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Heterogeneity and Aggregation: 
Implications for Labor-Market Fluctuations 

By YONGSUNG CHANG AND SUN-BIN KIM* 

This paper addresses two related issues from 
the business cycle literature. One is the low cor- 
relation between hours and productivity. The 
second is the large cyclical movement in the 
wedge derived from the optimality condition 
for the intratemporal choice of commodity con- 
sumption and hours worked. The equilibrium 
business cycle models (e.g., Robert E. Lucas, 
Jr., and Leonard A. Rapping 1969; Finn E. 
Kydland and Edward C. Prescott 1982) impose 
strong restrictions on movements in consump- 
tion, hours, and productivity. According to these 
models, the economy puts in more work effort 
and consumes more goods when productivity 
is high (i.e., when the commodity is cheap rela- 
tive to leisure). However, the lack of systematic 
movement among consumption, hours worked, 
and productivity in aggregate data has resulted 
in the measurement of a considerable wedge 
between the marginal rate of substitution and 
labor productivity-e.g., Robert E. Hall (1997) 
and Varadarajan V. Chari, Patrick J. Kehoe, and 
Ellen R. McGrattan (2005). Previous research 
has offered various explanations for the low 
correlation between hours and productivity. 
For example, explanations range from exog- 
enous shocks to the labor-supply schedule, such 
as the shifts in home production technology in 
Jess Benhabib, Richard Rogerson, and Randall 
Wright (1991) to frictions in labor supply, such as 
the wage rigidities in Jordi Gall, Mark Gertler, 
and J. David Lopez-Salido (2007). 

In this paper, we obtain a low correlation 
between hours worked and productivity, where 
the only aggregate disturbance is a (market) 

technology shock and there is no distortion 
in the labor market. Our model extends Per 
Krusell and Anthony Smith's (1998) heteroge- 
neous-agent model with incomplete capital mar- 
kets (S. Rao Aiyagari 1994) to indivisible labor 
supply (Richard Rogerson 1988). The interac- 
tion between incomplete capital markets and 
indivisible labor breaks the tight link between 
employment and wages at the aggregate level. 
The optimality conditions for the choice of con- 
sumption and hours worked hold as inequality 
at the individual level. Individual optimality 
conditions do not aggregate nicely. In particu- 
lar, aggregate employment is not highly corre- 
lated with productivity. As a result, we obtain a 
significant wedge between the marginal rate of 
substitution and labor productivity.' Moreover, 
the wedge computed from the model-generated 
aggregate consumption, hours, and productivity 
exhibits properties similar to those in the wedge 
measured from the actual aggregate time series 
data. The wedge is strongly correlated with 
hours and is almost as volatile as hours worked. 
Our results caution against viewing the mea- 
sured wedge as an inefficiency due to the failure 
of labor-market clearing or as a fundamental 
driving force behind business cycles. 

The paper is organized as follows. Section I 
briefly discusses the labor-market wedge in the 
aggregate data. Section II lays out a benchmark 
model economy in which the capital market is 
incomplete and labor supply is indivisible. In 
Section III, we calibrate the model economy 
and study the cyclical properties of the aggre- 
gate variables in the face of productivity shocks. 
In Section IV, we investigate economies with 
and without complete capital markets and indi- 
visible labor, in order to distinguish the separate 
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1 Jose Sheinkman and Laurence Weiss (1986) show that 
capital-market incompleteness can lead to a stochastic 
term in aggregate preferences. Tomoyuki Nakajima (2005) 
derives aggregate preference shocks and total factor pro- 
ductivity (TFP) variation in a two-type household model 
with capacity utilization and government spending shocks. 
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FIGURE 1. CYCLICAL COMPONENTS OF MRS AND LABOR PRODUCTIVITY 

Notes: Output and hours worked represent the nonagricultural private sector. Consumption reflects expenditure on nondu- 
rable goods and services. The MRS is defined by equation (1). 

role of incomplete capital markets and indivis- 
ible labor. Section V concludes. 

I. Labor-Market Wedge in Aggregate Data 

One of the leading research topics in macro- 
economics is the identification of the fundamen- 
tal driving forces behind economic fluctuations. 
Economists adopt accounting procedures that 
combine aggregate time-series data with the 
equilibrium conditions of a prototype model. 
For optimal allocation of consumption and 
hours worked, the marginal rate of substitu- 
tion (MRS) has to equal the marginal product 
of labor (MPL). To illustrate, suppose that the 
stand-in household has the following utility 
function over commodity consumption Ct and 

hours worked H,: U(Ct, H) = In C, 
(1 + ly)]. The parameter y represents the (com- 
pensated) labor-supply elasticity and B is a con- 
stant. Under the assumption that the aggregate 
production technology is Cobb-Douglas (with 
the labor-income share denoted by a), at the 
competitive equilibrium, the MRS should be 
equal to the MPL: 

H_ Yt 

(1) 
B' 

- 

c - 

C,1 H" 

Figure 1 shows the cyclical components of the 
MRS (the left-hand side of (1)) and labor productiv- 
ity (the right-hand side of (1)) for the US economy 
for 1958:I-2002:II. In computing the MRS, we 
assume that the aggregate labor-supply elasticity 
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FIGURE 2. CYCLICAL COMPONENTS OF HOURS AND LABOR-MARKET WEDGE FOR THE UNITED STATES 

Note: The wedge is computed from equation (2) with the aggregate labor-supply elasticity (y) of 1.5. 

y is 1.5.2 Output and hours worked are based on 
the private business sector. Consumption reflects 
expenditures on nondurable goods and services. 
Both the MRS and labor productivity are logged 
and detrended using a Hordrick-Prescott filter. 
The MRS is more volatile than hours and, more 
importantly, often moves in the opposite direc- 
tion to productivity, suggesting a serious depar- 
ture from the competitive equilibrium. 

We now define the labor-market wedge as the 
gap between the MRS and labor productivity: 

Y, 
(2) In Wedget = In MRSt - - n + constant. 

H/, 
Figure 2 shows the time series of this wedge. 

The wedge is highly correlated with hours worked, 

and its volatility is the same order of magnitude 
as hours worked. The aggregate labor-supply 
elasticity of 1.5 is higher than a typical estimate 
in the micro data, which is usually less than 0.5 
(e.g., Thomas MaCurdy 1981). If we assume 
an inelastic labor supply (a smaller value of y), 
we obtain a bigger wedge as the MRS becomes 
more volatile. Conversely, using an elastic labor 
supply (a bigger value of y) tends to produce a 
smaller wedge. Nevertheless, there is no choice 
of y that eliminates the wedge completely. In 
essence, the wedge arises because hours worked 
are not highly correlated with productivity-the 
correlation coefficient between the two time 
series is virtually zero (0.08). 

2 The choice of this value will be explained in Sec- 
tion IVB. 

3 For example, Hall (1997) uses y=1/1.7. We have also 
computed the wedge based on the real wage (instead of 
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The existing literature offers various interpreta- 
tions for this wedge. They range from exogenous 
shocks to the labor-supply schedule, e.g., prefer- 
ence shifts in Hall (1997) and Allison Holland 
and Andrew Scott (1998); changes in home pro- 
duction technology in Benhabib, Rogerson, and 
Wright (1991); shifts in government spending in 
Lawrence Christiano and Martin Eichenbaum 
(1992); and changes in labor-income taxes in 
Casey B. Mulligan (2002), to various frictions 
in the labor market, e.g., wage rigidity in Gal, 
Gertler, and Lopez-Salido (2007); households' 
market power in labor supply in Diego Comin and 
Gertler (2003); search frictions in Hall (1997); and 
labor unions and suspension of antitrust policy in 
Harold L. Cole and Lee. E. Ohanian (2002) and 
Chari, Kehoe, and McGrattan (2005). In the next 
section, we present a model economy in which 
the labor-market wedge arises endogenously, 
despite there being neither exogenous shocks to 
the labor supply nor distortions to the allocation 
of hours and consumption. 

II. The Model 

The model economy is a simplified version of 
Chang and Kim (2006) which extends Krusell 
and Smith's (1998) heterogeneous-agent model 
with incomplete capital markets to indivisible 
labor supply. There is a continuum (measure 
one) of workers who have identical preferences 
but different productivity. A worker has separa- 
ble preferences over consumption, c,, and hours 
worked, h,: In c, - B[h] + v'/(1 + 1/y)]. Workers 
trade claims for physical capital, at, which 
yields the rate of return, r,. The capital mar- 
kets are incomplete. Physical capital is the only 
asset available to workers, and workers face a 
borrowing constraint: at > a for all t (Aiyagari 
1994). The labor supply is indivisible (Rogerson 
1988).4 If employed, a worker supplies i units 

of labor and earns w xt- , where w, is the wage 
rate per effective unit of labor xt, which varies 
exogenously according to a stochastic process 
with a transition probability distribution func- 
tion 7rx(x' x) = Pr(x+1, t x'|x, = x). Individual 
productivity x, represents idiosyncratic risks 
that agents face in our model economy and is 
the only source of heterogeneity. 

The representative firm produces output 
according to a constant returns-to-scale Cobb- 
Douglas technology in capital, K, (which depre- 
ciates at rate 8 each period), and effective units 
of labor, L,( =f hxdp), where p is the distribu- 
tion of workers:5 

Y= F(L,,K~,Ah) = AL7K~a. 

The aggregate productivity A, evolves with 
a transition probability distribution function 

1TA(A'|A) = Pr(At+1 < A'KAt = A).6 
The value function for an employed worker, 

denoted by VE, is: 

(3) VE(a,x; Aq) 
I 1+ 1/y 

= max lnc-B1- 
a'E + A 1 + 1/y 

+ 

jE[max(VE(a',xA', 
), 

VU(a',x';A',tz')}|x,A A, 
subject to 

c = w(A,uL)xh + (1 + r(A,p))a - a', 

a' 
- 

a, 

'= -T(A, ), 

where T denotes a transition operator that 
defines the law of motion for the distribution of 

labor productivity) and the main conclusion of our analysis 
does not change. We prefer using labor productivity, since 
the standard argument that wages are not allocational sug- 
gests that the implications for wages are not fundamental. 

4 In general, the labor-supply decision operates on 
both the extensive and intensive margins. However, it is 
rare for workers to be allowed to choose completely flex- 
ible work schedules or to supply a small number of hours. 
Furthermore, it is well known that the variation in the 
number of employees is the dominant source of fluctuations 
in total hours worked (e.g., James J. Heckman 1984). 

5 This implicitly assumes that workers are perfect substi- 
tutes for each other. While this assumption abstracts from 
reality, it greatly simplifies the labor-market equilibrium. 

6 In this model economy, a productivity shock is the only 
aggregate disturbance. This does not necessarily reflect our 
view on the source of business cycles. Since we would like 
to show that the wedge contains a significant specification 
error, rather than true shifts in labor supply, we intentionally 
exclude shocks that may shift the labor-supply schedule itself 
(e.g., shifts in home production technology, government 
spending, or the income tax rate) from the present analysis. 
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workers 
/(a, x).7 The value function for a non- 

employed worker, denoted by VN(a,x; A, a), is 
defined similarly with h = 0. Then, the labor- 
supply decision is characterized by 

V(a,x;A,g)= hma {VE(a,x;A,4), VN(a,x;A,a)}. 

Equilibrium consists of a set of value functions, 
{VE(a, x; A,pj), VN(a, x; Aq,), V(a, x; A, t)}, a set 
of decision rules for consumption, asset holdings, 
and labor supply, {c(a, x; A, A), a'(a, x; A, q4), 
h(a,x;A, A)}, aggregate inputs, {K(A,q4),L(A,qi)}, 
factor prices, {w(A, p), r(A, A)}, and a law of 
motion for the distribution A' = 1(A, A) such 
that: 

* Individuals optimize: given w(A,A) and r(A,At), 
the individual decision rules c (a, x; A, ,u), 
a'(a, x ;A, ), and h(a, x ;A,At) solve 
VE(a, x;A, A), VN(a, x;A, A), and V(a, x;A, 4). 

* The representative firm maximizes profits: 
for all (A,At), 

w(A,At) = Fi(L(A,At),K(A,At),A), 

r(A,At) = F2(L(A,At),K(A,At),A) - 8. 

* The goods market clears: for all (A,At), 

S{a'(a,x;A,it) 
+ c(a,x;A,t)} djt 

= F(L(A, A), K(A, ), A) + (1- 8)K. 

* Factor markets clear: for all (A,At), 

L(A,A) = xh(a,x;A, t) dt, 

K(A,A) = Jad. 

* Individual and aggregate behaviors are con- 
sistent: for all Ao C A and Xo C X, 

A'(Ao, Xo) 

SAXo {.A,x lla'=a'(ax; A,) diTx(x' x)dt da'dx' 

III. Quantitative Analysis 

A. Calibration 

We briefly explain the choice of the model 
parameters. The unit of time is a business quar- 
ter. We assume that individual productivity x 
follows an AR(1) process: In x' = px lnx + ex, 
where ex 

~ 
N(0,o2). We estimate px and ox by 

estimating the AR(1) process of wages from 
the Panel Study of Income Dynamics (PSID) 
for 1979-1992. We control for time effects by 
annual dummies and individual fixed effects by 
sex, age, schooling, age2, schooling2, and age 
x schooling. We then convert the annual esti- 
mates to quarterly values. The quarterly values 
we obtain are p, = 0.929 andox = 0.227.8 The 
other parameters are in accordance with the 
business cycle analysis and empirical labor- 
supply literature. A working individual spends 
one-third of discretionary time: h = 1/3. The 
intertemporal elasticity of hours at the individ- 
ual level, y, is 0.4. The labor-income share, a, is 
0.64, and the depreciation rate, 8, is 2.5 percent. 
We search for the weight parameter in the disu- 
tility from working, B, such that the steady-state 
employment rate is 60 percent, the average of 
the Current Population Survey (CPS) for 1964: 
I-2003:IV. The discount factor /3 is chosen so 
that the quarterly rate of return to capital is 1 
percent. The aggregate productivity shock, A,, 
follows an AR(1) process: In A' = p, In A + e, 
where eA ~ N(0,o2). We set p, = 0.95 and oA 
= 0.007 following Kydland and Prescott (1982). 
Table 1 summarizes the parameter values of the 
model economy. 

B. Cross-Sectional Distributions for Earnings, 
Wealth, and Reservation Wages 

Since we investigate the aggregation issue, it 
is desirable for the model economy to possess a 
reasonable amount of heterogeneity. We compare 
cross-sectional earnings and wealth-two impor- 
tant observable dimensions of heterogeneity in 

7Let A4 and X denote sets of all possible realizations of 
a and x, respectively. The measure 

t(a,x) 
is defined over a 

o-algebra of A x X. 

8We estimate the AR(1) process of the wage residual 
using Heckman's (1979) maximum-likelihood estimation 
procedure, correcting for a sample selection bias because 
productivities (wages) of workers who did not work are not 
reported. See Chang and Kim (2006) for details. 
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TABLE 1-PARAMETERS OF THE BENCHMARK MODEL ECONOMY 

Parameter description 

a = 0.64 Labor share in production function 

/3 = 0.98267 Discount factor 
y = 0.4 Individual labor-supply elasticity with divisible labor 
B = 166.3 Utility parameter 
h = 1/3 Labor supply if working 
S= -2.0 Borrowing constraint 
Px = 0.929 Persistence of idiosyncratic productivity shock 

x 
= 0.227 Standard deviation of innovation to idiosyncratic productivity 

PA = 0.95 Persistence of aggregate productivity shock 

o'= 0.007 Standard deviation of innovation to aggregate productivity 

the labor market-found in the model and in the 
data. 

Table 2 summarizes both the PSID and the 
model's detailed information on wealth and 
earnings. As we control for the observed fixed 
effects in estimating individual productivity, we 
will compare our model to the PSID statistics 
after conditioning on educational attainment and 
age. The category "PSID primary households" 
denotes households whose head is a high-school 
graduate and whose age is between 35 and 55 
as of 1983 (1984 survey). Family wealth in the 
PSID reflects the net worth of houses, other real 
estate, vehicles, farms and businesses owned, 
stocks, bonds, cash accounts, and other assets. 
For each quintile group of wealth distribution, 
we calculate the wealth share, the ratio of group 
average to economy-wide average, and the earn- 
ings share. 

In both the data and the model, the poorest 20 
percent of families in terms of wealth distribu- 
tion were found to own virtually nothing. The 
PSID found that households in the second, third, 
fourth, and fifth quintiles own 7.07, 13.01, 21.10, 
and 57.76 percent of total wealth, respectively, 
while, according to the model, they own 3.27, 
12.21, 26.05, and 60.93 percent, respectively.9 
The average wealth of those in the second, third, 
fourth, and fifth quintiles is, respectively, 0.36, 
0.64, 1.06, and 2.97 times larger than that of a 
typical household, according to the PSID. These 

ratios are 0.16, 0.61, 1.30, and 3.08 according 
to our model. Households in the second, third, 
fourth, and fifth quintiles of wealth distribu- 
tion earn, respectively, 14.67, 20.08, 25.07, and 
25.86 percent of total earnings, according to the 
PSID. The corresponding groups earn 17.87, 
20.50, 22.65, and 25.46 percent, respectively, in 
the model. We argue that the model economy 
presented in this paper possesses a reasonable 
degree of heterogeneity, thus making it possible 
to study the effects of aggregation in the labor 
market. 

In our model, labor-market participation is 
determined by market opportunity (wage) and 
wealth (asset holdings). We plot the steady-state 
reservation wage schedule in Figure 3. Panel A 
graphs the reservation wage for all asset levels 
and panel B for assets less than $200,000. At a 
given asset level, workers with a wage (produc- 
tivity) above the line choose to work. The reser- 
vation wage increases as the asset level increases. 
To illustrate, we adjust the units such that the 
mean asset of the model matches the average 
asset of the comparison group (household head is 
a high-school graduate and is between 35 and 55 
years of age) in the 1984 PSID survey, $102,744; 
thus, the values are in 1983 dollars.'0 Consider 
a worker whose assets are $61,563, the median 
of the wealth distribution from the model. 
According to the model, he is indifferent about 
working and not working at quarterly earnings of 
$6,927. Another worker whose assets are equiv- 
alent to the average asset holding of the econ- 
omy, $102,744 (which belongs to the sixty-third 9 One should note that the unconditional wealth distri- 

bution is much more skewed than that of "primary house- 
holds." For example, according to the unconditional wealth 
distribution (i.e., all households in the 1984 PSID), the first 
to fifth quintiles own, respectively, -0.52, 0.50, 5.06, 18.74, 
and 76.22 of total wealth. 

10 The mean asset in our model is 11.59 units. The res- 
ervation wages in the vertical axis of Figure 3 reflect quar- 
terly earnings (the reservation wage rate multiplied by h). 
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TABLE 2-CHARACTERISTICS OF WEALTH DISTRIBUTION 

Quintile 

1st 2nd 3rd 4th 5th Total 

PSID-primary households 
Share of wealth 1.03 7.07 13.01 21.10 57.76 100 
Group average/population average 0.05 0.36 0.64 1.06 2.97 1 
Share of earnings 14.29 14.67 20.08 25.07 25.86 100 
Participation rate 0.86 0.84 0.83 0.87 0.79 1 
Benchmark model 
Share of wealth -2.46 3.27 12.21 26.05 60.93 100 
Group average/population average -0.12 0.16 0.61 1.30 3.08 1 
Share of earnings 13.52 17.87 20.50 22.65 25.46 100 
Participation rate 0.86 0.63 0.56 0.50 0.43 1 

Notes: The PSID statistics reflect the family wealth and earnings in the 1984 survey. The statistics of "primary households" 
are those for household heads whose education was 12 years and whose age is between 35 and 55. The participation rate is 
based on individual employment status (household heads and spouse) for the same group. 
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FIGURE 3. RESERVATION WAGES FROM THE BENCHMARK MODEL 

Note: The graph denotes the reservation wages from the benchmark model. Wages (quarterly earnings) and assets are in 
1983 dollars. 



1946 THE AMERICAN ECONOMIC REVIEW DECEMBER 2007 

TABLE 3-VOLATILITIES OF AGGREGATE VARIABLES 

Variable US data Model 
oy 2.06 1.28 

oc/ry 0.45 0.39 

or/Cry 
2.41 3.06 

oTH/Oy 0.82 0.76 

L/Y - 0.50 

tY/H/trY 
0.50 0.50 

rH/ty/H 
1.64 1.72 

/MRS/rY 0.90 0.83 

Owedge/Y 
0.92 0.76 

Notes: All variables are logged and detrended by the H-P 
filter. The volatility of output is measured by its standard 
deviation and that of all other variables are measured by 
the standard deviations relative to output. The variable L 
denotes the effective unit of hours. The MRS and wedge are 
defined, respectively, by equations (1) and (2). 

percentile of the wealth distribution in our model 
and to the sixty-ninth percentile in the PSID), is 
indifferent about working at $7,890 per quarter. 
The model predicts a fairly strong wealth effect 
on participation. The labor-market participation 
rates are 0.86, 0.63, 0.56, 0.50, and 0.43, respec- 
tively, from the first to fifth quintiles. According 
to the PSID, however, the wealth effect seems 
much weaker. The labor-market participation 
rates are 0.86, 0.84, 0.83, 0.87, and 0.79, respec- 
tively, from the first to fifth asset quintiles. 

C. Cyclical Properties of the Model 

To study the business cycle properties of the 
model, we solve the equilibrium of the model 
using the "bounded rationality" method devel- 
oped by Krusell and Smith (1998): agents make 
use of a finite set of moments of 1t in forecasting 
aggregate prices. The detailed description of our 
computation procedure is given in the Appendix. 
As in Krusell and Smith (1998), we achieve a 
fairly precise forecast using the first moment of 
1t only (i.e., the mean asset). We also find that 
the results do not change significantly when we 
allow for the second moment of assets in fore- 
casting functions (see Table A in the Appendix 
for the comparison of these results). 

Table 3 shows the volatility of the key aggre- 
gate variables of our model economy. In the 
face of aggregate productivity shocks whose 
stochastic process resembles that of TFP in 
the United States, the model output exhibits a 
volatility of 1.28, slightly less than two-thirds of 

actual output volatility. This is not very different 
from the findings of the standard representative- 
agent models (e.g., Kydland and Prescott 1982). 
Other statistics are also similar to those found 
in the standard models: consumption is about 40 
percent as volatile as output, and investment is 
about three times as volatile as output. 

A distinguishing feature of our model lies in 
the labor-market fluctuations. The volatility of 
hours relative to output is 0.76 (0.82 in the data), 
and the volatility of labor productivity relative 
to output is the same as that in the data (0.50). 
The relative volatility of hours to productivity 
is 1.72, very close to that in the data (1.64). In 
our model, the aggregate labor supply is quite 
elastic, despite the fact that individual intertem- 
poral substitution elasticity for hours is assumed 
to be 0.4. As Chang and Kim (2006) show, in 
a model economy like this, the aggregate labor 
supply elasticity depends on the shape of the 
reservation wage distribution. In our model, 
based on the steady-state reservation wage dis- 
tribution, the elasticity of the participation rate 
with respect to the reservation wage is 1.5 at the 
steady-state employment rate of 60 percent. The 
composition effect also increases the volatility 
of aggregate hours relative to average produc- 
tivity. On average, less-productive workers par- 
ticipate in the labor market during expansions 
and exit during contractions. This makes the 
measured hours more volatile than the hours in 
effective units and the average wage less volatile 
than individual wages. When we measure hours 
worked in effective units, they are half as vola- 
tile as output (0.50). 

Table 4 shows the cyclicality of key aggre- 
gate variables. The correlations between output, 
consumption, investment, and labor produc- 
tivity are higher than those in the data, a fea- 
ture common in standard real business cycle 
(RBC) models. The correlation of hours with 
output is 0.84, close to that in the data (0.86). 
A surprising aspect of the model is that hours 
worked and labor productivity exhibit a fairly 
low correlation (0.23) in our model-it is 0.08 
in the data-despite the fact that the only driv- 
ing force in the simulation is the aggregate pro- 
ductivity shock. This is a striking result because 
the failure to generate a low correlation between 
hours and labor productivity is known to be one 
of the most salient shortcomings of the RBC 
models. In our model, the interaction between 
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TABLE 4-CYCLICALITY OF AGGREGATE VARIABLES 

Variable Data Model 

Corr(Y, C) 0.69 0.84 
Corr(Y, I) 0.90 0.98 
Corr(Y, H) 0.86 0.87 
Corr(Y, L) - 0.92 
Corr(Y, Y/H) 0.57 0.68 
Corr(H, Y/H) 0.08 0.23 
Corr(Y/H, MRS) 0.25 0.43 
Corr(Y, wedge) 0.55 0.56 
Corr(H, wedge) 0.85 0.87 

Note: See the note in Table 3 for description of the variables. 

incomplete capital markets and indivisible labor 
breaks the tight link between employment and 
wages at the aggregate level." Because of indi- 
visible labor, the optimality conditions for the 
choice of consumption and hours worked hold 
as inequality at the individual level. Owing to 
the partial insurance of idiosyncratic risks, 
individual optimality conditions do not aggre- 
gate nicely. Moreover, the labor-supply curve is 
time-varying in the face of aggregate productiv- 
ity shifts as the reservation wage distribution 
(wealth distribution) evolves over time.12 

D. Labor-Market Wedge from the Model 

From the perspective of an optimizing agent 
in a competitive market, a lack of systematic 
movement among consumption, employment, 
and productivity is manifested by measurement 
of a stochastic wedge between the MRS and 
productivity. When we apply a fictitious rep- 
resentative agent's optimality condition to the 
model-generated aggregate time series, we also 
find a time-varying wedge. 

Figure 4 shows total hours worked and the 
wedge from the model-generated aggregate time 
series under the assumption that the aggregate 
labor-supply elasticity is 1.5. Similar to the mea- 
sured wedge from the actual data, the wedge is 
as volatile as hours and is highly correlated with 

total hours. The standard deviation of the wedge 
relative to output ('wedge/O'y) is 0.76 (0.92 in 
the data). Given that the output volatility of the 
model is about two-thirds of that in the data, the 
wedge from the model is about half as volatile as 
the one in the data. The correlation between the 
wedge and total hours worked (Corr(H, wedge)) 
is 0.87 (0.85 in the data). Despite there being 
no inherent preference shifts or distortions, the 
wedge arises endogenously because of imper- 
fect aggregation and a time-varying reservation- 
wage distribution. In computing the wedge, we 
use the aggregate labor-supply elasticity of 1.5, 
the same value we used to compute the wedge 
in the actual data. A bigger (smaller) value of 
aggregate labor-supply elasticity produces a 
smaller (bigger) wedge. Nevertheless, in our 
model (as well as in the actual data), there is 
no choice of y that eliminates the wedge com- 
pletely. The wedge arises not only because pro- 
ductivity is not as volatile as the marginal rate 
of substitution but also because they are not cor- 
related with each other. For example, even with 
y = 10, the measured wedge from the model is 
still about half as volatile as output ((Twedge(Y = 

0.56) and highly correlated with hours worked 
(Corr(H, wedge)) - 0.53).3 

IV. Role of Incomplete Markets and 
Indivisible Labor 

The interaction between incomplete markets 
and indivisible labor results in a wedge between 
the MRS and productivity. To investigate the 
marginal contributions of each, we consider 
three additional model economies. For com- 
parison, we refer to the benchmark economy as 
HII, which stands for "heterogeneity-incomplete 
markets-indivisible labor." 

A. Alternative Model Specifications 

Heterogeneity + Complete Market + Indi- 
visible Labor.-The second model we consider 

l Jang-Ok Cho and Rogerson (1988) also obtain a nega- 
tive productivity-hours correlation from the heterogeneity 
of productivity in a two-member household model. 

12 Francois Gourio and Pierre-Alexander Noual (2006) 
report that the implied Frisch elasticity of aggregate labor 
supply, estimated from the National Longitudinal Survey 
of Youth (NLSY) data for 1979-1992, exhibits significant 
variations over time. 

13 According to Sungbae An, Chang, and Kim (2007), 
the GMM estimation of the static first-order condition 
using aggregate hours, consumption, and wages based on 
this model economy often yields a negative labor-supply 
elasticity-a nonconcave utility-similar to the finding in 
N. Gregory Mankiw, Julio J. Rotemberg, and Lawrence H. 
Summers (1985) based on the actual aggregate data. 
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FIGURE 4. TOTAL HOURS AND LABOR-MARKET WEDGE FROM THE BENCHMARK MODEL 

Note: The wedge is computed from equation (2) with the aggregate labor-supply elasticity (y) of 1.5. 

allows for complete capital markets but main- 
tains indivisible labor: heterogeneity-complete 
markets-indivisible labor (HCI). This is similar 
to Cho (1995), which incorporates ex post het- 
erogeneity into a standard real business cycle 
framework.14 Thanks to perfect risk sharing, 
agents enjoy the same level of consumption 
regardless of their employment status, produc- 
tivity, or asset holdings.5 

The equilibrium of this economy is identical 
to the allocation made by a social planner who 
maximizes the equally weighted utility of the 
population. The planner chooses the sequence 
of consumption {C/}7o and the cut-off produc- 
tivity {x}t-0 for labor-market participation. 
To ensure an efficient allocation, the planner 
assigns workers who have a comparative advan- 
tage in the market (more productive workers) to 
work. If a worker's productivity is above xT, he 
supplies h hours of labor. 

The planner's value function in the complete 
market, denoted by VC(K, A), and the decision 
rules for consumption, C(K,A), and cut-off 

14 The difference between Cho's model and ours is the 
cross-sectional distribution of productivity. Cho uses a uni- 
form distribution, whereas we use a log-normal distribu- 
tion, closer to the cross-sectional income distribution in the 
data. 

15 The distribution of workers is no longer a state variable 
in the individual optimization problem. Moreover, because 
of the ergodicity of the stochastic process for idiosyncratic 

productivity, the cross-sectional distribution of workers is 
always stationary. 
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productivity, x*(K,h A), satisfy the following 
Bellman equation: 

VC(K, A)= max In C - B1 l 

C,x 1 + 1/y 

X {4(x) dx 

+ IE[Vc(K', A') A1} 

subject to 

K' = F(K,L,A) + (1 - 8)K - C, 

where L = h f x4 (x)dx is the aggregate effec- 
tive unit of labor, and 4 (x) is the productivity 
distribution of workers. The planner chooses the 
cut-off productivity x* so that: 

(4) 

1 h f+iv 
-FL(K,L, A) hx*4 (x*) = B - 

(x*). C 1/y 

The left-hand side is the (society's) utility gain 
from assigning the marginal worker to produc- 
tion. There are 4 (x*) number of workers with 
productivity x* in the economy. Each of them 
supplies hx* units of effective labor, and the mar- 
ginal product of labor is FL. The right-hand side 
represents the disutility incurred by these work- 
ers. The key point here is that, under complete 
markets, the first-order condition for the choice 
between hours and consumption is exactly 
defined in terms of effective units of labor and 
wages at the aggregate level. Thus, the wedge 
reflects the "measurement error" in aggregate 
wages and hours. As we show in Section IVB, 
the wedge would be zero with an appropriate 
choice of aggregate labor-supply elasticity. 

Heterogeneity + Incomplete Market + Divis- 
ible Labor.-The third model economy we 
consider allows for a divisible labor supply, but 
capital markets are incomplete: "heterogene- 
ity-incomplete markets-divisible labor (HID). 
This is essentially the same specification as in 
Krusell and Smith (1998). The equilibrium of 
this economy can be defined similarly to that of 

the benchmark model with the worker's value 
function with divisible labor, VD(a,x; A, n): 

VD(a,x; At) 

= max In c - B- 
a' EA,hE(0, 1) n 1 + 1/y 

+ fE[VD(a',x'; A',p')x, A]j} 

subject to 

c = w(A, )xh + (1 + r(A, l))a - a', 

a' a,, 

'= (A,14). 

Representative-Agent Model.--The lastmodel 
we consider is the "representative-agent" (RA) 
model. The value function of the representative 
agent, VR(K, A), is: 

VR(K; A) = max In C B 
C, H1 + 1/y 

+ 
!E[VR(a',x'; 

A', ,L') x, } 

subject to 

K'= F(K,H,A) + (1 - 8)K- C. 

B. Comparison of Four Model Economies 

Except for /3 and B, the same parameter val- 
ues are used across all models. In the RA model, 
p/3 is 0.99 and B is chosen so that the steady-state 
hours worked are the same as the aggregate 
hours in the benchmark economy, which is 0.2 
(= h x 60 percent). For HCI, /3 is 0.99 and B is 
chosen to be consistent with 60 percent employ- 
ment along with h = 1/3.16 For HID, /3 and B 
are jointly searched to be consistent with aver- 
age hours of 0.2 and an interest rate of 1 percent 
in a steady state. The equilibrium of the HCI 
economy is solved by Albert Marcet and Guido 
Lorenzoni's (1999) parameterized expectation 

16 Specifically, we find the steady-state cutoff produc- 
tivity, x*, from the sixtieth percentile of the cross-sectional 

productivity distribution, f(x) : f (x)4P(x) dx = 0.6. Then, 
we find B that satisfies the labor-supply equation, (4). 
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algorithm, while the equilibrium of HID is 
solved by Krusell and Smith's (1998) "bounded 
rationality" method, and the equilibrium of RA 
is solved by a value function iteration. 

One must assume an aggregate labor-supply 
elasticity to compute the MRS. For the divis- 
ible-labor economies (RA and HID), the natural 
choice is 0.4, which is the same as the individual 
elasticity. However, when the labor supply is 
indivisible (HII and HCI), the aggregate labor- 
supply elasticity can depart from the individual 
elasticity. We compute the wedge for indivisible- 
labor economies assuming that the aggregate 
elasticity is 1.5 for the following reasons. First, 
according to the steady-state reservation wage 
distribution, the elasticity of the participation 
rate with respect to the reservation wage is 1.5 
at the steady-state employment rate of 60 per- 
cent."7 Second, this value is close to the empiri- 
cal estimates of aggregate Frisch elasticity (e.g., 
Francois Gourio and Pierre-Alexander Noual 
2006). Third, it provides a direct comparison 
with the wedge computed from the actual data 
in Section I. 

For the complete market model (HCI), as 
discussed later in this section, an appropriate 
choice of y can eliminate the wedge completely. 
Thus, y = 1.5 is only for convenience. 

Figure 5 shows the sample paths (percentage 
deviations from the steady states) of the wedges 
from four model economies. These sample paths 
are comparable to each other because all model 
economies are subject to an identical sequence 
of aggregate productivity shocks. As expected, 
there is no wedge in the RA model. The wedges 
of the HID and HCI are not large enough to 
account for the wedge in the data. The volatili- 
ties of the wedge relative to output are 0.09 for 
both HID and HCI, which are, respectively, only 
one-tenth of that found in the data (0.92). 

As the HID model shows, capital-market 
incompleteness alone does not generate a wedge 
comparable to what we observe in the data. 
With divisible labor, in response to aggregate 

productivity shocks, hours are highly correlated 
across households, allowing for a fairly precise 
aggregation. On the other hand, with indivisible 
labor, the intratemporal optimality condition for 
the choice between commodity consumption 
and leisure does not hold with equality for most 
households. Individual choices are at the corner, 
and the aggregation of inequalities does not lead 
us to meaningful aggregate relationships among 
hours, consumption, and productivity. 

The HCI model shows that indivisible labor 
alone cannot account for the wedge we observe 
in the data either. Under complete capital mar- 
kets the consumption-hours choice holds exactly 
in effective units at the aggregate level-recall 
equation (4). Thus, in the complete market model, 
the wedge reflects the "specification error" in the 
aggregate labor-supply elasticity (or "composi- 
tional bias" in hours and wages). In other words, 
with an appropriate choice of aggregate elasticity, 
one can eliminate the wedge completely. In fact, 
if we assume an aggregate labor-supply elasticity 
of 2.09 in HCI, there is virtually no wedge.'88 

It is well known that low-wage and less- 
skilled workers enter the labor market during 
expansions and exit during recessions, making 
aggregate hours more volatile than the effec- 
tive unit of hours (Hansen 1993), and making 
the aggregate wages less volatile than indi- 
vidual wages (Mark Bils 1985; Gary Solon, 
Robert Barsky, and Jonathan A. Parker 1994).19 
However, the compositional bias has an impact 
mostly on the volatilities, not on the correlations. 
In both the model and the data, the wedge arises 
because of low correlation between employment 
and productivity. From the data (as well as our 
benchmark model), we find the wedges regard- 
less of the value for the aggregate labor-supply 
elasticity. Moreover, the aggregate labor-supply 
curve is no longer an invariant parameter in 

'7 In an environment similar to the one in this paper, 
Chang and Kim (2006) obtained an aggregate labor-sup- 
ply elasticity of around one. Since we control for observed 
fixed effects here, we obtain smaller values for persistence 
and variance of idiosyncratic productivity. This makes the 
reservation-wage distribution less dispersed and results in a 
slightly higher aggregate labor-supply elasticity. 

18The aggregate elasticity in the complete market 
economy, such as HCI, depends on the ratio of the mar- 
ginal density relative to the cumulative distribution of x at 
the participation cutoff point x*. For example, in Gary D. 
Hansen (1985) where agents are identical, the cross-sec- 
tional distribution of x is degenerate and the aggregate elas- 
ticity becomes an infinity. 

19 Bils (1985) and Solon, Barsky, and Parker (1994), 
based on the individual panel data, find that aggregate wages 
are less cyclical than individual wages. Hansen (1993) com- 
putes the effective unit of hours based on the worker char- 
acteristics provided by the CPS. He finds that while the 
effective unit of hours adjusted for quality exhibits a greater 
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FIGURE 5. LABOR-MARKET WEDGES FROM THE MODELS 

Note: The wedge is computed from equation (2). We use the aggregate labor-supply elasticity (y) of 0.4 and 1.5, respectively, 
for divisible- and indivisible-labor models. 

our benchmark model, since the shape of the 
reservation-wage distribution varies over time. 

V. Conclusion 

The cyclical behavior of aggregate consump- 
tion, hours worked, and productivity is hard to 
reconcile with the equilibrium outcome of the 
representative agent with standard preferences. 
The fact that hours worked are not strongly 

correlated with labor productivity has been con- 
sidered one of the most salient shortcomings of 
the equilibrium business cycle theory. We demon- 
strate that a heterogeneous-agent economy with 
incomplete capital markets and indivisible labor 
can generate a low employment-productivity 
correlation. When we apply the optimality con- 
dition implied by the representative agent to 
the model-generated aggregate time series, we 
find a time-varying wedge between the mar- 
ginal rate of substitution and labor productivity, 
despite the fact that our model has neither dis- 
tortion nor exogenous labor-supply shocks. Our 
results caution against viewing the measured 
wedge as a failure of labor-market clearing or as 
a fundamental driving force behind aggregate 
fluctuations. 

volatility, such an adjustment does not significantly change 
the cyclical property of hours. In practice, estimating qual- 
ity-adjusted hours is not easy since observed characteristics 
account for only a fraction of a worker's productivity. For 
example, the R2 of the cross-sectional wage regression is 
usually well below 0.4. 
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APPENDIX A: COMPUTATIONAL PROCEDURES FOR STEADY-STATE EQUILIBRIUM 

The distribution of workers, p(x, a), is invariant in the steady state, as are factor prices. In find- 
ing the invariant, 1, we use the algorithm suggested by Jos6-Victor Rios-Rull (1999). We search for 
the discount factor p that clears the capital market, given the quarterly rate of return of 1 percent. 
Computing the steady-state equilibrium amounts to finding the value functions, the associated deci- 
sion rules, and the time-invariant measure of workers. Details are as follows: 

1. First, we choose the grid points for asset holdings (a) and idiosyncratic productivity (x). The 
number of grids is denoted by Na, and Nx. We use Na = 1,163 and Nx = 17. The asset holding ai is in 
the range of [-2,250], where the average asset holding is 11.6. The grid points of assets are not equally 
spaced. We assign more points on the lower asset range to better approximate the savings decisions of 
workers with lower assets. For example, at the asset range close to the borrowing constraint, the grid 
points are as fine as 0.02, which is approximately 2.5 percent of the average labor income. At the high 
end, the asset grid increases by 0.4, which corresponds to 42 percent of the average labor income. 
For idiosyncratic productivity, we construct a grid vector of length Nx of which elements, In xj's, 
are equally spaced on the interval [-3Ox/ 

Then, we approximate the transition matrix of the idiosyncratic productivity using George 
Tauchen's (1986) algorithm. 

2. Given /, we solve the individual value functions VE, VN, and V at each grid point of the indi- 
vidual states. In this step, we also obtain the optimal decision rules for asset holding a'(at, xj) and 
labor supply h (at, xj). This step involves the following procedure: 

(a) Initialize value functions VE(ai, xj) and VdV(ai, xj) for all i = 1, ..., Na andj = 1, ..., Nx. 

(b) Update value functions by evaluating the discretized versions 

vE(ai, j) = max {u(whx + (1 + r)ai - a', -h), 

Nx + /3 Vo(a', J')rx(,(j'Ix ))}, j'= 1 

where 7rx(xjxj) is the transition probabilities of x, which is approximated using Tauchen's algorithm. 
V1V is computed in a similar way. Then, update Vl(ai, x1) as follows: 

Vl(ai, xj)= max {Vi(ai, x), VN (ai,xj)}. 

(c) If V, and Vo are close enough for all grid points, then we have found the value functions. 
Otherwise, set V0E = V/E (likewise for VN), and go back to step 2(b). 

3. Using a'(ai, xj), ir(xj'lxj) obtained from step 2, we obtain time-invariant measures u*(ai, xj) as 
follows: 

(a) Initialize the measure Lo(ai, xj). 

(b) Update the measure by evaluating the discretized version of (5): 

No N 

P(ai,, x,) 
= 

la,=a'(a, x) IlO(ai, x)irx(xjIxJ). i=1 j=l 

(c) If 4l and 1uo are close enough for all grid points, then we have found the time-invariant measure. 
Otherwise, replace Po with Il and go back to step 3(b). 
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(4) We calculate the real interest rate as a function of /3, i.e., r(3) = a(K(1)/(L(1))1- - a8, where 
K(3) = 1 aiW* (ai, xj) and 

L(1)iNa1 
N1l{xjh, (a,x )}, (ai, xj). Other aggregate variables 

of interest are calculated using /* 
and decision rules. If r(/3) is close enough to the assumed value 

of the real interest rate, we have found the steady state. Otherwise, we choose a new 13 and go back 
to step 2. 

APPENDIX B: COMPUTATIONAL PROCEDURES FOR EQUILIBRIUM WITH AGGREGATE FLUCTUATIONS 

Approximating the equilibrium in the presence of aggregate fluctuations requires us to include 
the measure of workers and the aggregate productivity shock in the list of state variables and to 
keep track of the evolution of the measure 

/ 
over time. Since 4 is an infinite dimensional object, 

it is almost impossible to implement these tasks as they are. We follow the procedure suggested by 
Krusell and Smith (1998): agents are assumed to make use of its first moment of assets (i.e., the mean 
asset K = ET[a]) only in predicting the law of motion for /. We are implicitly assuming that the aver- 
age productivity of workers Ep[x] is constant due to the law of large numbers. Therefore, computing 
the equilibrium with aggregate fluctuations amounts to finding the value functions, decision rules, 
and law of motion for the aggregate capital within the class of log-linear functions in K and A. 

1. In addition to the grids for individual state variables specified above, we choose 11 equally 
spaced grid points for the aggregate capital, K, in the range of [0.9K*, 1.1K*], where K* denotes the 
steady-state aggregate capital. In our numerous simulations, the capital stock has never reached the 
upper or lower bound. For aggregate productivity, we choose nine grid points of log A that are equally 

spaced on the interval of [-3A/p2]. The transition probability matrix of the 
aggregate productivity is approximated by Tauchen's algorithm as for the idiosyncratic productivity 
shocks. 

2. Let the parametric law of motion for the aggregate capital take a log linear function in K and A: 

(B1) In Kt+1 = K = K ln K, + KglnAt. 

In order for individuals to make their decisions on savings and labor supply, they have to know (or 
forecast) the interest rate and wage rate for an effective unit of labor. While the factor prices depend 
on aggregate capital and labor, aggregate labor input is not known to individuals at the moment when 
they make decisions. Thus, individuals need to predict the factor prices. These forecasts of factor 
prices, in turn, must be consistent with the outcome of individual actions and the factor market-clear- 
ing conditions. We also assume that individuals forecast the market wage and the interest rate using 
a log-linear function of K and A: 

(B2) In 
wt 

= bo = b In K, + bolnAt. 

(B3) In (r, + 8) = d + dl In K, + dlnAt. 

3. We chose the initial values for the coefficients Ko's, bo's, and do's. Good initial values may come 
from a representative-agent model. 

4. Given the law of motion for the aggregate capital and the forecast functions for factor prices, 
we solve the individual optimization problem. This step is analogous to step 2 in the steady-state 
computation: 

(a) We have to solve for the value functions and the decision rules over a bigger state space. Now 
the state variables are (a,x,K, A). 
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(b) Computation of the conditional expectation involves the evaluation of the value functions not 
on the grid points along the K dimension, since K' forecasted by (B1) need not be a grid point. 
We polynomially interpolate the value functions along the K dimension when necessary. 

5. Using a'(a,,xj,KI, Am), h(ai,xj, K,,Am), Tx(xjlx1), and TqA(AmIAm), we simulate the saving and 
labor supply decisions of 200,000 individuals for 3,500 periods. We then generate a set of aggregate 
time series data {K,, w,, r,} by aggregating these individuals' decisions each period. We discard the 
first 500 observations in order to reduce the effect of initial condition. 

6. We obtain new values for coefficients K1's, bl's, and dl's by the OLS from the simulated data. 
If K1'S, bl's, and d"'s are close enough to KO's, bo's, and do's, respectively, we have found the law of 
motion. Otherwise, we update coefficients by setting KO = KI's, bO = b1's, and do = d1's, and go back 
to step 4. 

The estimated law of motion for capital and forecast functions and their accuracy, measured by R2 
for the prediction equations, are as follows. 

SLaw of motion for aggregate capital in equation (Bl): 

(B4) In K,+1 = 0.1133 + 0.9537 In K, + 0.0997 lnA,, R2 = 0.999937. 

SWage rate in equation (B2): 

(B5) In w, = -.02370 + 0.4494 In K, + 0.7997 InhA,, R2 = 0.997669. 

SInterest rate in equation (B3): 

(B6) In (rt 
+ 8) = -1.3936 - 0.79891 n K, + 1.3559 lnA,, R2 = 0.988726. 

The law of motion for aggregate capital provides the highest accuracy. The wage function is more 
accurate than the interest rate function. Overall, forecast functions are fairly precise as R 2's are close 
to one. As the agents make decisions based on the forecast prices, the actual employment may not 
be necessarily consistent with the predicted prices. We also used the method suggested in Rios-Rull 
(1999) in which labor-market clearing is imposed as an extra step. The result with a two-step process 
was very similar to the one reported here, since the forecast prices approximate the actual prices very 
closely. 

APPENDIX C: LABOR-MARKET WEDGE AND FORECAST ERRORS 

The capital-market incompleteness (partial insurance of idiosyncratic risks) forces us to compute 
the equilibrium of the benchmark model by the approximation method of Krusell and Smith (1998), 
which assumes that agents use the limited number of moments of the asset distribution (4) in fore- 
casting aggregate prices. In particular, we assume that the agents forecast K', w, and r by the log-lin- 
ear function of the mean asset (K = E,[a]) and aggregate productivity (A) in equations (B1)-(B3). As 
in Krusell and Smith (1998), these forecasts are highly precise, since R2's are close to one. According 
to Table A below, the standard deviations of the forecast errors are (0.02456, 0.13621, and 0.24217 
percent, respectively, for K', w, and r), much smaller than that of the labor-market wedge (1.23)-i.e., 
by a order of magnitude. Given that the wedge is a gap between the MRS and labor productivity 
(which is in the same unit as the wage rate), the measured wedge cannot be completely accounted 
for by forecast errors. While the wedge is nonlinear in nature (aggregation and indivisibility), we ask 
whether the measurement of the wedge changes if we allow for higher-order moments of the distri- 
bution in the forecasting functions. We compute the equilibria of the benchmark economy assum- 
ing that the agents make use of the second moment (E,[a2]) as well as the first moment of the asset 
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distribution in forecasting functions. Table A 
shows that adding the second moment of asset 
distribution to the forecast functions improves 
the measure of fit (in terms of the R2 and the 
standard deviation of the forecast error) in all 
forecasting functions, but only marginally. As 
a result, the labor-market wedge remains vir- 
tually the same as the linear approximation 
case. For example, the standard deviation of 
the wedge decreases by only 0.03 percent (from 
1.23452 to 1.234074) with the addition of the 
second moment in all forecasting functions. 

TABLE A-ACCURACY OF FORECASTS 

Moments of g(a) used E,[a] E,[a] and E,[a2] 

R2 offorecasts 
K' 0.9999372 0.9999397 
w 0.9976695 0.9976698 
r 0.9887260 0.9887277 

S.D. offorecast error (%) 
K' 0.024564 0.024118 
w 0.136219 0.136210 
r 0.242171 0.242153 

Owedge 
1.234520 1.234074 
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