it is not due to the measurement error in quadratic
variations.

The estimates of 3 based on the true spot volatilities, BV, also exhibit a downward bias
w.r.t. p, albeit less pronounced.

In general, the best estimator — in term of bias and RMSE, irrespectively from the
parameter — is @1. Its only critical point seems to be that its performance worsens when ~

increases (cases 4a and 4b), but this also happens with the alternative estimators.

18



6 An Application to Exchange Rate Data

7 Concluding Remarks

In this paper, we proposed a two-step procedure that permits the joint estimation of objec-
tive and risk-neutral parameters for stochastic volatility models. This approach uses fully
the information available in the sense that it can adapt to different measure frequency for
both the option and returns data it uses. This enables one to use high-frequency intraday
return measures and daily option data.

The analytical expressions for the moments of integrated volatility in affine stochastic
volatility models that one of the authors of this paper derived recently [32] enable us to
obtain explicit expansions of the implied volatility, a crucial point in our procedure. Using
these, the method is computationally simple since no simulations or numerical function
inversions are involved. Moreover, the first results indicate that the method is comparable
in precision to others, even though its building blocks have not been optimized.

Many points are still to be adressed. We first intend to generalize the procedure to all
affine stochastic volatility models. This is a tedious computational exercice, but involves
no conceptual evolution. Many statistical questions have to be looked at concerning the
efficiency of the method and how it could be improved. Finally, we wish to be able to
generalize the approach to Levy processes, as they were introduced in a series of recent

papers by Barndorff-Nielsen and Shephard [8, 7].
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Appendix

A Computation Method and Expressions for Moments of Integrated Volatility

We are interested in the integrated volatility of the following bivariate stochastic system

+ AV, 1 0 AW, (t
alr RS+ 1) (A.41)
Vi k(0 — Vi) py V1=p*y | | dWa(t)

Observing that the volatility process does not have any explicit price dependence, one can
study it separately. It obeys the SDE

dV; = k(0 — Vi)dt +\/V; <de1(t) /1o p2dW2(t)) . (A.42)

If =1 < p < 1, the diffusive part of this stochastic differential equation (pdW;(t) +
V1 —p2dWs(t)) is a standard brownian motion W (it has mean zero, variance one and
null higher cumulants). This means that even in the presence of leverage, if one restricts

his attention to volatility, the process becomes
dV; = k(0 — V3)dt + v/ VidW4, (A.43)

which will be our starting point to compute integrated volatility moments. It is known

that, under such processes, the conditional expectation of the volatility is

EV, V()] = 64D (V(t)—6)
= au—tv(t) + ﬁu—ta

where we defined o, = ™" and 3, = (1 — e ") [14].

We can use this result to compute the conditional expectation of the integrated volatil-

ity;
T
/ V.du
¢

= /tT E V.|V (t)] du

EVirlV(t)] = E V(t)

_ / ' (04 e "D (V(t) — 0)) du
aT_tV(t) + bT—t;

with ap_, = ftT Oy_rdu and by, = ftT Bu_idu.
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A.1 Formulas for Higher Moments

In order to compute higher moments, let us consider the V;-dependent random variable
EV.r|V(t)]:

B [Vr| V()] = /t "B V] du. (A.44)

If one defines G(u,t) = E; [V,], it is clear from the law of iterated expectations that G(u,t)

is a martingale in ¢. Thus, It6’s lemma implies that
dE V|V ()] = =Vidt + ap_y\/VidW,. (A.45)

Taking integer powers and expectations on each side we obtain

(vt,T - E[%,ﬂ) ] _E, [( / ' de)] ; (A.46)

where by E;[-], we mean E[-|V;]. This formula gives us a way to construct all central

Ey

moments. The computation of this integral is however far from trivial. The interested
reader will find in [32] details of the computation for the third and fourth central moments.
We will content ourselves of giving the explicit form of the three first central moments for
Feller-like stochastic volatility processes (both models considered here are in that class).

The variance has the form 1°:

E[(Vr — E(Vr))’] = A2V + Br (A.47)
where
292 (sinh(Tk) — Tk)
Ar = Tk 3
e K
Y2 (0 +4e™0 (1 4 Tr) + 2T (=56 + 2T0k))
Br =
22Tk 3
The third central moment has the form
E[(Vr — E(Vr))’] = MV + Nr (A.48)
with:
39t (=1 + 237" — 2eT% (1 + 2Tk) + €*T* (1 — 2Tk (1 + Tk)))
My =
23Tk 5
N v (0 + 6™ (6 + TOk) + 237" (=110 + 3T9k) + 3e*7%0 (5 + 2T’k (3 + T'k)))
T =
23Tk 5

OFor simplicity of notation we write the moments at time ¢ = 0.
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Finally, the fourth moment can be shown to be:

E[(Vr — E(Vr))Y] = QrV? + R,V + S (A.49)
with:
1294(— (Tk) + sinh(T'x))?
Qr = 02T+ 6
4
R = —g— (30n (—1+ €™ = 2™Tk) (14 4e™ (14 Tk) + €™ (=54 2Tw))
+79% (=34 15" — 126> (1 + Tk) (1 + 2T'k) — 6™ (2 + 3Tk)
—2e""" (=6 + Tk (34 2Tk (3+ Tk)))))
4
70 Tk 2Tk 2
Sr = 1T (30/{(1 +4e"™ (14 Tk) + ¥ (=5 + 2Tk))

+ 7 (34 24e™ (1 + Tk) + 3" (=93 + 20T'k) + 12e*"* (7 + 2Tk (5 + 2Tk))
+ 8¢™" (21 + Tk (27 4 2Tk (6 + Tk)))))

The explicit expressions for these moments are the ones used in the GMM estimation

and option pricing expansions.

A.2 Filtration coarsening and moment conditions

We will show here how one can go from moment conditions of the type E [Vt’ft 41 |ft] , whose
expressions are explicitely dependent on the unobservable instantaneous volatility V;, to
the conditions E [Vthrl,t +2|Qt], who depend solely on the integrated volatility process. Let
us recall that the filtration G, is the filtration linked to the integrated volatility process,
and is thus coarser than the filtration J;, linked to the volatility process.

Starting from E [Vii1 42| Fi1] = aVigpr + b and knowing that E [V |Vi] = oV} + 5, we

have

EE Vi Foal [F] = aB[Via|F]+0 (A.50)
= aaVy +af +0b. (A.51)

This can be rewritten as

E V12| F] = aE Vi | F] + 8 (A.52)
so that, by the law of iterated expectations, we have

EVii1442|Gt] = aE [Via|G] + 5. (A.53)
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The last equation being written solely in terms of observable quantities, it can be used
in a GMM estimation procedure. The same method can be applied to higher moment

conditions. Starting from
Var [Viq1 42| Fig1] = AVip + B, (A.54)

we can write

E V2ol Finl] = Var Vol Fi] + (B Vg2 Fin]])?
= a’V2,+ (2ab+ A)V,y1 + (b° + B).

Taking expectations, we have
E[E Vol Fe]] V] = @®E [VE3LF] + 2ab + AE Vi |F] + (0* + B)  (A.55)

Replacing the moments of the instantaneous volatility by their explicit expressions and
using the formulas we have for the first two moments of integrated volatility , we can

rewrite this expression as

EVielFl] = @®EVimlFl
1
+- (CL2<C + 2056) + (a — a2)(2ab + A)) E [Vt,tJrl’Ft]

>R

—— (a*(C + 2a8) + (o — &) (2ab + A))

a

+ (a(D + %) + B(2ab+ A) + (1 - a®)(4 + B)),

where
72 2
C = " (e —e ) (A.56)
and 2
Y
D=-"— A.
o (A.57)

Coarsening the filtration leads to the desired moment conditions. We shall stop compu-
tations here, but it clear that the other moment conditions can be computed in the same

way.

B Expressions for the Cross-Moments in the Heston Model

We use the following expressions of the cross moments:

Y(Vik +0(=1+e" —k))p
err

E[<pt+1 - pt)vt+1|ft] =
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El(prs1 — pe)* Vi | F] = YT [2(=1 4 ")V + 2V, (0K(2 + €** + e"(=3 + k)
+92 1+ e (=1 + K + &%) + 0(2(—1 + e)0k(1 + (=1 + K))
+2 (=14 (1 + 4p%) — 2¢"(k + 2p° + 26p° + K7p?)))]
El(pr+1 — Pt)‘/%iﬂ}_t] -

Y2V2KE + (=1 +e)0(—=1+ e* — k) (72 + 20K) + Vi(7? + 20K) (=1 — 26 + (1 + K)))p
e2rk 2

These moments — along with the first three marginal moments of V; — are used twice:
once with the spot volatilities filtered from the option prices, and once with the observed
integrated volatilities. In the latter case, we need the expressions of V; and V;? in terms of
E(Vy41|F:) and E(V7, 1| F:). The solutions are given by:

EWyi1|F:) — b

a
Ab + ab® — aB — (A — 2ab)E(Vyp41|Fy) + aE(VE 1| F)

a3

‘/t:

VP =

where a, b, A and B are the coefficients appearing in the conditional expectation and

variance of the integrated volatility. Substituting the expression of V; and V;,; in the first

ft] - {7 (E(V’“t“m) B+ e — @) p]

erFr a

cross moment above, we get:

EVit142|Fiy1) — 0

a

E [(pm — Pt

By the Law of Iterated Expectations,
V —b 1 E(V Fi)—0b
E {(ptﬂ _pt)% ft} _ {’Y( ( t,t+1a| t) K O(—1 4 e — H>) p]

erK
Finally, the moment conditions have to be computed by conditioning to the “discrete time”

filtration G; = {(ps, Vs—1.5), s =t,t — 1,...} C F;. Iterating the expectations we get:

E {(thrl —pt)VHLtTH_b gt‘| _ b {’Y (E(Vt,t+;|gt> _ b/@ +60(—1+e" — /<;)> p]

erfr

An analogous procedure leads to implementable moment conditions derived from the ex-

pressions of E[(pi1 — pi)*Vig1|F) and El(pes1 — pe) VA | F] above.

C Option prices and implied volatility series expansions

In this first appendix, we present the explicit series expansions for two well-known option
models: the Hull-White and Heston models. While Hull and White’s model could be seen
as the zero-leverage limit of Heston’s model, its formulation in terms of an integral over
the integrated volatility conditional distribution simplifies greatly computations, especially

since we have analytical expressions for the integrated volatility conditional moments.
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C.1 Hull and White’s model

It is widely known, since the pioneering work of Hull and White, that for the class of
stochastic volatility models we consider, if there is no leverage, the price of an o ption is
the expectation value, over the integrated volatility risk-neutral distribution, of the Black
and Scholes price with volatility equal to the integrated volatility. Coarsely, an European
call of maturity 7' — t and strike price K on an asset valued S at time ¢ has a price

1
caw (S, K, t, T,V (t)) = / dPY D epg(S, K, t, T, 7Vt 1)), (C.58)

where PY®T) is the conditional density of the integrated volatility between ¢ and T knowing
the instantaneous volatility at time ¢.

To be more concise, we shall denote the Black-Scholes price on an asset of volatility
V' by cps(V). The integration over the distribution of volatilities can be approximated
by expanding the integrated volatility around its mean. To do so, one needs analytical
expressions for the integrated volatility’s central moments, which are given in appendix
B, and the sensibilities of the Black and Scholes prices to a change in volatility. These
sensibilities can be computed without much effort; computations are shown at the end of
this section. Using these, we can extend Hull and White’s result and show that cyyw (V (t))
(we omit the extra parameters) can be written as (in order to simplify notations, we will

write V = ﬁEtVt,Ty and V for ﬁvt,T))’

1 82035($) 1 8363,5‘(1’) =

CHw(V(t)) = CBs<V) —+ 5? Var(V) -+ EW Et [(V — V)S} + .-
v v
B 5, LSVT —19'(di)(didz — 1)
= cps(V) + 5 ML Var(V) +
1SVT — t®'(d1) ((didz — 3)(didy — 1) — (dF + d3)) 53
iG 8(V)3/2 B [(V=V)]
—I—iS VT —_t(I>7’(d1) X
24 16(V)2
((dydy — 5)(dyrdy — 3)(dyde — 1) + 4dydy—
(dF +d3)(3d1dy — 9)) By [(V = V)],
where we recall that 7
log($/K) + (r+ %) (T - ¢)
dy = : (C.59)
V(T —t)
dy = dy — \/ V(T —t), (C.60)



cgs(V) = S®(dy) — Ke " T=Dd(d,), (C.61)

and ®(-) denotes the cumulative function of a standard normal distribution. This gives us
a closed form series expansion for option prices. The explicit expressions for the moments
of integrated volatility are given in Appendix B. As can be seen there, all moments can be
organized as polynomials in . If one collects powers of 7, the option price expansion can

be reorganized as

caw(V (1) = cas(V) + iy (V () 7* + ity (V) 7" + o (V(£) 1° + O(7%),  (C.62)

where

vy = S ti’%g)/ﬁdld? "D (4 V(1) + Bry) (C.63)
C%%/V(V(t)) _ és V71— t(I),(dl) ((d1d28(_V:;Z§jld2 - 1) - (dl + d2)) (MT_tV(t) + Mﬁlm)
+2—145 v 7;(:(;;%“” (dids — B)(drds — 3)(drds — 1) + ddrdp—  (C.65)
(dF + d3)(3drdz — 9)) Qr—,V (t)? (C.66)

o ST, ) ) B
(V) = 20 1) ((didg — 5)(didy — 3)(drdy — 1) + 4dydy (C.67)
(d} + d3)(3drdy — 9)) (Br—V(t) + Sr—t) (C.68)

In the notations of the second appendix, V = ar—V(t) + by_;. Since the coefficients
Ap_y, Br—y, My, Ny, Qr—¢, R4, S7—¢, ar—¢ and br_; do not depend either on v or V' (),
it will be simple to perform the series inversion. Note however that d; and dy do depend
on V(t).
We want to identify the coefficients v; of the implied volatility up to order 7°. Recall
that the expansion is defined as
o0
VIS, K1, T, cops, B, N) = > 5(S, K1, T, oy B(+,0), A (C.69)
=0
As we pointed out before, if one inserts the expansion (C.69) in (C.62) and further expands
in powers of v, the coefficients v; can be identified by restricting the equation to be satisfied

order by order in . The zeroth order condition is thus
Cobs — CBS(VéTgp) = CBS(aT—tVO + bT—t)~ (C?O)

This means that, as we announced earlier,

mp
Vo = Vf%—bT—t. (C.71)

ar—g
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The expressions being heavy, we will only show how one can extract the second order in
gamma contribution. This can be done by truncating the series (C.69) to
Vis” — bry

ar—t

V””p(S K,r, T, cops, 3, \) = + 1y + vy + (9(73) (C.72)

(2

If one expands the coefficient cH)W(mep )v% in powers of v and retains terms up to the

second order, he obtains

VEIMP (7 _y) ?
<BS +2Log[ls(]>

VTP (T—t)

(2) impy _ 2
c V, = A X C.73
N e T (©.73)

exp

(S(_QT—tBT—t + AT—t(bT—t — Vérgp)) X (074)

(Vg’g”(T — )4+ VLT —t)) — 4log {% ) )f (C.75)
+O(?). (C.76)

Expanding in the same way cpg(V) gives

_VEs Ty

log
_ arge T ”"”<T ) KT\/7
CBS(V) = CBs(Véngp> -+ 1/2’}/ + O (C77)
2\/2m VR (T — 1)

The condition
Cops = Cps(VImP) = cpg(V) + b, (VimP)H? (C.78)
will then be satisfied only if v; = 0 and
(ar-1Br-a+ Ar- (Vi — b)) (VT — 4+ V(T — 1)) — 105 [3]°)
16a%._,(Vgs")2(T — t) '

Vo =

(C.79)
This gives us the inversion up to the second order in v*, since one can show that v; = 0
for all odd j’s. The inversion could be performed for higher orders, but expressions quickly
become heavy so that we will not report results here; when considering explicit examples,

the coefficient v, was also used.

C.2 Sensibilities of the Black-Scholes call price to volatility

In this subsection, we show how one can compute the successive derivatives of the Black-

Scholes formula with respect to the volatility. Giving us the terms appearing in the Hull

27



and White formula, it enables us to go one step further and thus to take into account the
higher moments of the integrated volatility.
Recall that

cps(V) = S®(dy) — Ke "'®(ds), (C.80)
where
 log(S/K)+ (r+ %)t
dy = T : (C.81)
dy = dy —VVL. (C.82)

We will first derive some useful identities. Deriving explicitely d; and ds with respect

to V we obtain

0d4 1
0ds 1
By .84
ov 2V ! (C.84)
Also, since ®(z) = \/%7 I e’%dy, we have
1 =2
ol = e C.85
(0)= = ©55)
" (z) = —xd'(z). (C.86)

The surprisingly simple form of the derivatives will enable us to find simple expressions for

the derivatives of cgg(V,t). The first one is readily computable:

Deps(V)  — cnrq Od o, Dds
Gy~ = S5y - Ke " (dy) 5
1 / —rtyp/
— gy (ST — K (@),

To simplify this further, let’s observe that, using the definition of ds in terms of d;, we have

/ 1 4 , S
d'(dy) = me = ®'(dy) exp(log xt rt)
S
- Ke—”q) (dr)
So that

aCBs(V) B 1 ’

v = _WSCI) (dy) (dy — dy)
[ Ve
SP'(dy) V't

WV
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Getting a simple form for the first derivatives enables us to derive the following ones easily.

For the second derivative:

82635<V) . S\/I_f —1 / " —1
9172 = 5 <2V3(I)<dl)+q) (dl)ng(b)
SvVtd'(d
_ \/_—;1) (dvds — 1),
4V 2

which is the expression appearing in Hull and White’s formula. The third one is computed

similarly;

Peps(V) B SVtd'(dy) 2 2
v T i {((didy — 3)(drdy — 1) — (d3 + d3) }

One can also compute the fourth derivative

Oeps(V) S \/t_‘l’/(?d” {(didy — 5)(didy — 3)(drdy — 1) + 4d:1d>

ove 16Vs
—(d} + d3)(3didy — 9) } .

This permits us to go steps further in the series development and take into account the

third and fourth central moments of the integrated volatility.

C.3 Heston’s Model

The price of an European call option in Heston’s model can also be written as an expecta-
tion value of the Black-Scholes option pricing under the stochastic volatility distribution.

Romano and Touzi (1997) have shown that, under the stochastic volatility process:

S S S 0 dw}
al =1 " a7 ‘s (C.87)
v k(0 — V) W 1 =p? | | dW?
the call option price ¢(Sp, Vo, T) can be written as
C(So, Vo, T) =E [CBS(SOQT(VO), VT(VO)] ) (0-88)

where

T 1 T
Qr(Vp) = exp (p/ VVpdW? — §p2/ tht) (C.89)
0 0

_ 1 T
Vip=—(1- ,02)/ Vidt. (C.90)
T 0

Using simulations, this formula provides a quite rapid and precise method to compute

option prices. Moreover, one can show how the inverse Fourier transform method and this
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formulation of Heston’s model are linked. Performing a numerical inversion of the transform
is indeed nothing more than integrating over the distribution of some suitably constructed
variable, which can be shown to be linked to integrated volatility and the Girsanov-like
initial price.
It is straightforward to show (using Girsanov theorem and simple stochastic calculus)
that
B0 (Vo)] =1 (Co1)

and

KT
The latter is nothing but (1 — p?) times the mean integrated volatility. The identification

B [Vr(Va)] = (1= %) (64 (o - 0)7 5 ) =T (C.92)

of these mean values enables us to expand the option pricing formula around these:

[e.e]

1 oPticpg B .
c(S0, Vo, T) = > T SUE [(Q — 1)V — V7)?] (C.93)
p,g=0 S0,V
Defining
o \P o \4
0 \P (g0
roas,v,r) = o) o) s (C.94)
v
this can be rewritten as
 Ra)(Sy, Vi, T o
c(So, Vo, T) = Z ( ‘0' T )E [(Qr — 1)1V — V)P] OcpsdV . (C.95)
p’qzo pq 807‘7;'
In terms of the moneyness
X = log[Ke—TT]’ (C.96)
and the mean integrated volatility
1
7 =—V7 C.97
i (o

the first values of R are the following:

R0 = 1

X? 1 1
20 — 7= _ - _ =
R (QZ2 27 8)

X 1
RO — _ 4z
A + 2

X2 X 1

(1,2) — _____4_Z

R (22 Z 42( ))
Xt 1x3 X% 1X 11

R®2) - 3 4+ (124 2)+——(48-7% .
274 273 Z3+822( + )+3QZ2( )
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Using these expressions, one can solve for implied volatility with a second-order expan-

sion:
Végp(sa‘/aT) = U(V,T)+1J1(/{’97p’ V,T)R(Ll)
T
1
+7? (—2 J5(k,0,p,V,T)R®"
-
1
+;J4(/€79,p, vV, T)R!?
! 2 1R22) (1,1)\2 p(2,0) 3
+2_7_2(‘]1(/ia07p7‘/7T)) [R ’ —(R ’ )R ’ ] +O(/y)

where the expressions for the J are given by:

Ji(k,0,p,V,T) 3PV T?, if k=0
1K, 0,0, V, =
L ((0+ (14 r£T)(0 —V(0) e T + (kT —2)0+V(0)), if not
(C.98)
J2(’1797P7V7T) =0 (099)
%VTgv if R = 0
J3("€’ 0.p,V, T) - (0—2V+e2“T((—5+2mT)0+2V)+4e’iT(9+RT0—/4TV)) <C'1OO>
10277 1.3 , if not
1.2 3 .
_ ) VT if k=0
Ja(85,0, 0, ViT) = 4 (64968 (3 nT) AT (A4 T)0+ (—2-265T T QATV) " (C.101)
2erT 13 1 not

In order to be able to extract an Heston-implied volatility from the observable Black-

Scholes implied volatility. Namely, we will identify the coefficient \; such that
V=208, Vigg", T) + M (S, Vigs?, Ty + (S, Vigg”, Ty + O(7%). (C.102)

Such a development makes sense, because if v goes to zero, the Heston model becomes
a deterministic volatility model (in fact, if k goes to zero, we recover the Black-Scholes
model). Computing the coefficients \g, A\; and A, is a straightforward but tedious exercice.
One inserts the series expansion for V' in the series expansion for Vé"gp and equates the
powers of 7.

The coefficients Ao, A\, Ao of the inverse series for the spot volatility V; = Ao+ A1y + Xoy?
are finally given by:

—O0+eTO+e Vi RT — T ORT

Ay =
0 —1 4 erm
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—(p(2X — Vggp T) (—(e"" Vggp/{T (=1+e" —kT))+0 (142" — e (24 K272))))

A = |
' 2(=1+ e Vi g7
1 ) .
Ay = [—16 e VE?’Q Xep?r (e Ve k22 (2 + KT

32er (=1 + e'”)3 Vggp?’ K3 T3

+e"T (=24 KT)) + 0 (=242 T+ (6 — kP 7%) — "7 (64 K°T7)))

—|—4X2 (2 92 p2 (1 + €2HT —eFT (2 + /12 7_2))2 + 2 T VéTgPQ l€2 7_2 (_1 + eSnT (_1 +p2)
+e T (14257 +2p* (=1 =3kT7+r°7T))+e" (1 =2k7+p* (1 +6KkT + 3K%7%)))
+Vis" OrT (14 €T (34+4p°) + 267 (=3 + k7 +2p° (=1 + k7))

23T (5 — kT + 2K TP+ 202 (3 — kT — KET2+ K3 TP))

42T (34 kT — KT+ P (=3 + 26T+ RETPH 2R3 TY))))

FVIP 7 (=262 0% (124 VI 7) (14 €257 — e (2 + K2 72))°

QN VI (2 22 (L I L BRT (L VI g 2 (4 4 VP 1Y)

+e257 (4 + Vggp V(1 +2k7) —2p* (—4+ Vgng) (1—k7+rK*72))

+e" ((—4 — Vgg” ) (=14+2k7) — p? (—4+ ng;” ) (=14 2k7+ k*7?)))
VIO RT (44 VT + T (3(44+ V1) — 4 p* (4 + 3V5E 1))

12 (A+ VI ) (=34 kT) + 2% (—4+4KT+VEP T (3+KT)))

123 T (4= VR 1) (5 — kT +2K272) + 202 (4 (=3 + kT + KET2 = K3 73)
—|—Vé”§p7 O+ kT +r2TPH R TY)) —4e® 7 ((—4 — Vé";pr) (B3— kT +rK>T?)

+p? (Vgng(9 +2RT+ KT+ 4 (-3 +2kT +RETE+ 2/%37'3)))))}
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