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Devwudfw

Wklv sdshu frqwulexwhv wr wkh dqdo|vlv ri wdflw frooxvlrq lq txdq0
wlw| vhwwlqj vxshujdphv lqyroylqj frvw0dv|pphwulf �upv1 Dv|pphwu|
lv ghdow zlwk e| dvvxplqj wkdw �upv kdyh d gl�huhqw vkduh ri d vsh0
fl�f dvvhw zklfk d�hfwv pdujlqdo frvwv1 Wkh prgho h{whqgv rswlpdo
sxqlvkphqw vfkhphv lq wkh vw|oh ri Deuhx +4<;9/ 4<;;, dqg surylghv
frqglwlrqv iru lqgxvwu|0zlgh frooxvlrq wr eh hqirufhg1 Iurp wkh dqdo0
|vlv ri wkh lpsdfw ri dvvhw wudqvihuv rq wkh vxvwdlqdelolw| ri wdflw fro0
oxvlrq/ phujhu srolf| lpsolfdwlrqv fdq eh gudzq1 Lq sduwlfxodu/ lw lv
vkrzq wkdw li wkh phujhu lqgxfhv dq lqfuhdvh lq wkh lqhtxdolw| ri dvvhw
kroglqjv/ wklv zloo klqghu frooxvlrq1

Nh|zrugv= Phujhuv> Mrlqw grplqdqfh> Frooxvlrq> Rswlpdo shqdo frghv

MHO fodvvl�fdwlrq= G76> O74

�L dp judwhixo wr Pdvvlpr Prwwd dqg Slhusdror Edwwljdool iru vxshuylvlrq dqg jxlg0
dqfh1 Pruhryhu/ L zrxog olnh wr wkdqn Shgur Slwd Eduurv/ Oxlv Fdeudo/ Urehuw Urwkvfklog/
Fkldud Ixpdjdool/ Sdwulfn Uh|/ Oduu| Vdpxhovrq/ Mrkq Vxwwrq dqg vhplqdu sduwlflsdqwv
dw wkh Hxurshdq Xqlyhuvlw| Lqvwlwxwh/ Xqlyhuvlwdw Srpshx Ideud/ Wkh Xqlyhuvlw| ri Zdu0
zlfn/ LVHJ +Olverq,/ LXL +Vwrfnkrop,/ 5:wk Frqihuhqfh ri wkh HDULH +Odxvdqqh,/ 49wk
Frqjuhvv ri wkh HHD +Odxvdqqh, dqg dw wkh DVVHW 5334 Hxurfrqihuhqfh iru wkhlu ydox0
deoh frpphqwv rq hduo| yhuvlrqv ri wkh sdshu1 Vshfldo wkdqnv duh gxh wr Nduo Vfkodj iru
pdq| khosixo glvfxvvlrqv dqg lqvljkwixo vxjjhvwlrqv1 Ri frxuvh/ dq| huuruv uhpdlq p| rzq1
Wklv duwlfoh lv edvhg rq fkdswhu 5 ri p| glvvhuwdwlrq1 Ilqdqfldo vxssruw iurp Ixqgdêær
sdud d Flíqfld h Whfqrorjld dqg Gluhfêær Jhudo grv Dvvxqwrv Frpxqlwäulrv lv judwhixoo|
dfnqrzohgjhg1
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4 Lqwurgxfwlrq

Lw kdv orqj ehhq uhfrjql}hg wkdw �111wkh pruh frvw ixqfwlrqv gl�hu iurp �up wr
�up/ wkh pruh wurxeoh wkh �upv zloo kdyh pdlqwdlqlqj d frpprq sulfh srolf|/
dqg wkh ohvv olnho| mrlqw pd{lpl}dwlrq ri sur�wv zloo eh�+Vfkhuhu +4<;3,/ s1
538,1 Xqiruwxqdwho|/ krzhyhu/ prvw ri wkh vwxglhv zklfk kdyh glvfxvvhg wkh
idfwruv wkdw idflolwdwh ru klqghu wdflw frooxvlrq kdyh rqo| h{dplqhg wkh qrw
yhu| uhdolvwlf fdvh lq zklfk �upv duh shuihfwo| v|pphwulf lq whupv ri wkhlu
frvwv1 Wkh suhvhqw sdshu lqyhvwljdwhv krz dv|pphwu| lq frvw ixqfwlrqv dfurvv
�upv d�hfwv wkh vfrsh iru frooxvlrq dqg surylghv frqglwlrqv xqghu zklfk d
frooxvlyh rxwfrph lqyroylqj doo �upv lq wkh pdunhw fdq eh vxssruwhg1

Zh hpsor| d prgho lq zklfk frvw dv|pphwulf �upv uhshdwhgo| vhw txdq0
wlwlhv dqg xvh rswlpdo shqdo frghv wr hqirufh frooxvlrq1 Dv|pphwu| zloo eh
ghdow zlwk e| dvvxplqj wkdw �upv kdyh d gl�huhqw vkduh ri d vshfl�f dvvhw
+vd|/ fdslwdo, zklfk d�hfwv pdujlqdo frvwv1 Wkhuhiruh/ d �up lv frqvlghuhg
�odujh� li lw rzqv d odujh iudfwlrq ri wkh fdslwdo vwrfn/ dqg �vpdoo� li lw rzqv
rqo| d uhvwulfwhg sursruwlrq ri wkh fdslwdo dydlodeoh lq wkh lqgxvwu|1

Zh vwduw e| fkdudfwhul}lqj �upv* lqfhqwlyhv wr ghyldwh iurp wkh frooxvlyh
skdvh dv zhoo dv wkhlu lqfhqwlyhv wr ghyldwh iurp wkh sxqlvkphqw vfkhph1
Zh vkrz wkdw wkhvh lqfhqwlyhv wxuq rxw wr fuxfldoo| ghshqg rq wkh dvvhw
kroglqjv ri wkh �upv lq wkh lqgxvwu|1 Vshfl�fdoo|/ mrlqw sur�w pd{lpl}dwlrq
lpsolhv wkdw rxwsxw lv vkliwhg dzd| iurp vpdoo +lqh!flhqw, �upv wrzdugv
odujh +h!flhqw, �upv1 Wklv lpsolhv wkdw wkh vpdoohvw �up lq wkh lqgxvwu| lv
wkh rqh wkdw kdv wkh kljkhvw srwhqwldo wr vwhdo wkh exvlqhvv ri lwv ulydov dqg/
khqfh/ kdv wkh kljkhvw lqfhqwlyhv wr glvuxsw wkh frooxvlyh djuhhphqw1 Wklv
sdshu wkxv surylghv d wkhruhwlfdo udwlrqdo wr wkh �qglqj ri Pdvrq/ Skloolsv
dqg Qrzhoo +4<<5, wkdw/ lq h{shulphqwdo gxrsro| jdphv/ �orz0frvw djhqwv duh
xqdeoh wr lqgxfh kljk frvw djhqwv wr frooxgh� +ss1 9980999,1 Lq dgglwlrq/ lw
lv dovr vkrzq wkdw wkh lqfhqwlyhv wr ghyldwh duh h{dfwo| uhyhuvhg zkhq wkh
htxloleulxp fdoov iru sxqlvkphqwv1 Iroorzlqj Deuhx +4<;9/ 4<;;,/ zh dvvxph
wkdw li d ghyldwlrq rffxuv/ doo �upv h{sdqg rxwsxw iru rqh shulrg vr dv wr gulyh
sulfh ehorz frvw dqg uhwxuq wr wkh prvw frooxvlyh vxvwdlqdeoh rxwsxw lq wkh
iroorzlqj shulrgv/ surylghg wkdw hyhu| sod|hu zhqw dorqj zlwk wkh �uvw skdvh
ri wkh sxqlvkphqw1 Vlqfh wkh odujhvw �up lv wkh rqh wkdw sursruwlrqdoo| orvhv
prvw lq wkh �uvw shulrg ri wkh sxqlvkphqw/ lw zloo kdyh wkh kljkhvw lqfhqwlyhv
wr ghyldwh iurp wkh sxqlvkphqw vwudwhj|1

Zh wkhq lghqwli| d plqlpdo wkuhvkrog iru wkh glvfrxqw idfwru lq rughu iru
frooxvlrq wr eh vxvwdlqhg dqg vwxg| wkh lpsdfw ri fkdqjhv lq �upv* dvvhw
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kroglqjv rq wklv plqlpdo wkuhvkrog1 Lq vslwh ri wkh vlpsoli|lqj dvvxpswlrqv
+qdpho|/ wkh sduwlfxodu ghpdqg dqg frvw ixqfwlrqv xvhg,/ wkh uhvxowv r�hu
vrph lqwhuhvwlqj phujhu srolf| lpsolfdwlrqv1 Vshfl�fdoo|/ wkh| doorz xv wr
glvfxvv wkh lvvxh ri mrlqw ru roljrsrolvwlf grplqdqfh zklfk kdv ehhq jdlqlqj
lqfuhdvlqj lpsruwdqfh lq Hxurshdq phujhu frqwuro14 Wkh dqdo|vlv vxjjhvwv
wkdw wkh hydoxdwlrq ri zkhwkhu wkh vwuxfwxudo fkdqjh lpsolhg e| d phujhu
fuhdwhv pruh idyrudeoh frqglwlrqv iru wdflw frooxvlrq wr dulvh ehwzhhq wkh
uhpdlqlqj �upv/ ghshqgv rq zklfk �upv wkh phujhu lqyroyhv1 Lq sduwlfxodu/
lw lv vkrzq wkdw wzr gl�huhqw h�hfwv fdq eh lqgxfhg e| d phujhu= E�� li �upv
zhuh douhdg| frooxglqj ehiruh wkh phujhu wdnhv sodfh/ wkhq wkh phujhu zloo
rqo| kdyh h�hfwv rq wkh vfrsh iru frooxvlrq li lw d�hfwv wkh vl}h ri wkh odujhvw
�up lq wkh lqgxvwu|1 D phujhu lqfuhdvlqj wkh vl}h ri wkh odujhvw �up jlyhv ulvh
wr d pruh dv|pphwulf glvwulexwlrq ri dvvhwv dqg wklv r�vhwv wkh lqfuhdvhg ulvn
ri dqwlfrpshwlwlyh ehkdylru gxh wr kljkhu frqfhqwudwlrq> E��� Li/ lqvwhdg/ �upv
zhuh qrw frooxglqj ehiruh wkh phujhu/ wkhq d phujhu pljkw pdnh frooxvlrq
hqirufhdeoh diwhuzdugv1 Wklv zloo rffxu zkhq wkh phujhu lqyroyhv yhu| vpdoo
+dqg/ khqfh/ lqh!flhqw, �upv/ zklfk/ dv douhdg| phqwlrqhg/ wxuq rxw wr kdyh
yhu| kljk lqfhqwlyhv wr glvuxsw wkh frooxvlyh djuhhphqw1

Wr wkh ehvw ri rxu nqrzohgjh/ wkh rqo| sdshu wkdw glvfxvvhv wkh lpsdfw
ri frvw khwhurjhqhlw| rq wkh vwdelolw| ri wdflw frooxvlrq lv Urwkvfklog +4<<<,1
Lq d uhshdwhg jdph vhwwlqj/ Urwkvfklog vkrzv wkdw wkh vwdelolw| ri wdflw fro0
oxvlrq ghshqgv fuxfldoo|/ dqg lq txlwh d frpsoh{ zd|/ rq wkh uhodwlyh h!flhq0
flhv ri wkh ghyldqw dqg qrqghyldqw �upv1 Wkhuh h{lvw/ krzhyhu/ wzr pdmru
gl�huhqfhv ehwzhhq Urwkvfklog*v iudphzrun dqg wkh vhwwlqj xvhg lq wklv sd0
shu1 Iluvw/ zkloh Urwkvfklog dvvxphv wkdw �upv dgrsw vwdqgdug cjulp* wuljjhu
vwudwhjlhv/ lq wklv prgho �upv* vwudwhjlhv lqfrusrudwh rswlpdo sxqlvkphqwv
zlwk d vwlfn dqg fduurw vwuxfwxuh lq wkh vw|oh ri Deuhx +4<;9/ 4<;;, wr vxv0
wdlq d pxwxdoo| ghvludeoh frooxvlyh rxwfrph15 Vshfl�fdoo|/ Deuhx*v zrun lv
h{whqghg wr frqvlghu d fodvv ri �sursruwlrqdo shqdo frghv�16 Vhfrqg/ lq wklv

4Wkh lvvxh ri mrlqw grplqdqfh zdv �uvw xvhg e| wkh Hxurshdq Frpplvvlrq lq wkh
Qhvwoë2Shuulhu fdvh1 Krzhyhu/ rqo| lq pruh uhfhqw fdvhv/ vxfk dv wkh Ndol xqg Vdo} fdvh
dqg wkh Dluwrxuv2Iluvw Fkrlfh fdvh/ lw kdv ehfrph fohdu wkdw wklv frqfhsw fdq eh xvhg
wr eorfn phujhuv zlwklq wkh Hxurshdq phujhu frqwuro1 Iru d ghwdlohg dqdo|vlv rq wklv vhh
Prwwd +5333,1

5Dv Ylyhv +5333, revhuyhv/ �lq jhqhudo/ wkh wkuhdw ri Qdvk uhyhuvlrq grhv qrw surylgh
wkh prvw vhyhuh fuhgleoh sxqlvkphqw wr ghyldqwv wr d frooxvlyh djuhhphqw1 Wklv idfw lv
lpsruwdqw ehfdxvh wkh pruh vhyhuh wkh sxqlvkphqw lv/ wkh pruh cfrrshudwlyh* rxwfrphv
fdq eh vxvwdlqhg1� +s1 644,1

6Lq wklv sduwlfxodu fodvv ri shqdo frghv/ �upv rxwsxwv dorqj wkh sxqlvkphqw sdwk duh
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sdshu frvwv duh qrw h{rjhqrxv exw ghshqg rq dvvhwv/ wkdw lv/ rq hdfk �up*v
vkduh lq wkh lqgxvwu| fdslwdo1 Wklv idfw doorzv iru wkh glvfxvvlrq ri wkh lpsdfw
ri wudqvihu ri dvvhw kroglqjv dprqjvw �upv rq wkhlu lqfhqwlyhv wr frooxgh1

Lq wzr uhfhqw sdshuv/ zklfk duh suredeo| wkh forvhvw wr rxu sdshu/ Frpswh/
Mhqq| dqg Uh| +4<<:, dqg/ pruh uhfhqwo|/ Nÿkq dqg Prwwd +4<<<,/ zrun0
lqj uhvshfwlyho| zlwk d Ehuwudqg vxshujdph zlwk dv|pphwulf fdsdflw| frq0
vwudlqwv dqg zlwk d gl�huhqwldwhg jrrgv iudphzrun zkhuh �upv surgxfh gli0
ihuhqw qxpehuv ri surgxfwv/ glvfxvv wkh mrlqw grplqdqfh lvvxh edvhg rq dvvhw
wudqvihuv1 Erwk vwxglhv uhdfk 0 ghvslwh gl�huhqw phfkdqlvpv dw zrun 0 wkh
vdph frqfoxvlrq wkdw d pruh v|pphwulf lqgxvwuldo vwuxfwxuh hqkdqfhv froox0
vlrq1 Krzhyhu/ zkloh lq Frpswh/ Mhqq| dqg Uh| +4<<:, �upv duh hqgrzhg
zlwk gl�huhqw fdsdflwlhv dqg lw wxuqv rxw wkdw wkh odujhvw �up +wkh rqh zlwk
wkh kljkhvw fdsdflw|, lv wkh rqh wkdw kdv wkh kljkhvw lqfhqwlyhv wr glvuxsw
wkh frooxvlyh djuhhphqw/ lq Nÿkq dqg Prwwd +4<<<, �upv* dvvhwv duh surgxfw
ydulhwlhv/ dqg wkh �up zklfk whqgv wr kdyh wkh odujhvw lqfhqwlyhv wr ghyldwh lv
wkh rqh zlwk wkh prvw olplwhg udqjh ri surgxfwv +wkh vpdoohvw rqh lq wkh lq0
gxvwu|,1 Iru wkdw uhdvrq/ Nÿkq dqg Prwwd +4<<<, frqfoxgh wkdw �wkh vshfl�f
lqfhqwlyh vwuxfwxuh iru frooxvlrq iru vpdoo dqg odujh �upv pd| ydu| juhdwo|
ghshqglqj rq wkh w|sh ri dvvhw rqh lv frqfhuqhg derxw� +s1 5,1 Lq wkh suhvhqw
sdshu/ dv douhdg| phqwlrqhg/ �upv rzq vrph vkduh ri dq lqgxvwu| wdqjleoh
dvvhw +fdslwdo, zklfk d�hfwv pdujlqdo frvwv1 Lq olqh zlwk wkh wzr suhylrxv
zrunv/ wkh rxwfrph zklfk hphujhv lv wkdw d pruh dv|pphwulf glvwulexwlrq
ri �upv* dvvhw kroglqjv whqgv wr kxuw wdflw frooxvlrq1 Qhyhuwkhohvv/ lw dovr
dsshduv wkdw wkh vpdoohvw �upv frqvwlwxwh wkh pdlq revwdfoh iru wkh vwdelolw|
ri wkh frooxvlyh djuhhphqwv1 Khqfh/ dowkrxjk wkh dvvhw xqghu frqvlghudwlrq
lpsolflwo| fdswxuhv wkh lpsruwdqfh ri �upv* fdsdflw|/ dv lq Frpswh/ Mhqq|
dqg Uh| +4<<:,/ wkh uhvxowv rewdlqhg uhjduglqj wkh pdsslqj ehwzhhq �up*v
dvvhw kroglqjv dqg wkhlu lqfhqwlyhv wr frooxgh duh pxfk forvhu wr wkrvh re0
wdlqhg e| Nÿkq dqg Prwwd +4<<<,1 Lq dgglwlrq/ qhz lqvljkwv duh gudzq iru
sudfwlfdo dssolfdwlrq ri frpshwlwlrq srolf|1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Wkh prgho lv odlg rxw lq
wkh qh{w vhfwlrq1 Lq vhfwlrq 6/ wkh fdvh ri shuihfw h!flhqw frooxvlrq lv frq0
vlghuhg1 Lq wklv vhfwlrq/ �upv duh dvvxphg wr pd{lpl}h mrlqw sur�wv gxulqj
wkh frooxvlyh skdvhv1 Vhfwlrq 7/ glvfxvvhv wkh fdvh ri shuihfw qrq0h!flhqw
frooxvlrq/ l1h1/ �upv duh dvvxphg wr frruglqdwh rq wkh mrlqwo| surgxfwlrq ri
wkh prqrsro| +djjuhjdwh, txdqwlw|/ exw ghyldwh dzd| iurp wkh mrlqw sur�w

sursruwlrqdo wr wkhlu vkduh lq wkh lqgxvwu| fdslwdo1
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pd{lpl}dwlrq uxoh wr wu| dqg hqkdqfh frooxvlrq vxvwdlqdelolw|1 Wklv vhfwlrq/
wkhuhiruh/ glvfxvvhv wkh wudgh0r� wkdw h{lvwv ehwzhhq h!flhqf| +mrlqw0sur�w
pd{lpl}dwlrq, dqg vxvwdlqdelolw| lq dq lqgxvwu|0zlgh fduwho ri wkh w|sh suh0
vhqwhg lq wklv sdshu1 Ilqdoo|/ vhfwlrq 8 r�huv vrph frqfoxglqj frpphqwv1

5 Wkh prgho

Frqvlghu ? �upv zklfk surgxfh lq wkh vdph pdunhw iru lq�qlwho| pdq| sh0
ulrgv1 Vxssrvh wkh| pdnh rxwsxw ghflvlrqv vlpxowdqhrxvo| dw wkh ehjlqqlqj
ri hdfk shulrg1 Ohw ^�c| eh wkh txdqwlw| fkrvhq e| �up �/ � 5 i�c ���c ?j/ lq
shulrg |/ | ' �c 2c ��� 1

Zh dvvxph wkdw wkh lqgxvwu| lqyhuvh ghpdqg lv slhfhzlvh olqhdu=

R E'� ' 4@ ifc @� K'j c +4,

zkhuh ' 5
�
fc ?@

K

�
lv wkh lqgxvwu| rxwsxw/ R lv wkh sulfh ri wkh rxwsxw dqg

@c K : f duh ghpdqg sdudphwhuv1
Iroorzlqj Shuu| dqg Sruwhu +4<;8,/ zh dvvxph wkdw zkdw glvwlqjxlvkhv

�upv lv wkh dprxqw ri fdslwdo wkh| rzq1 Wrwdo vxsso| ri fdslwdo lv dvvxphg
wr eh �{hg wr wkh lqgxvwu|1 Iru wkh vdnh ri vlpsolflw|/ wkh wrwdo txdqwlw| ri
fdslwdo lv qrupdol}hg wr eh rqh17 Ohw &� eh wkh iudfwlrq ri wkh lqgxvwu| fdslwdo
vwrfn rzqhg e| �up �/ � 5 i�c ���c ?j1 Qrwlfh wkdw wkh dvvxpswlrq ri d �{hg
vxsso| ri wkh lqgxvwu| fdslwdo lv d nh| ihdwxuh ri wkh prgho zklfk zloo d�hfw
rxu glvfxvvlrq ri wkh h�hfwv ri fkdqjhv rq �upv* vl}h +dv phdvxuhg e| &�, dqg
lq wkh qxpehu ri �upv rq wkh vfrsh iru frooxvlrq1

Wkh frvw ixqfwlrq ri d �up wkdw rzqv d iudfwlrq &� ri wkh fdslwdo vwrfn
dqg surgxfhv ^� xqlwv ri rxwsxw lv jlyhq e|=

��E^�c &�� ' S^� n
^2�
2&�

c +5,

zkhuh f 	 S 	 @/8 f 	 &� 	 � dqg
?S

�'�

&� ' �1 Zlwkrxw orvv ri jhqhudolw|/ zh

dvvxph wkdw &� � ��� � &?/
9 ^� 5

�
fc @

K

�
dqg �{hg frvwv duh wdnhq wr eh }hur1

7Dv srlqwhg rxw e| Shuu| dqg Sruwhu +4<;8,/ �wklv vxsuhvvhv gh qryr hqwu| lqwr wkh
lqgxvwu|� +s1 553,1

8Wr h{foxgh wkh wulyldo fdvh lq zklfk surgxfwlrq lv qrw yldeoh1
9Ilupv duh udqnhg e| ghfuhdvlqj h!flhqf|1
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Wkh uhvxowlqj pdujlqdo frvw ixqfwlrq lv olqhduo| lqfuhdvlqj=

� �
�E^�c &�� ' Sn

^�
&�
� +6,

Qrwlfh wkdw wkh pdujlqdo frvw ixqfwlrq urwdwhv derxw wkh lqwhufhsw dv wkh
sursruwlrq ri fdslwdo rzqhg e| �up � +&�, lqfuhdvhv ru ghfuhdvhv1 Khqfh/ wklv
zd| ri fkdudfwhul}lqj h!flhqf| gl�huhqfhv dprqjvw �upv lpsolflwo| fdswxuhv
wkh lpsruwdqfh ri �upv* fdsdflw|1:

Dvvxph wkdw lq wkh devhqfh ri frooxvlrq/ �upv ehkdyh olnh Frxuqrw frp0
shwlwruv1 D edvlf lqvljkw iurp wkh vxshujdph olwhudwxuh lv wkdw qrqvwdwlrqdu|
htxloleuld ri txdqwlw| vhwwlqj roljrsro| uhshdwhg jdphv duh pxfk odujhu vhwv
wkdq mxvw wkh Frxuqrw +Qdvk, htxloleulxp uhshdwhg lq hyhu| urxqg1 Uhgxf0
wlrqv lq rxwsxw ehorz wkh Frxuqrw ohyhov fdq ehqh�w doo wkh sod|huv/ exw wkh|
dovr fuhdwh lqfhqwlyhv iru vrph �upv wr xqghuplqh wkh wdflwo| frooxvlyh djuhh0
phqw e| +vhfuhwo|, h{sdqglqj wkhlu lqglylgxdo rxwsxw1 Khqfh/ lq rughu iru
wdflw frooxvlrq wr eh srvvleoh/ �upv kdyh wr xvh wkhlu delolw| wr sxqlvk hdfk
rwkhu*v ghyldwlrqv iurp dq| vxssrvhg htxloleulxp sdwk/ e| xvlqj d fuhgleoh
shqdo frgh1 D shqdo frgh lv d uxoh zklfk vshfl�hv zkdw sod|huv vkrxog gr
lq wkh hyhqw wkdw d �up ghyldwhv hlwkhu iurp wkh frooxvlyh sdwk ru iurp wkh
ehkdylru vshfl�hg lq wkh shqdo frgh1 Li d shqdo frgh lv fuhgleoh/ wkhq/ lq
hdfk shulrg ri wkh jdph/ jlyhq wkdw doo wkh rwkhu �upv kdyh ghflghg wr iroorz
wkh ehkdylru suhvfulehg e| wkh shqdo frgh/ hdfk lqglylgxdo sod|hu pd{lpl}hv
wkh suhvhqw ydoxh ri lwv sur�wv vwuhdp e| dovr reh|lqj wkh shqdo frgh1 Vxe0
jdph shuihfwlrq lv khuh xvhg dv wkh htxloleulxp frqfhsw1 Xqiruwxqdwho|/ dv
kdv ehhq vkrzq e| gl�huhqw yhuvlrqv ri wkh Iron Wkhruhp/; wkhuh h{lvwv d
odujh vhw ri vxejdph shuihfw htxloleulxp vwudwhjlhv/ li sod|huv duh vx!flhqwo|
sdwlhqw1 Krzhyhu/ lq rughu wr fduu| rxw frpsdudwlyh vwdwlfv h{huflvhv/ zklfk
wxuq rxw wr eh sduwlfxoduo| uhohydqw wr dqdo|}h wkh h�hfwv ri phujhuv +dqg
rwkhu fdslwdo wudqvihuv, rq wkh vfrsh iru frooxvlrq/ d sodxvleoh htxloleulxp
zloo/ lq zkdw iroorzv/ eh vhohfwhg dqg fkdudfwhul}hg zlwklq wkh vhw ri vxejdph
shuihfw htxloleuld1

D vwdqgdug h{dpsoh ri d fuhgleoh shqdo frgh lv wkh rqh sursrvhg e| Iulhg0
pdq +4<:4,/ zklfk frqvlvwv lq d Frxuqrw0Qdvk uhyhuvdo iruhyhu1 Wklv shqdo
frgh lv hdvlo| vhhq wr eh fuhgleoh vlqfh qr sod|hu fdq jdlq e| ghyldwlqj lq wkh

:Li d �up lv hqgrzhg zlwk d vpdoo vkduh ri wkh lqgxvwu| fdslwdo/ lw zloo idfh d udslgo|
ulvlqj pdujlqdo frvw fxuyh1

;Vhh/ iru h{dpsoh/ Ixghqehuj dqg Pdvnlq +4<;9,1
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sxqlvkphqw skdvh/ ehfdxvh sod| wkhuh lv mxvw dq lq�qlwh qxpehu ri uhshwl0
wlrqv ri d vwdwlf +Qdvk, htxloleulxp1 Qrwlfh/ krzhyhu/ wkdw vxfk dq lq�qlwh
xqirujlylqj sxqlvkphqw pljkw vhhp udwkhu h{wuhph1 Wklv idfw mxvwl�hv wkh
lpsruwdqfh ri wzr sdshuv e| Deuhx +4<;9/ 4<;;,1 Lq rughu wr ghulyh wkh kljk0
hvw ohyho ri sur�wv zklfk fdq eh vxvwdlqhg e| d �{hg qxpehu ri �upv dv d
vxejdph shuihfw htxloleulxp/ Deuhx h{dplqhg d fodvv ri pruh vrsklvwlfdwhg
sxqlvkphqwv wkdq uhyhuvlrq wr wkh rqh0vkrw Qdvk htxloleulxp1 Kh srlqwhg
rxw wkdw/ zlwkrxw orvv ri jhqhudolw|/ dwwhqwlrq fdq eh uhvwulfwhg wr zkdw kh
gh�qhg dv vlpsoh shqdo frgh1 D vlpsoh shqdo frgh kdv d yhu| vlpsoh vwuxf0
wxuh1 Li �upv frqirup zlwk wkh vwudwhjlhv ri wkh suhvfulehg htxloleulxp/ wkhq
wkh| zloo hduq wkh ydoxh ri wkh ehvw frqwlqxdwlrq htxloleulxp1 Li/ lqvwhdg/
d vlqjoh ghyldwlrq rffxuv/< doo �upv +lqfoxglqj wkh ghyldqw rqh, uhyhuw wr d
sxqlvkphqw zklfk jlyhv wkh ghyldqw lwv zruvw srvvleoh frqwlqxdwlrq htxlole0
ulxp143 Dvvxph wkdw shulrg | sd|r�v duh uhfhlyhg dw wkh hqg ri shulrg |1 Iru
hdfk vlpsoh shqdo frgh/ wkhuh h{lvwv d yhfwru E��c ���c �?�/ zkhuh �� uhsuhvhqwv
wkh suhvhqw ydoxh ri sur�wv wkdw �up � 5 i�c ���c ?j uhfhlyhv diwhu lwv ghyldwlrq
kdv rffxuuhg/ glvfrxqwhg wr wkh ehjlqqlqj ri wkh �uvw shulrg diwhu ghyldwlrq1

Ohw ^S uhsuhvhqw d frooxvlyh rxwsxw yhfwru1 Ghqrwh wkh sur�w fruuhvsrqg0
lqj wr �up � xqghu frooxvlrq dv ZS

�E&�� dqg wkh +rqh shulrg, jdlq iurp ghyldwlrq
dv Z_� E&��1 Wkh frooxvlyh rxwsxw lv vdlg wr eh vxvwdlqdeoh li/ iru vrph vlpsoh
shqdo frgh dqg iru doo �/ wkh srwhqwldo vkruw0uxq jdlqv iurp fkhdwlqj duh qr
juhdwhu wkdq wkh suhvhqw ydoxh ri h{shfwhg ixwxuh orvvhv zklfk duh gxh wr
wkh vxevhtxhqw sxqlvkphqw1 Wklv wudgh0r� lv fdswxuhg e| wkh dqdo|vlv ri wkh
lqfhqwlyh frpsdwlelolw| frqvwudlqw=

ZS
�E&��

�� B
� Z_

� E&�� n ��c +7,

zklfk fdq dovr eh zulwwhq dv iroorzv=�
B

�� B

�
ZS
�E&��� �� � Z_

� E&��� ZS
�E&��c +8,

<Vlpxowdqhrxv ghyldwlrqv duh ljqruhg vlqfh lq vhhnlqj d Qdvk ru vxejdph0shuihfw htxl0
oleuld/ zh dvn rqo| li d sod|hu fdq jdlq e| ghyldwlqj dvvxplqj klv rssrqhqwv sod| dv ruljl0
qdoo| vshfl�hg1

43Lq rwkhu zrugv/ wkh prvw h�hfwlyh zd| wr suhyhqw d sod|hu iurp ghyldwlqj lv wr wkuhdwhq
wr uhvsrqg wr d ghyldwlrq iurp d sursrvhg vwudwhj| e| sod|lqj wkh vxejdph shuihfw htxl0
oleulxp ri wkh lq�qlwho| uhshdwhg jdph zklfk |lhogv wkh orzhvw sd|r� ri doo vxfk htxloleuld
iru wkh ghyldwru1
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zkhuh B 5 Efc �� lv wkh frpprq glvfrxqw idfwru1 Li wkh frqglwlrq lq +7, +ru/
htxlydohqwo|/ +8,, krogv iru doo �/ wkhq wkh frooxvlyh vroxwlrq lv vhoi0hqiruflqj
iru hyhu| vlqjoh �up lq wkh frdolwlrq1

Lq wkh dqdo|vlv zklfk iroorzv/ zh frqvlghu wkh fdvh ri shuihfw h!flhqw
frooxvlrq1 Wkh dqdo|vlv vxjjhvwv wkdw wkh h{whqw wr zklfk dq lqgxvwu| fdq
vxvwdlq d vwdeoh frooxvlyh djuhhphqw ghshqgv fuxfldoo| xsrq wkh dvvhw glv0
wulexwlrq dprqjvw frdolwlrq phpehuv1 Lq sduwlfxodu/ lw lv vkrzq wkdw vpdoo
�upv uhsuhvhqw wkh pdlq revwdfoh iru lqgxvwu|0zlgh frooxvlrq1

6 Wkh dqdo|vlv ri shuihfw h!flhqw frooxvlrq

Lq wklv vhfwlrq/ wkh fdvh lq zklfk �upv duh dvvxphg wr dgrsw d mrlqw sur�w
pd{lpl}dwlrq ehkdylru rq wkh frooxvlyh sdwk lv dqdo|}hg/ frqfhqwudwlqj sdu0
wlfxoduo| rq xqghuvwdqglqj wkh h�hfw ri wkh vwuxfwxuh ri dvvhw glvwulexwlrq
dprqjvw phpehu �upv rq wkh vfrsh iru frooxvlrq1 Wr gr vr/ zh vwduw e|
frpsxwlqj wkh frooxvlyh dqg wkh rswlpdo ghyldwlrq sur�wv iru d jhqhulf �up
�/ rzqlqj d iudfwlrq &� ri wkh lqgxvwu| fdslwdo vwrfn1

614 Frooxvlyh sur�wv

Lq wkh vshfl�f fdvh ri ixoo frooxvlrq/ wkh frdolwlrq rshudwhv dv d prqrsrolvw
zlwk ? sodqwv/ vr wkh pdujlqdo frvw ri surgxfwlrq +6S, pxvw eh htxdol}hg
dprqjvw �upv=44

6S ' Sn
^�
&�

' Sn
^2
&2

' ��� ' Sn
^?
&?
� +9,

Xvlqj uhodwlrq +9,/45 zh fdq hdvlo| ghulyh wkh cdjjuhjdwh* pdujlqdo frvw ri
surgxfwlrq +6S E'�, e| krul}rqwdoo| vxpplqj wkh lqglylgxdo pdujlqdo frvw
ixqfwlrqv ri wkh phpehu �upv=

6S E'� ' Sn'� +:,

Khqfh/ lw lv vwudljkwiruzdug wr vkrz wkdw wkh frooxvlyh djjuhjdwh txdqwlw|/
lqglylgxdo rxwsxw dqg pdunhw sulfh duh/ uhvshfwlyho|=

'S '
@� S

2Kn �
c +;,

44Dv rssrvhg wr prghov lq zklfk �upv kdyh gl�huhqw exw frqvwdqw pdujlqdo frvwv/ wkh
fduwho sureohp dw kdqg lv qrw d wulyldo rqh1

45Qrwlfh wkdw ;l 5 i4> ===> qj > tl @ +pf� f,nl=
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^S� '
@� S

2Kn �
&�c +<,

dqg

RS '
@n K E@n S�

2Kn �
� +43,

Iurp wkh deryh h{suhvvlrqv iru wkh htxloleulxp sulfh dqg lqglylgxdo txdq0
wlw|/ lw iroorzv wkdw wkh sur�w hduqhg e| �up � lq d frooxvlyh shulrg htxdov=

ZS
�E&�� '

�

2

E@� S�2

2Kn �
&� : f� +44,

Dw wklv vwdjh/ lw lv zruwk phqwlrqlqj wkdw wkh doorfdwlrq uxoh dgrswhg e|
wkh fduwho lq rughu wr vkduh wkh mrlqw sur�w pd{lpl}lqj rxwsxw +dv h{suhvvhg
e| ht1 +9,, uh hfwv wkh �upv* gl�huhqw vl}hv +dv vkrzq e| ht1 +<,,1 Vlqfh/ dv
rxwsxw lqfuhdvhv/ pdujlqdo frvw ulvhv pruh udslgo| iru d vpdoo �up wkdq iru
d odujh �up/ mrlqw sur�w pd{lpl}dwlrq lpsolhv wkdw wkh vpdoohu +dqg/ khqfh/
wkh pruh lqh!flhqw, d phpehu �up lv/ wkh orzhu lwv vkduh lq wkh djjuhjdwh
rxwsxw lv1 Edqqlqj vlgh sd|phqwv/ wklv lpsolhv d fruuhvsrqglqjo| vpdoohu
vkduh lq wkh mrlqw sur�w +vhh ht1 +44,,1

615 Ghyldwlrq sur�wv

Li �up � frqvlghuv ghyldwlqj iurp wkh frooxvlyh djuhhphqw/ lw dvvxphv wkdw
doo wkh rssrqhqwv zloo nhhs wkhlu txdqwlwlhv frqvwdqw dw wkh frooxvlyh ohyho lq
wkh fxuuhqw shulrg1 Khqfh/ lw wdnhv dv jlyhq wkh frpelqhg ulydo*v +frooxvlyh,
rxwsxw dqg fkrrvhv lwv ghyldwlrq txdqwlw| +^_� , e| pd{lpl}lqj wkh iroorzlqj
sur�w ixqfwlrq=
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� E^�c ���c ^?( &�� '

3
EEC@� K^� � K

?[
�'�
� �'�

^S�

4
FFD ^� � S^� �

^2�
2&�

� +45,

Pdnlqj xvh ri htxdwlrq +<,/ rqh �qgv wkdw
?S

�'�
� �'�

^S� '
�

@3S
2Kn�

�
E��&��1 Wkhuh0

iruh/ +45, fdq eh uhzulwwhq dv iroorzv=
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E| pd{lpl}lqj +46, zlwk uhvshfw wr ^�/ lw wxuqv rxw wkdw �up ��r rswlpdo
ghyldwlrq txdqwlw| htxdov/

^_� '
E@� S� E� n Kn K&��

E2Kn �� E2K&� n ��
&�� +47,

Xvlqj ht1 +47, wr vxevwlwxwh iru ^� lq h{suhvvlrq +46,/ rqh rewdlqv=

Z_
� E&�� '
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2

E@� S�2 E� n Kn K&��
2

E2K&� n �� E2Kn ��2
&� : f� +48,

Xvlqj qrz h{suhvvlrqv +44, dqg +48, lq rughu wr fduu| rxw d vlpsoh h{huflvh

ri frpsdudwlyh vwdwlfv/ lw fdq eh vkrzq wkdw
YZS

�
E&��

Y&�
' �

2
E@3S�2

2Kn�
: f dqg dovr

wkdw
YZ_� E&��

Y&�
' �

2
E@3S�2E�nKnK&��EK&�EeK&�n��nKn��

E2Kn��2E2K&�n��
2 : f146 Khqfh/ wkh pruh h!flhqw d

phpehu �up lv/ wkh kljkhu lwv vkduh rq wkh frooxvlyh sur�w/ rq wkh rqh kdqg/
dqg wkh kljkhu duh lwv ghyldwlrq sur�wv/ rq wkh rwkhu147

616 Glvwulexwlrq ri dvvhwv dqg vfrsh iru frooxvlrq

Kdylqj gh�qhg wkh sur�wv ri d uhsuhvhqwdwlyh �up � erwk dw wkh mrlqw sur�w
pd{lpxp dqg lq d ghyldwlrq vfhqdulr/ uhvshfwlyho|/ zh qrz wxuq wr wkh vwxg|
ri wkh frqglwlrqv zklfk pxvw eh vdwlv�hg lq rughu iru d vwdeoh ixoo| frooxvlyh
rxwfrph wr h{lvw1 Wklv vhfwlrq zloo vkrz krz wkh lqfhqwlyhv wr ghyldwh iurp
wkh ixoo| frooxvlyh djuhhphqw ghshqg rq wkh dvvhw kroglqjv ri wkh �up/ irfxv0
lqj rq sxuh vwudwhj| +vxejdph, shuihfw htxloleuld1 Lq sduwlfxodu/ zh sursrvh
d vshfl�f fodvv ri shuihfw shqdo frghv pruh vhyhuh wkdq Frxuqrw0Qdvk uhyhu0
vlrq/ lq wkh vw|oh ri wkh rqhv zklfk kdyh ehhq fkdudfwhul}hg lq jhqhudo e|
Deuhx +4<;9/ 4<;;,1

Lq klv sdshu/ Deuhx +4<;;, vkrzv wkdw uhshdwhg jdphv zlwk glvfrxqwlqj
pd| eh frpsohwho| dqdo|}hg lq whupv ri vlpsoh vwudwhj| sur�ohv1 D vlpsoh
vwudwhj| sur�oh lv �d uxoh vshfli|lqj dq lqlwldo sdwk +l1h1/ dq lq�qlwh vwuhdp
ri rqh0shulrg dfwlrq sur�ohv,/ dqg sxqlvkphqwv +dovr sdwkv/ dqg khqfh lq�0
qlwh vwuhdpv, iru dq| ghyldwlrqv iurp wkh lqlwldo sdwk ru iurp d suhylrxvo|

46Uhphpehu wkdw wkh wrwdo txdqwlw| ri fdslwdo zdv dvvxphg wr eh h{rjhqrxvo| jlyhq dqg
qrupdol}hg wr eh rqh1 Wkhuhiruh/ zkhq shuiruplqj h{huflvhv ri frpsdudwlyh vwdwlfv zlwk
uhvshfw wr nl/ zh duh vlpso| frpsdulqj wkh h�hfw ri lqwhufkdqjlqj d pruh h!flhqw �up
zlwk d ohvv h!flhqw rqh1

47Dv zh zloo vhh ehorz/ wklv grhv qrw lpso| wkdw wkh odujhu wkh �up/ wkh kljkhu lwv
lqfhqwlyhv wr ghyldwh iurp wkh frooxvlyh djuhhphqw1
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suhvfulehg sxqlvkphqw� +Deuhx +4<;;,/ s1 6;6,1 Pruh irupdoo|/ dv douhdg|
phqwlrqhg/ ^�c| ghqrwhv wkh txdqwlw| fkrvhq e| �up �/ � 5 i�c ���c ?j/ lq shulrg
|/ | ' �c 2c ��� 1 Ohw ^E|� � E^�c|c ���c ^?c|�1 Dq dfwlrq sur�oh i^E|�j"|'� lv uhihuuhg
wr dv d sdwk ru sxqlvkphqw dqg lv ghqrwhg e| � 5 l/ zkhuh l uhsuhvhqwv wkh
vhw ri sdwkv1

Gh�qlwlrq 4 +fi1 Deuhx+4<;;,, Ohw � � 5 l/ � ' fc �c ���c ?1 D vlpsoh vwudwhj|
sur�oh 77� E� fc � �c ���c � ?� vshfl�hv= E�� sod| � f xqwlo vrph sod|hu ghyldwhv
xqlodwhudoo| iurp � f( E��� iru dq| � 5 i�c ���c ?j c sod| � � li wkh ��wk sod|hu
ghyldwhv xqlodwhudoo| iurp � �c � ' fc �c ���c ?c zkhuh � � lv dq rqjrlqj suhylrxvo|
vshfl�hg sdwk> frqwlqxh zlwk � � li qr ghyldwlrqv rffxu ru li wzr ru pruh
sod|huv ghyldwh vlpxowdqhrxvo|1

D vlpsoh vwudwhj| sur�oh lv wkhuhiruh klvwru|0lqghshqghqw lq wkh vhqvh
wkdw lw vshfl�hv wkh vdph sxqlvkphqw � � iru dq| ghyldwlrq +iurp wkh lqlwldo
sdwk � f ru iurp d suhylrxvo| suhvfulehg sxqlvkphqw, e| sod|hu �1 Zkhq
wkhuh lv dq xqlodwhudo ghyldwlrq/ wkh vxevhtxhqw vhtxhqfh ri dfwlrq sur�ohv
ghshqgv rq wkh lghqwlw| ri wkh ghyldqw dqg qrw rq wkh klvwru| wkdw suhfhghg
lwv ghyldwlrq148 Qrz/ d vlpsoh shqdo frgh lv gh�qhg e| dq ?0yhfwru ri sxq0
lvkphqwv E� �c ���c � ?�/ zkhuh � � lv lq lfwhg li sod|hu � ghyldwhv1 Qrwlfh wkdw
wkh hohphqwv ri vlpsoh vwudwhj| sur�ohv wkdw gh�qh d vlpsoh shqdo frgh gl�hu
rqo| zlwk uhvshfw wr wkh lqlwldo sdwk wkh| suhvfuleh1

61614 Qhfhvvdu| dqg vx!flhqw frqglwlrqv iru shuihfw h!flhqw fro0

oxvlrq

Wkh iroorzlqj Ohppd vkrzv wkdw xqghu wkh dvvxpswlrqv ri rxu prgho/ d
vlpsoh shqdo frgh h{lvwv zklfk lv dq rswlpdo shqdo frgh1 D shqdo frgh
lv vdlg wr eh rswlpdo li lw |lhogv wr wkh ghyldqw sod|hu wkh orzhvw srvvleoh
frqwlqxdwlrq sd|r� lq dq| +vxejdph, shuihfw htxloleulxp ri wkh prgho dw
kdqg1

Ohppd 4 Dq rswlpdo vlpsoh shqdo frgh h{lvwv1

Surri1 Wr suryh wkdw d vlpsoh shqdo frgh h{lvwv/ doo zh qhhg wr vkrz lv
wkdw wkh prgho �wv Dvvxpswlrqv 5 wr 7 lq Deuhx +4<;;,1

48Dv zdv kljkoljkwhg e| Deuhx +4<;;,/ �lq qr vhqvh lv wkhuh dq| qhhg wr cpdnh wkh
sxqlvkphqw �w wkh fulph*1� +s1 6;8,1
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Qrwlfh wkdw=

41 E^�c ���c ^?� 5
�
fc @

K

�?
/ zklfk lv d frpsdfw wrsrorjlfdo vsdfh>

51 Wkh rqh shulrg sur�w ixqfwlrq ri d jhqhulf �up �/ Z� E^�c ���c ^?( &�� c lv
frqwlqxrxv1

61 Vlqfh wkh frvw ixqfwlrqv ��E^�c &�� duh vwulfwo| frqyh{ lq wkh �uvw dujx0

phqw
�
Y2��E^�c&��

Y^2
�

: f
�
dqg wkh +lqyhuvh, ghpdqg ixqfwlrq lv slhfhzlvh

olqhdu/ hdfk �up*v sur�w ixqfwlrq lv vwulfwo| txdvl0frqfdyh lq lwv rzq rxw0
sxw1 Pruhryhu/ wkh sur�w ixqfwlrqv duh frqwlqxrxv dqg wkhlu grpdlq lv
frpsdfw1 Khqfh/ wkh rqh0vkrw +vwdjh, jdph kdv d sxuh0vwudwhj| Qdvk
htxloleulxp +d Frxuqrw htxloleulxp h{lvwv, dqg/49 wkhuhiruh/ wkh vhw ri
shuihfw htxloleulxp vwudwhj| sur�ohv ri wkh vxshujdph zlwk glvfrxqwlqj
lv qrqhpsw|1

Khqfh/ e| Sursrvlwlrq 5 lq Deuhx +4<;;,/ dq rswlpdo vlpsoh shqdo frgh
h{lvwv1

Ohppd 4 hvwdeolvkhv wkh h{lvwhqfh ri dq ?�yhfwru ri sxqlvkphqwv1 Wkh
��|� yhfwru lv dq lq�qlwh vwuhdp ri dfwlrq sur�ohv vshfli|lqj zkdw hdfk sod|hu
vkrxog gr lq wkh hyhqw ri d +vlqjoh, ghyldwlrq e| �up � iurp wkh djuhhg xsrq
lqlwldo sdwk/ ru iurp d suhylrxvo| suhvfulehg sxqlvkphqw1 Lq wkh fdvh sod|hu
��r vshfl�f sxqlvkphqw lv lpsrvhg/ wklv sod|hu zloo hduq lwv orzhvw srvvleoh
shuihfw htxloleulxp sd|r�1 Qrwlfh/ krzhyhu/ wkdw wklv uhvxow grhv qrw surylgh
xv zlwk wkh vshfl�f lqwhuwhpsrudo vwuxfwxuh ri wkh rswlpdo sxqlvkphqw sdwkv1
Lq zkdw iroorzv/ zh vkrz wkdw dowkrxjk dv|pphwu| dprqjvw �upv* frvw ixqf0
wlrqv lv dvvxphg/ wkh rswlpdo sxqlvkphqwv lq lfwhg wr ghyldqw sod|huv pd|
kdyh yhu| vlpsoh vwuxfwxuhv/ dv wkh iroorzlqj gh�qlwlrq vxjjhvwv1

Gh�qlwlrq 5 j E^�c ^2� ghqrwhv d vlpsoh �sursruwlrqdo� wzr0skdvh shqdo frgh/
zkhuh=
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Wzr uhpdunv duh lq rughu dw wklv srlqw1 Iluvw/ qrwlfh wkdw wkh sursrvhg
fodvv ri shqdo frghv +sursruwlrqdo wr fdslwdo vkduhv, xvhv wkh vdph sxqlvk0
phqw sdwk iru hyhu| ghyldwlqj �up1 Vhfrqg/ wklv sduwlfxodu fodvv ri sxqlvk0
phqwv kdv d wzr0skdvh vwuxfwxuh/ lpso|lqj wkdw sxqlvkphqwv duh vwdwlrqdu|
diwhu wkh �uvw shulrg1

Gh�qlwlrq 6 �� E^
�c ^2� � B

�
Z� E^

�� n
�

B
�3B

�
Z� E^

2�
�
/ zkhuh Z� E^

��/ iru � 5

i�c ���c ?j c � ' �c 2/ lv wkh sur�w hduqhg e| �up � zkhq ^� lv wkh yhfwru ri
txdqwlwlhv surgxfhg e| doo �upv lq wkh pdunhw1

Deuhx +4<;9, dssolhv wkh v|vwhpdwlf iudphzrun suhvhqwhg lq Deuhx +4<;;,
wr roljrsrolvwlf txdqwlw|0vhwwlqj vxshujdphv1 Rxu vhwwlqj uhvshfwv Dvvxps0
wlrqv +D5,0+D8, lq Deuhx +4<;9,1 Krzhyhu/ lqvwhdg ri lghqwlfdo �upv surgxf0
lqj d krprjhqhrxv jrrg dw frqvwdqw pdujlqdo frvw/ zh frqvlghu frvw dv|p0
phwulf �upv zkrvh h!flhqf| gl�huhqfhv duh fkdudfwhul}hg e| wkh frvw ixqf0
wlrq +5,1 Wkh qh{w Ohppd dlpv dw vkrzlqj wkdw/ xqghu wkh dvvxpswlrqv ri
rxu prgho dqg li sod|huv duh vx!flhqwo| sdwlhqw/ d �sursruwlrqdo� wzr0skdvh
shqdo frgh h{lvwv/ |lhoglqj hyhu| sod|hu d sd|r� ri }hur1 Vlqfh }hur lv wkh
plqpd{ sd|r� iru hyhu| �up lq wkh frpsrqhqw jdph/ wkh sursrvhg shqdo
frgh wxuqv rxw wr eh joredoo| rswlpdo14:

Ohppd 5 Wkhuh h{lvwv d orzhu erxqg B 	 � vxfk wkdw iru hyhu| B � B wkhuh

h{lvwv d sdlu E^�c ^2� 5
�
fc @

K

�2?
vxfk wkdw j E^�c ^2� lv dq rswlpdo vlpsoh �sur0

sruwlrqdo� wzr0skdvh shqdo frgh |lhoglqj �� E^
�c ^2� ' f iru doo � 5 i�c ���c ?j li

dqg rqo| li B � B1

Surri1 Iru dq| E^�c ^2� 5
�
fc @

K

�2?
c �� E^

�c ^2� ' f li dqg rqo| li=

�Z�

�
^�
�
' B

�
Z�

�
^2
�
� Z�

�
^�
��
� +49,

Rq wkh rwkhu kdqg/ j E^�c ^2� lv d shuihfw htxloleulxp li dqg rqo| li qr
phpehu �up kdv lqfhqwlyhv wr ghyldwh iurp dq| skdvh ri wkh sxqlvkphqw/
wkdw lv/ li dqg rqo| li/ iru doo �/

ZW�
�
^�3�
�
� Z�

�
^�
�
� B

�
Z�

�
^2
�
� Z�

�
^�
��
c +4:,

4:]hur lv wkh orzhvw srvvleoh sd|r� wkdw �upv duh zloolqj wr dffhsw lq rughu wr jr dorqj
zlwk wkh sxqlvkphqw/ vlqfh �upv fdq jxdudqwhh wkhpvhoyhv d }hur sd|r� e| surgxflqj
qrwklqj iruhyhu1
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ZW�
�
^23�
�
� Z�

�
^2
�
� B

�
Z�

�
^2
�
� Z�

�
^�
��
c +4;,

zkhuh ^�3� '
�
^��c ���c ^

�
�3�c ^

�
�n�c ���c ^

�
?

�
c � ' �c 2c dqg ZW� G

�
fc @

K

�?3�
$ + gh0

qrwhv �up ��r ehvw uhvsrqvh sur�w/ wkdw lv/ ZW�
�
^�3�
�
' 4@ 

�
Z�E%c ^

�
3��
��% 5 �fc @

K

��
�

Vlqfh j E^�c ^2� vdwlv�hv +49,/ htv1 +4:, dqg +4;, fdq eh uhzulwwhq dv iroorzv/
uhvshfwlyho|=

ZW�
�
^�3�
�
' fc +4<,

dqg/

ZW�
�
^23�
�
� Z�

�
^2
�
� Z�

�
^�
�
� +53,

Ohw ( ' iB 5 Efc ��m EBc ^�c ^2� vdwlv�hv Htv1 +49,/ +4<, dqg +53, iru vrph

E^�c ^2� 5
�
fc @

K

�2?r
1 Frqwlqxlw| ri Z� E�� dqg ZW� E�� lpsolhv wkdw ( lv forvhg14;

Vlqfh ghpdqg lv slhfhzlvh olqhdu/ R Ef� : � �
�Ef� +wkdw lv/ @ : S, dqg �

��

� E^�� :
f +dvvxpswlrqv +D5,0+D7, lq Deuhx +4<;9, krog lq rxu iudphzrun,/ wkhuh

h{lvwv ^f 5
�
fc @

K

�?
dqg/ wkhuhiruh/ d 'f '

?S
�'�

^f� vxfk wkdw R E'f E�� &��� �

� �
�Ef� ' S14< Khqfh/ e| +D5, lq Deuhx +4<;9, dqg vlqfh �

��

� E^�� : f/ rqh kdv
wkdw Z� E^

f� 	 f dqg ZW�
�
^f3�
�
' f1 Revhuyh wkdw wkhuh h{lvwv d sursruwlrqdo

ixoo| frooxvlyh rxwsxw yhfwru ^S 5
�
fc @

K

�?
/ zkhuh ^S� lv jlyhq e| htxdwlrq +<,1

Ohw B� '
3 Z�E^f�

Z�E^S� 3 Z�E^f�
	 �1 Wkhq/ EB�c ^fc ^S� vdwlv�hv Htv1 +49,/ +4<, dqg

+53,/ dqg ( lv qrqhpsw|153 Ohw B ' 4�?(� Wkhq/ iru B 	 B wkhuh h{lvwv qr
EBc ^�c ^2� vxfk wkdw j E^�c ^2� lv d Shuihfw Htxloleulxp dqg �� E^

�c ^2� ' f1 Vr/
wkh �rqo| li� sduw ri wkh surri lv frpsohwh1

Ohw E^�Wc ^2W� 5
�
fc @

K

�2?
vdwlvi| Htv1 +49,/ +4<, dqg +53, iru B ' B1 Qrz

frqvlghu eB � B dqg ohw ê� 5 �fc @
K

�?
vdwlvi| Ht1 +49, iru ^2 ' ^2W dqg B ' eB1 E|

+D5,0+D7, lq Deuhx +4<;9,/ ê� h{lvwv/ �Z�

� ê�� � �Z� E^
�W�/ dqg f'� � '�W �

'f/ vr wkdw EeBc ê�c ^2W� vdwlv�hv Htv1 +49,/ +4<, dqg +53,1 Wkxv/ j
� ê�c ^2W� lv

d shuihfw htxloleulxp dqg |lhogv ��

� ê�c ^2W� ' f iru doo � 5 i�c ���c ?j �

4;Qrwlfh wkdw wkh frqglwlrq � A 3 lq wkh gh�qlwlrq ri G lv qrw elqglqj2uhohydqw1 Zkhq
� @ 3/ frqglwlrq +49, lv qrw vdwlv�hg1 Dv d frqvhtxhqfh/ frqwlqxlw| ri �l +�, dqg ��

l
+�,

lpsolhv wkdw plqG h{lvwv +dqg lv srvlwlyh,1
4<Lw lv zruwk phqwlrqlqj dw wklv srlqw wkdw vlqfh lq wklv vhwwlqj F3

l
+3, @ f> T3 fdq eh

fkrvhq wr �w doo srvvleoh ghyldwlqj �up l1
53Qrwlfh wkdw +4;, lv vdwlv�hg/ vlqfh rqh fdq fkrvh T3 wr eh kljk hqrxjk1
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Wkh lqwxlwlrq ehklqg wklv uhvxow lv dv iroorzv1 D srwhqwldo ghyldqw kdv wr
wudgh r� wkh vkruw0uxq jdlqv iurp ghyldwlrq zlwk wkh ixwxuh glvfrxqwhg orvv
gxh wr wkh uhvwduwlqj ri d sxqlvkphqw skdvh154 Khqfh/ wkh glvfrxqw idfwru
vkrxog eh kljk hqrxjk iru �upv qrw wr ghyldwh iurp wkh sxqlvkphqw vwudwhj|1
Ehvlghv/ li B lv kljkhu/ �upv fdq lqfuhdvh wkh vhyhulw| ri wkh sxqlvkphqw e|
dssursuldwho| fkrrvlqj d kljkhu djjuhjdwh rxwsxw lq wkh �uvw skdvh ri wkh
sxqlvkphqw vfkhph +'� lq rxu qrwdwlrq,1 Wkhuhiruh/ wkhuh lv vrph plqlpxp
glvfrxqw idfwru/ ghqrwhg B/ vxfk wkdw lw lv fuhgleoh wr lpsrvh d sxqlvkphqw
zklfk |lhogv hdfk �up d }hur sd|r�1

Ohppd 5 vlpsol�hv wkh fkdudfwhul}dwlrq ri wkh uhodwlrqvkls ehwzhhq dvvhw
glvwulexwlrq dqg �upv* lqfhqwlyhv wr frooxgh/ frqvlghuhg lq wkh qh{w Sursrvl0
wlrq1

Sursrvlwlrq 4 Ohw B eh dv lq Ohppd 51 Shuihfw h!flhqw frooxvlrq lv vxv0

wdlqdeoh lq d vxejdph shuihfw htxloleulxp li dqg rqo| li B � 4@ 
q
BchB?r/

zkhuh hB? ' K2E�3&?�
2

E�nKnK&?�
2 1

Surri1 Qrwlfh wkdw wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw +ht1 +7,, fdq eh
uhzulwwhq lq wkh iroorzlqj zd|=

ZS
�E&��� E�� B�Z_

� E&�� � E�� B� ��� +54,

E| Ohppd 5/ iru hyhu| B � B/ dq rswlpdo �sursruwlrqdo� shqdo frgh h{lvwv
|lhoglqj �� ' fc ;� 5 i�c ���c ?j1 Khqfh/ li B �B/ wkh u1k1v1 ri frqglwlrq +54,
htxdov }hur1

Qrz/ pdnlqj xvh ri htv1 +44, dqg +48,/ rqh frqfoxghv wkdw ZS�E&�� �
E�� B� Z_

� E&�� � f/ li dqg rqo| li/ iru doo � 5 i�c ���c ?j=

B �
K2 E�� &��

2

E� n Kn K&��
2 �

hB�� +55,

Qrwlfh dovr wkdw/ iurp +55,/ lw fdq eh hdvlo| vkrzq wkdw/

YhB�
Y&�

' �2K2
E�� &�� E2Kn ��

E� n Kn K&��
� 	 f�

54Qrwlfh/ lq wklv gluhfwlrq/ wkdw/ dv srlqwhg rxw e| Deuhx +4<;;,/ �wkh hduo| vwdjhv ri
dq rswlpdo sxqlvkphqw pxvw eh pruh xqsohdvdqw wkdq wkh uhpdlqghu1�+s1 6;8, Wkhuhiruh/
wkh sxqlvkphqw lv pdgh fuhgleoh e| wkh wkuhdw ri ehlqj uhvwduwhg vkrxog dq| sod|hu ghyldwh
iurp wkh sxqlvkphqw vwudwhj|1
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Khqfh/ wkh pdlq sureohp lv wr suhyhqw �upv zlwk udslgo| ulvlqj pdujlqdo
frvw fxuyhv iurp ghyldwlqj1 Vlqfh lq rxu vhwwlqj &? ghqrwhv wkh vkduh lq
wkh fdslwdo fruuhvsrqglqj wr wkh vpdoohvw �up lq wkh lqgxvwu|/ wkh frqglwlrq
zklfk vkrxog eh wdnhq lqwr dffrxqw lq rughu wr hydoxdwh wkh vwdelolw| ri dq
lqgxvwu|0zlgh fduwho zkrvh phpehuv pd{lpl}h mrlqw sur�wv dw wkh frooxvlyh
sdwk lv

B �
K2 E�� &?�

2

E� n Kn K&?�
2 �

hB?� +56,

Khqfh/ li B 	 hB?/ wkhq shuihfw h!flhqw frooxvlrq fdqqrw eh vxvwdlqdeoh/
vlqfh +56, lv d qhfhvvdu| frqglwlrq xqghu pd{lpdo sxqlvkphqwv1 Wdnh qrz

wkh fdvh lq zklfk hB? 	 B1 Zkhq wklv lv wkh fdvh/ �upv fdqqrw hqirufh shuihfw
h!flhqw frooxvlrq zkhq B 	 B1 Wklv lv vr ehfdxvh �upv duh dvvxphg wr xvh
prvw vhyhuh sxqlvkphqwv vwudwhjlhv1 Wkhvh sxqlvkphqw vwudwhjlhv duh rswlpdo
lq wkh vhqvh wkdw jlyhq d fhuwdlq �{hg frooxvlyh doorfdwlrq +qdpho|/ wkh rqh
jlyhq e| ht1 +<,,/ �upv fdq lpsohphqw wklv vdph doorfdwlrq zlwk wkh orzhvw
fulwlfdo glvfrxqw idfwru/ B1 Wkxv/ d shuihfw h!flhqw frooxvlrq lv vxvwdlqdeoh li

dqg rqo| li B � 4@ 
q
BchB?r1

Sursrvlwlrq 4 fdswxuhv wkh idfw wkdw/ dv douhdg| vkrzq/ mrlqw sur�w pd{0
lpl}dwlrq lpsolhv wkdw rxwsxw lv vkliwhg dzd| iurp vpdoo +lqh!flhqw, �upv
wrzdugv odujh +h!flhqw, �upv1 Dv d uhvxow/ wkh vpdoohvw �up lv wkh rqh zklfk
lv doorwwhg d vkduh lq wkh frooxvlyh djjuhjdwh rxwsxw wkdw lv wrr orz zlwk uh0
vshfw wr lwv rswlpdo ghyldwlrq rxwsxw1 Krzhyhu/ dv zdv kljkoljkwhg e| Pduwlq
+4<;;,/ d vpdoo lqh!flhqw �up�pd| zhoo mxgjh wkdw ryhu wkh orqj uxq lwv edu0
jdlqlqj srzhu zlwklq wkh fduwho zloo eh wlhg wr lwv pdunhw vkduh1 Li wklv lv wkh
fdvh/ dffhswlqj d orzhu pdunhw vkduh wr pd{lpl}h mrlqw sur�w zloo dprxqw wr
fxwwlqj lwv rzq wkurdw zlwklq wkh fduwho1� +s1 46:,1 Qrwlfh/ lq wklv gluhfwlrq/
wkdw/ iurp htv1 +<, dqg +47,/ lw lv vwudljkwiruzdug wr vkrz wkdw=

^_�
^S�

'
� n Kn K&�
2K&� n �

� +57,

Iru d frooxvlyh djuhhphqw wr eh vwdeoh/ wklv udwlr vkrxog qrw eh wrr kljk
iru dq| phpehu �up �1 Zrunlqj wkurxjk vrph dojheud/ rqh fdq vkrz wkdw
Y
Y&�

�
^_
�

^S
�

�
' �K 2Kn�

E2K&�n��
2 	 f1 Wkhuhiruh/ wkh vpdoohu wkh �up lv/ wkh kljkhu lwv

srwhqwldo wr sur�wdeo| fdswxuh ghpdqg iurp lwv rssrqhqwv e| ghyldwlqj155

55Dw wklv srlqw lw lv zruwk frqwudvwlqj wklv uhvxow zlwk wkh rqh rewdlqhg e| Urwkvfklog
+4<<<,1 Lq klv sdshu/ Urwkvfklog grhv qrw jlyh vkdus suhglfwlrqv dv wr wkh uhodwlrqvkls
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Lw vkrxog dovr eh vwuhvvhg dw wklv srlqw wkdw wkh idfw wkdw vpdoo �upv duh
wkh ohvv nhhq wr dffhsw wkh frooxvlyh djuhhphqw uholhv rq rxu dvvxpswlrq ri
devhqfh ri prqhwdu| wudqvihuv/ zklfk zh wklqn lv wkh prvw uhdolvwlf lq prvw
flufxpvwdqfhv1

Wkh suhylrxv sursrvlwlrq dovr kljkoljkwv wkh idfw wkdw lq rughu iru �upv wr
fuhgleo| sduwlflsdwh lq wklv h!flhqw frooxvlyh vfkhph/ wkh| vkrxog eh zloolqj
wr frpso| zlwk wkh frooxvlyh sdwk/ rq wkh rqh kdqg/ dqg zlwk wkh sxqlvkphqw
vwudwhj|/ rq wkh rwkhu1 Lw zdv vkrzq wkdw rq wkh frooxvlyh htxloleulxp sdwk wkh
lqfhqwlyh frqvwudlqw zklfk lv elqglqj lv wkdw ri wkh vpdoohvw �up1 Lq wkh qh{w
sursrvlwlrq lw lv vkrzq wkdw li wkh vpdoohvw �up lv qrw wrr vpdoo +lqh!flhqw,/
wkhq zh fdq dovr lghqwli| wkh �up iru zklfk wkh lqfhqwlyh frqvwudlqw lv elqglqj
rq wkh sxqlvkphqw sdwk1

Sursrvlwlrq 5 Li wkh vpdoohvw �up lq wkh lqgxvwu| lv qrw wrr vpdoo/ wkdw lv/
li &? 5 d&Wc &�o/ zkhuh

&W '
K� E&2� n S&� n �� n 2K&� E� n eK�

E�� &��
2 K�

n

E2Kn ��
�
E2Kn ��� E� n K&� n K�

s
EE2Kn �� E� n 2&�K��

�
E�� &��

2 K�
c

wkhq B � hB?/ zkhuh B ' E�n2K&��E2Kn��

E�nKnK&��
2 1

Surri1 Iurp +49,/ rqh frqfoxghv wkdw=

B '
�Z� E^

��

Z� E^2�� Z� E^��
� +58,

Vlqfh/ lq wklv vhwwlqj/ Z� E^
�� ' E@� S� K'��&�'

� � E&�'��2

2&�
dqg Z� E^

2� '

E@� S� K'2� &�'
2 � E&�'

2�2

2&�
/ rqh fdq uhhydoxdwh +58,/ rewdlqlqj

B ' '� E2Kn ��'� � 2 E@� S�

E'� �'2� EE'� n'2� E2Kn ��� 2 E@� S��
c +59,

ehwzhhq �upv* frvw frqglwlrqv dqg wkhlu delolw| wr vxvwdlq d frooxvlyh djuhhphqw wr uhvwulfw
rxwsxw1 Klv Sursrvlwlrq 7 vkrzv wkdw wkh prvw lqh!flhqw �upv pljkw eh wkh rqhv wkdw
ghwhuplqh wkh vwdelolw| d ixoo| frooxvlyh djuhhphqw1 Krzhyhu/ lq klv uhvxow wkh surshqvlw|
ri wkhvh �upv wr ghyldwh ghshqgv fuxfldoo| xsrq wkh Frxuqrw rxwsxwv ri wkh qrqghyldqw
�upv/ dqg wklv lq wxuq ghshqgv rq wkh uhodwlyh h!flhqflhv ri wkh ghyldqw dqg qrqghyldqw
�upv1
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zkhuh zh dvvxph wkdw '� : 2
�

@3S
2Kn�

�
lq rughu iru B wr eh srvlwlyh1 Qrz/ iurp

+59,/ rqh fdq hdvlo| vkrz wkdw=

YB

Y'2
'

2'� E'� E2Kn ��� 2 E@� S�� EE2Kn ��'2 � E@� S��

E'� �'2�2 EE'2 n'�� E2Kn ��� 2 E@� S��2
c +5:,

zklfk lv dozd|v qrq0qhjdwlyh iru wkh iroorzlqj wzr uhdvrqv1 Iluvw/ zh kdyh
mxvw dvvxphg wkdw '� : 2

�
@3S
2Kn�

�
lq rughu iru B wr eh srvlwlyh1 Vhfrqg/ iru

doo � ' i�c ���c ?j/ wkh lqglylgxdo sur�w ixqfwlrq lv vwulfwo| frqfdyh lq lwv rzq
rxwsxw dqg wkh mrlqw sur�w pd{lpxp lv dfklhyhg zkhq wkh djjuhjdwh rxwsxw
htxdov @3S

2Kn�
+vhh ht1 +;,,1 Khqfh/ '2 � @3S

2Kn�
1 Vlqfh zh duh orrnlqj iru d

plqlpxp ydoxh iru wkh glvfrxqw idfwru B/ ohw xv/ wkhuhiruh/ vhw '2 ' @3S
2Kn�

1
Uhhydoxdwlqj +59, iru wklv vshfl�f ydoxh ri '2/ rqh jhwv

BW '
'� E2Kn �� EE2Kn ��'� � 2E@� S��

EE2Kn ��'� � E@� S��2
� +5;,

Qrwlfh qrz wkdw/ iurp +5;,/ lw fdq eh hdvlo| vkrzq wkdw

YBW

Y'�
'

2 E2Kn �� E@� S�2

EE2Kn ��'� � E@� S���
: f� +5<,

Khqfh/ lq rughu wr plqlpl}h BW/ zh zdqw wkh orzhvw srvvleoh ydoxh ri '�

iru zklfk frqglwlrqv +4<, dqg +53, krog1 Qrwlfh wkdw/ dv orqj dv '� � @
K
/

ZW�
�
^�3�
�
' �

2
E@� S� K'� E�� &���

2 &�
�n2K&�

156 Khqfh/ lq rughu iru frqglwlrq

+4<, wr krog/ zh pxvw kdyh wkdw '� � @3S
KE�3&��

157 Ohw xv/ wkhuhiruh/ vhw '� '
@3S

KE�3&��
1 Qrz/ xvlqj wkh dqdo|wlfdo h{suhvvlrqv ri Z� E^

�� dqg Z� E^
2� vshfl�hg

deryh dqg jlyhq wkdw ZW�
�
^23�
�
' �

2
E@� S� K'2 E�� &���

2 &�
�n2K&�

/ vrph dojheud

vkrzv wkdw zkhq zh vhw '� ' @3S
KE�3&��

dqg '2 '
�

@3S
2Kn�

�
/ frqglwlrq +53, lv

vdwlv�hg li/ iru doo �/

Ke E�� &��
2 �� n &2�

�
� E2Kn ��2 E� n 2K E&� n &���� +63,

2Ke&�
�
� n &2� n S&�

�
� eK2&�&� E� n eK� � f�

Lw fdq eh hdvlo| vkrzq wkdw wkh ghulydwlyh ri wkh o1k1v1 ri wkh suhylrxv frq0
glwlrq zlwk uhvshfw wr &� lv dozd|v qhjdwlyh1 Wkhuhiruh/ wkh frqglwlrq zklfk

56Lq wkh fdvh wkdw T4 A d

e
/ ��

l

�
t4
�l

�
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lv elqglqj lv wkdw ri wkh vpdoohvw �up lq wkh lqgxvwu| +zkrvh fdslwdo vkduh lv
jlyhq e| &?,1 Lq dgglwlrq/ wkh o1k1v1 ri +63, lv d sro|qrpldo ri vhfrqg ghjuhh
lq &� dqg rqh ri lwv urrwv lv juhdwhu wkdq rqh1 Khqfh/ diwhu vrph pdqlsxodwlrq/
rqh frqfoxghv wkdw lq rughu iru frqglwlrq +53, wr krog/ rqh pxvw kdyh wkdw
&? 5 d&Wc &�o/ zkhuh

&W '
K� E&2� n S&� n �� n 2K&� E� n eK�

E�� &��
2 K�

n +64,

E2Kn ��
�
E2Kn ��� E� n K&� n K�

s
EE2Kn �� E� n 2&�K��

�
E�� &��

2 K�
�

Li wklv lv wkh fdvh/ l1h1/ li &? 5 d&Wc &�o/ pdnlqj xvh ri +5;, dqg vhwwlqj '� '
@3S

KE�3&��
/ zh rewdlq=

B '
E� n 2K&�� E2Kn ��

EKn � n K&��
2 � +65,

Lq dgglwlrq/ pdnlqj xvh ri htv1 +56, dqg +65,/ rqh fdq hdvlo| vkrz wkdw li

&? 5 d&Wc &�o/ wkhq B � hB?1
Wklv frpsohwhv wkh surri ri Sursrvlwlrq 51

Qrwlfh wkdw iurp +65,/ rqh frqfoxghv wkdw B rqo| ghshqgv rq wkh fdslwdo
vkduh rzqhg e| wkh odujhvw �up lq wkh lqgxvwu|1 Wkh lqwxlwlrq khuh uhvwv rq
wkh idfw wkdw lq wkh �uvw shulrg ri wkh sxqlvkphqw sdwk wkh djjuhjdwh rxwsxw
surgxfhg kdv wr eh odujh hqrxjk vxfk wkdw d yhu| vkdus sulfh fxw rffxuv
ohdglqj doo �upv wr hduq qhjdwlyh sur�wv lq wklv shulrg1 Ehvlghv/ wkh odujhvw
�up lv wkh rqh zklfk lv sursruwlrqdoo| prvw d�hfwhg e| wklv sulfh fxw vlqfh
lw lv wkh rqh zlwk wkh kljkhvw pdunhw vkduh lq wkh djuhhphqw1 Dv d uhvxow/ d
orzhu erxqg rq wkh glvfrxqw idfwru lv fohduo| qhfhvvdu|1 Wkh glvfrxqw idfwru
kdv wr eh vx!flhqwo| kljk vr wkdw wkh odujhvw �up +dqg/ wkhuhiruh/ doo wkh
rwkhu �upv, fdq uhfrxs wkh rqh0shulrg orvvhv rq wkh prvw dwwudfwlyh +vhfrqg,
skdvh ri wkh sxqlvkphqw1

Wkh lqvljkwv ri wkh wzr suhylrxv sursrvlwlrqv fdq eh vxppdul}hg dv iro0
orzv1 Rq wkh rqh kdqg/ gxulqj wkh frooxvlyh skdvhv wkh fduwho pd{lpl}hv lwv
mrlqw sur�w/ zklfk lpsolhv wkdw wkh vpdoohu wkh �up wkh orzhu lwv vkduh lq wkh
frooxvlyh rxwsxw1 Wklv lpsolhv wkdw wkh lqfhqwlyh frqvwudlqw wkdw pdwwhuv lv
wkdw ri wkh vpdoohvw �up1 Khqfh/ wkhuh h{lvwv d plqlpdo glvfrxqw idfwru hB?/
rqo| ghshqglqj rq wkh vkduh lq wkh fdslwdo ri wkh vpdoohvw �up/ deryh zklfk
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doo �upv lq wkh lqgxvwu| �qg lw rswlpdo wr nhhs wkh fduwho djuhhphqw1 Rq wkh
rwkhu kdqg/ li wkh vpdoohvw �up lq wkh pdunhw lv qrw wrr vpdoo/ wkhuh h{lvwv d
orzhu erxqg rq wkh glvfrxqw idfwru B/ zklfk rqo| ghshqgv rq wkh vl}h ri wkh
odujhvw �up/ deryh zklfk dq rswlpdo �sursruwlrqdo� wzr0skdvh shqdo frgh
h{lvwv1 Wklv shqdo frgh |lhogv iru hyhu| �up d frqwlqxdwlrq sd|r� ri }hur
diwhu d ghyldwlrq kdv rffxuuhg1 Vwxg|lqj wkh udqnlqj ehwzhhq wkh lghqwl�hg
wkuhvkrogv iru wkh glvfrxqw idfwru/ rqh frqfoxghv wkdw wkh qhfhvvdu| dqg vxi0
�flhqw frqglwlrq zklfk pxvw eh phw lq rughu shuihfw h!flhqw frooxvlrq wr eh
vxvwdlqdeoh lv wkh iroorzlqj=

B �
E� n 2K&�� E2Kn ��

EKn � n K&��
2 � B� +66,

Lq wkh qh{w vxevhfwlrq/ zh vwxg| wkh lpsolfdwlrqv ri fkdqjhv lq wkh glv0
wulexwlrq ri dvvhw kroglqjv +gxh wr phujhuv/ wudqvihuv ru vsolw0r�v, rq wkh
vxvwdlqdelolw| ri wdflw frooxvlrq1 E| grlqj vr/ zh gudz vrph phujhu srolf|
lpsolfdwlrqv1

61615 Wkh lpsdfw ri phujhuv rq frooxvlrq

Lq wklv vhwwlqj/ d vshfl�f dvvhw +qdpho|/ fdslwdo, lv lqwurgxfhg dqg dvvxphg
wr d�hfw �upv* pdujlqdo frvwv +vhh ht1 +6,,1 Khqfh/ dq| phujhu jlyhv ulvh
wr hqgrjhqrxv h!flhqf| jdlqv vlqfh lw eulqjv wkh lqglylgxdo fdslwdo ri wkh
phujlqj �upv xqghu d vlqjoh odujhu +dqg/ khqfh/ pruh h!flhqw, uhvxowlqj
�up1 D pruh gholfdwh sureohp/ krzhyhu/ lv wr xqghuvwdqg wkh lpsdfw ri
phujhu0lqgxfhg fkdqjhv lq �up*v fdslwdo doorfdwlrqv rq wkh vxvwdlqdelolw| ri
wdflw frooxvlrq1 Wklv lv wkh lvvxh zh dgguhvv lq wkh suhvhqw vhfwlrq1

Wkh frpprq zlvgrp lv wkdw phujhuv whqg wr fuhdwh vwuxfwxudo frqglwlrqv
zklfk idflolwdwh frooxvlrq1 Wkh dujxphqw w|slfdoo| xvhg lv wkdw wkh orzhu wkh
qxpehu ri pdunhw sduwlflsdqwv/ wkh hdvlhu lw zloo eh iru wkhp wr frruglqdwh
wkhlu dfwlrqv +h1j1 wkh hdvlhu lw lv wr doorfdwh pdunhw vkduhv, ru wr prqlwru
ghsduwxuhv iurp djuhhg0xsrq rxwsxw ohyhov158 Lq zkdw iroorzv/ krzhyhu/ lw lv
vkrzq wkdw zkhq frvw0dv|pphwulf �upv fr0h{lvw lq wkh pdunhw/ wzr glvwlqfw
h�hfwv fdq eh lqgxfhg e| d phujhu= E�� Li �upv zhuh douhdg| frooxglqj ehiruh
wkh phujhu/ wkhq wkh phujhu hlwkhu kdv qr h�hfw rq wkh vfrsh iru frooxvlrq ru
lw klqghuv frooxvlrq> E��� Li/ lqvwhdg/ ehiruh wkh phujhu frooxvlrq lv qrw ihdvleoh/
wkhq d phujhu pljkw pdnh frooxvlrq hqirufhdeoh diwhuzdugv1

58Wklv lv d zhoo0hvwdeolvkhg dujxphqw zklfk h{whqgv dw ohdvw dv idu edfn dv Vwljohu +4<97,1
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Lq rxu vhwwlqj/ wkh h�hfw ri d phujhu lv qrw uhvwulfwhg wr d ghfuhdvh lq wkh
qxpehu ri �upv1 D phujhu dovr jlyhv ulvh wr d gl�huhqw glvwulexwlrq ri dvvhwv
dprqjvw wkh uhpdlqlqj �upv +d gl�huhqw srvw0phujhu fdslwdo doorfdwlrq,1 D
qdwxudo txhvwlrq dw wklv srlqw lv wkhuhiruh zklfk fdslwdo uhdoorfdwlrqv fdq eh
lqgxfhg e| d phujhu1 Iljxuh 4 vkrzv wkdw wzr fdvhv vkrxog eh frqvlghuhg
zkhq dqdo|}lqj wklv txhvwlrq1
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Iljxuh 4= Phujhu H�hfwv rq Fdslwdo Doorfdwlrq1

Iluvw/ frqvlghu wkh vlwxdwlrqv lq zklfk ehiruh wkh phujhu &? : �
2
&� +h1j1

doorfdwlrq U lq Iljxuh 4,1 Zkhq wklv lv wkh fdvh/ dq| phujhu zloo ohdg wr
dq lqfuhdvh lq wkh vl}h ri wkh odujhvw �up1 Qrwlfh/ lq wklv gluhfwlrq/ wkdw
hyhq li wkh phujlqj �upv duh wkh wzr vpdoohvw �upv lq wkh lqgxvwu|/ wkhq wkh
vl}h ri wkh uhvxowlqj phujhg �up E&? n &?3�� zloo fhuwdlqo| eh juhdwhu wkdq
&�1 Wdnh qrz wkh fdvh lq zklfk wkh odujhvw �up phujhv zlwk dq| rwkhu �up
exw wkh vpdoohvw rqh1 Wklv zloo ohdg wr dq lqfuhdvh lq wkh vl}h ri wkh odujhvw
frpshwlwru/ exw wkh vl}h ri wkh vpdoohvw �up zloo uhpdlq xqd�hfwhg1 Zh/
wkxv/ pryh dorqj wkh krul}rqwdo duurz vwduwlqj iurp srlqw U lq wkh Iljxuh1
Khqfh/ wkh fdslwdo uhdoorfdwlrq lqgxfhg e| dq| phujhu fdq eh uhsuhvhqwhg e|
dq duurz vwduwlqj iurp srlqw U zklfk olhv ehwzhhq wkh wzr duurzv wkdw irup
wkh dfxwh dqjoh suhvhqwhg lq wkh gldjudp1

Qh{w/ wdnh dq| suh0phujhu fdslwdo doorfdwlrq vxfk wkdw &? 	 �
2
&� +h1j1

doorfdwlrq UU lq Iljxuh 4,1 Zh fdq vwloo kdyh phujhuv d�hfwlqj wkh vl}h ri wkh
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odujhvw �up exw qrw wkdw ri wkh vpdoohvw �up +zh pryh dorqj wkh krul}rqwdo
duurz vwduwlqj iurp srlqw UU lq wkh slfwxuh,1 Krzhyhu/ qrz zh fdq dovr kdyh
d phujhu lq zklfk wkh vl}h ri wkh vpdoohvw �up lqfuhdvhv exw wkh vl}h ri wkh
odujhvw rqh uhpdlqv xqd�hfwhg1 Wdnh/ iru lqvwdqfh/ wkh vlwxdwlrq lq zklfk
ehiruh wkh phujhu wkhuh duh wzr htxdo0vl}hg vpdoohvw �upv1 Li wkh| ghflgh wr
phujh/ wkhq wkh vl}h ri wkh qhz vpdoohvw �upzloo eh &�? ' 4�? i2&?c &?3�j/ exw
wkh vl}h ri wkh odujhvw �up lq wkh pdunhw uhpdlqv xqfkdqjhg vlqfh 2&? � &�1
Dv d uhvxow/ li doorfdwlrq UU lq wkh gldjudp lv wkh suh0phujhu fdslwdo doorfdwlrq/
wkh fdslwdo uhdoorfdwlrq lqgxfhg e| dq| phujhu fdq eh uhsuhvhqwhg e| dq duurz
zklfk vwduwv iurp UU dqg olhv zlwklq wkh uljkw dqjoh iruphg e| wkh duurzv
vkrzq lq Iljxuh 41

Wkh suhylrxv glvfxvvlrq lghqwl�hg wkh srvvleoh fdslwdo uhdoorfdwlrqv zklfk
d phujhu fdq lqgxfh1 Vlqfh lq wklv vhwwlqj erwk wkh lqlwldo qxpehu ri �upv
lv jlyhq dqg wkhuh lv d �{hg vxsso| ri wkh lqgxvwu| fdslwdo/ zh fdq qrz
dovr lghqwli| qdwxudo erxqgv zlwklq zklfk fdslwdo vkduhv &� dqg &? fdq ydu|1
Iljxuh 5 vkrzv d v|pphwu| olqh dorqj zklfk &? ' &� '

�
?
1 Vlqfh/ e| gh�qlwlrq

&? � &�/ dq| ihdvleoh fdslwdo doorfdwlrq pxvw olh zlwklq wkh uhjlrq ehorz wklv
v|pphwu| olqh1
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Iljxuh 5= Phujhu H�hfwv rq wkh Ihdvlelolw| Uhjlrq1

Wkh wzr rwkhu vrolg vwudljkw olqhv uhsuhvhqw wzr h{wuhph fdvhv uhjduglqj
wkh lqgxvwu| frq�jxudwlrq1 Lq wkh �uvw fdvh/ wkhuh h{lvwv d odujh �up rzqlqj
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d vkduh &� ri wkh lqgxvwu| fdslwdo dqg wkh uhvlgxdo fdslwdo vkduh E� � &�� lv
htxdoo| vkduhg e| wkh uhpdlqlqj +vpdoo, �upv1 Lq wkh vhfrqg fdvh/ wkh lq0
gxvwu| lv frpsrvhg ri d vlqjoh vpdoo �up dqg ? � � v|pphwulf odujh �upv1
Lq rughu iru wkh fdslwdo frqvwudlqw wr krog ehiruh wkh phujhu/ wkh suh0phujhu
fdslwdo doorfdwlrq E&?c &�� pxvw olh zlwklq wkh wuldqjoh iruphg e| wkhvh wzr
vrolg vwudljkw olqhv1 Li wzr �upv ghflgh wr phujh/ wkhq wkh qxpehu ri lqgh0
shqghqw �upv lq wkh pdunhw lv uhgxfhg e| rqh1 Wkhuhiruh/ wkh wzr h{wuhph
fdvhv iru wkh lqgxvwu| frq�jxudwlrq duh qrz uhsuhvhqwhg e| wkh gdvkhg olqhv
dorqj zklfk &� n E? � 2�&? ' � dqg E? � 2�&� n &? ' �/ uhvshfwlyho|1 Dv d
uhvxow/ wkh ihdvlelolw| uhjlrq lq zklfk wkh fdslwdo frqvwudlqw krogv diwhu wkh
phujhu lv qrz uhsuhvhqwhg e| wkh wuldqjoh iruphg e| wkh gdvkhg olqhv1

Zh nqrz wkdw lq wklv iudphzrun vpdoo �upv kdyh wkh kljkhvw lqfhqwlyhv
wr ghyldwh iurp wkh frooxvlyh sdwk1 Wklv h{sodlqv zk| lq Sursrvlwlrq 5 d
plqlpdo ohyho ri h!flhqf| &W iru wkh vpdoohvw �up lv uhtxluhg lq rughu iru
shuihfw h!flhqw frooxvlrq wr eh hqirufhdeoh/ wkdw lv/ lq rughu iru wkh vpdoohvw
�up qrw wr kdyh lqfhqwlyhv wr glvuxsw wkh frooxvlyh djuhhphqw1 Vrph dojheud
vkrzv wkdw ;K : f ;&� 5 d&?c �� c

Y&W

Y&�
	 f1 Wklv lv looxvwudwhg lq Iljxuh 6 e| d

vrolg fxuyh dorqj zklfk &? ' &W159 Qrwlfh wkdw frooxvlrq fdq eh hqirufhg iru
hyhu| sdlu E&?c &�� deryh wklv vrolg orfxv1 Lq dgglwlrq/ *�4

&�<�
&W ' � �

2K
1 Khqfh/

dv vkrzq lq Iljxuh 6/ &W dvvxphv qhjdwlyh ydoxhv iru kljk hqrxjk ydoxhv ri
wkh fdslwdo vkduh rzqhg e| wkh odujhvw �up lq wkh pdunhw1 Wklv lv vr ehfdxvh/
dffruglqj wr wkh sxqlvkphqw vfkhph �upv dgrsw lq wklv vhwwlqj/ doo wkh �upv
lq wkh pdunhw pxvw hduq d qhjdwlyh sur�w lq wkh �uvw skdvh ri wkh sxqlvkphqw1
Wklv lpsolhv wkdw d orzhu erxqg h{lvwv iru wkh djjuhjdwh rxwsxw surgxfhg lq
wklv �uvw skdvh ri wkh sxqlvkphqw1 Pruh suhflvho|/ frqglwlrq +4<, lpsolhv wkdw
'� � @3S

KE�3&��
1 Vlqfh wklv orzhu erxqg reylrxvo| lqfuhdvhv zlwk wkh vl}h ri wkh

odujhvw �up/ dq lqfuhdvh lq &� ohdgv wr dq lqfuhdvh lq wkh �uvw shulrg orvvhv
ri hyhu| �up lq wkh pdunhw/ wkdw lv/ lqgxfhv dq lqfuhdvh ri wkh vhyhulw| ri
wkh sxqlvkphqw1 Dv d uhvxow/ li wkh odujhvw �up lv vx!flhqwo| odujh/ wkhq wkh
vhyhulw| ri wkh sxqlvkphqw ehfrphv vr kljk wkdw dq| vpdoo �up/ qr pdwwhu
krz vpdoo lw lv/ zloo kdyh qr lqfhqwlyhv wr glvuxsw wkh frooxvlyh djuhhphqw1

59Dv lv vkrzq lq Sursrvlwlrq 5/ wkh plqlpdo ohyho ri h!flhqf| n� grhv qrw ghshqg rq
wkh qxpehu ri �upv lq wkh lqgxvwu|/ q +vhh ht1 +64,,1 Wkhuhiruh/ wkh vrolg fxuyh nq @ n�

lv xqd�hfwhg e| d phujhu1
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Iljxuh 7= Phujhu H�hfwv rq wkh Vfrsh iru Frooxvlrq +Sdqho e,

Lq rughu wr eh deoh wr glvfxvv wkh lpsdfw ri phujhuv rq wkh vfrsh iru
frooxvlrq/ zh dovr qhhg wr nqrz krz wkh plqlpdo glvfrxqw idfwru uhdfwv wr
fkdqjhv lq �upv* fdslwdo doorfdwlrqv1 Iurp +65,/ rqh frqfoxghv wkdw wkh
vxvwdlqdelolw| ri wdflw frooxvlrq rqo| ghshqgv rq wkh vkduh lq wkh fdslwdo ri
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wkh odujhvw �up1 Lq dgglwlrq/ vrph vlpsoh dojheud vkrzv wkdw=

YB

Y&�
'

2K2 E2Kn �� E�� &��

E� n Kn K&��
� : fc +67,

dqg

Y2B

Y&2�
' 2K2 E2Kn ��

2K E&� � 2�� �

EKn � n K&��
e 	 f� +68,

Khqfh/ dq lqfuhdvh lq wkh vl}h ri wkh odujhvw �up zloo lqgxfh dq lqfuhdvh
lq wkh plqlpdo wkuhvkrog rq wkh glvfrxqw idfwru deryh zklfk shuihfw h!flhqw
frooxvlrq lv vxvwdlqdeoh1 Wklv lv looxvwudwhg lq Iljxuh 71 Wkh lqwxlwlrq zklfk
xqghuolhv wklv uhvxow lv wkh iroorzlqj1 Wkh odujhu wkh odujhvw �up lv/ wkh
kljkhu zloo eh lwv vkduh rq wkh rqh shulrg orvvhv gxh wr wkh �uvw skdvh ri wkh
sxqlvkphqw vwudwhj|1 Wkhuhiruh/ wkh pruh zhljkw kdv wr eh dwwdfkhg wr wkh
ixwxuh vwuhdp ri sd|r�v lq rughu iru wklv �up wr frpso| zlwk wkh sxqlvkphqw
vwudwhj|1

Ohw xv qrz wxuq wr wkh glvfxvvlrq ri phujhu h�hfwv rq wkh vfrsh iru fro0
oxvlrq1 Zh nqrz wkdw ehiruh wkh phujhu wkh lqlwldo fdslwdo doorfdwlrq ehorqjv
wr wkh wuldqjoh iruphg e| duhdv �c� dqg � lq Iljxuh 6/ zkhuhdv diwhu wkh
phujhu/ wkh �qdo fdslwdo doorfdwlrq E&?c &�� kdv wr olh vrphzkhuh rq wkh wul0
dqjoh iruphg e| duhdv � dqg ( lq wkh vdph gldjudp1 Khqfh/ wzr gl�huhqw
vfhqdulrv vkrxog eh wdnhq lqwr dffrxqw1 Iluvw/ zh frqvlghu wkh fdvh lq zklfk
�upv zhuh douhdg| frooxglqj ehiruh wkh phujhu wdnhv sodfh1 Wkhq/ zh dqd0
o|}h wkh vlwxdwlrq lq zklfk lqgxvwu|0zlgh frooxvlrq zdv qrw ihdvleoh ehiruh
wkh phujhu1

Li ehiruh wkh phujhu �upv zhuh douhdg| frooxglqj/ wklv phdqv wkdw wkh
lqlwldo fdslwdo doorfdwlrq E&?c &�� olhv vrphzkhuh lq uhjlrqv � ru � ri Iljxuh
61 Zkhq wklv lv wkh fdvh/ dq| phujhu ohdglqj wr dq lqfuhdvh lq wkh vl}h ri
wkh odujhvw �up zloo kxuw frooxvlrq1 Doo rwkhu phujhuv zloo kdyh qr lpsdfw
rq wkh vfrsh iru frooxvlrq1 Lq sduwlfxodu/ li ehiruh wkh phujhu &? : �

2
&�/

wkhq dq| phujhu zloo d�hfw wkh vl}h ri wkh odujhvw frpshwlwru dqg/ khqfh/
kxuw frooxvlrq1 Wklv uhvxow vwuhvvhv wkh idfw wkdw d phujhu lqgxfhv d pruh
dv|pphwulf srvw0phujhu lqgxvwu| frq�jxudwlrq zkhq lw lqfuhdvhv wkh vl}h
ri wkh odujhvw �up15: Wkxv/ wklv dqdo|vlv vwuhvvhv wkh idfw wkdw li frooxvlrq

5:Lq rxu iudphzrun/ phujhu sduwlhv duh wdnhq wr eh h{rjhqrxv1 Krzhyhu/ li wkh dqdo|vlv
zdv h{whqghg wr hqgrjhql}h phujhuv +vsolw0r�v, ghflvlrqv/ rqh zrxog suredeo| frqfoxgh
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douhdg| h{lvwv lq wkh lqgxvwu|/ wkhuh pd| eh qr urrp iru dq lpsuryhphqw lq
�upv* delolw| wr frooxgh diwhu d phujhu kdv wdnhq sodfh1

Qrwlfh/ krzhyhu/ wkdw li ehiruh wkh phujhu wkh qxpehu ri �upv lv vx!0
flhqwo| kljk/5; wkhq wkh suh0phujhu fdslwdo doorfdwlrq pljkw olh lq uhjlrq � ri
Iljxuh 61 Li wklv lv wkh fdvh/ wkhq lw pd| eh udwlrqdo iru pruh h!flhqw �upv
wr phujh zlwk yhu| vpdoo dqg lqh!flhqw �upv li e| grlqj vr frooxvlrq wxuqv
rxw wr eh hqirufhdeoh diwhu wkh phujhu wdnhv sodfh +wkdw lv/ li diwhu wkh phujhu
wkh vpdoohvw �up vl}h &�? � &W,1 Wkhuhiruh/ dffruglqj wr wkh suhvhqw prgho/
rqo| lq wklv fdvh grhv d phujhu kdyh dqwl0frpshwlwlyh h�hfwv dv wkh frpprq
zlvgrp zrxog vxjjhvw1

Dv d �qdo uhpdun/ qrwlfh wkdw +67, dovr vkrzv wkdw d vsolw0r� uhgxflqj wkh
vl}h ri wkh odujhvw �up lq wkh lqgxvwu| whqgv wr lpsuryh wkh vfrsh iru frooxvlrq
dqg/ khqfh/ vkrxog jlyh ulvh wr dqwlwuxvw frqfhuqv vlqfh lw frqwulexwhv wr d
pruh v|pphwulf glvwulexwlrq ri fdslwdo vkduhv dprqjvw wkh h{lvwlqj �upv1

Rxu uhvxowv wkhuhiruh uhyhdo wkdw wkh frqyhqwlrqdo zlvgrp wkdw phujhuv
whqg wr hqkdqfh frooxvlrq/ zkhuhdv vsolw0r�v kdyh sur0frpshwlwlyh h�hfwv/
pd| dfwxdoo| jlyh plvohdglqj suhglfwlrqv derxw wkh idflolw| ri frooxvlrq di0
whu dq dvvhw wudqvihu wdnhv sodfh/ li zh glvuhjdug wkh idfw wkdw dv|pphwulhv
lq frvw ixqfwlrqv whqg wr pdnh frruglqdwlrq dprqjvw roljrsrolvwv ohvv olnho|1
Pruh lpsruwdqwo|/ wklv dqdo|vlv fohduo| vxjjhvwv wkdw/ dv zdv hpskdvl}hg e|
Frpswh/ Mhqq| dqg Uh| +4<<:,/ d v|vwhpdwlf dqdo|vlv ri pdunhw vkduhv dqg
frqfhqwudwlrq lqgh{hv/ vxfk dv wkh Khu�qgdko0Kluvkpdq Lqgh{ +KKL,/ grhv
qrw dozd|v surylgh d uholdeoh jxlgh wr dvvhvv srwhqwldo h�hfwv rq wkh ohyho
ri frpshwlwlrq lq wkh pdunhw lqgxfhg e| d krul}rqwdo phujhu15< Dqwlwuxvw
dxwkrulwlhv/ zkhq dvvhvvlqj zkhwkhu d phujhu ehwzhhq wzr �upv lv olnho| wr
hqkdqfh roljrsrolvwlf frruglqdwlrq lq wkh pdunhw/ vkrxog jlyh vshfldo dwwhq0

wkdw lq wkh fdvh zkhuh frooxvlrq zdv douhdg| wdnlqj sodfh ehiruh wkh phujhu/ dq| phujhu
d�hfwlqj wkh vl}h ri wkh odujhvw �up zrxog idlo wr rffxu lq htxloleulxp1 Wklv zrxog eh
mxvwl�hg e| wkh idfw wkdw qrw rqo| wkh phujhu zrxog kxuw frooxvlrq srvvlelolwlhv/ exw lw
zrxog dovr kdyh qr h�hfw rq phujlqj �up*v sur�wv1 Lqghhg/ wkh vxp ri wkh sur�wv ri wkh
phujlqj sduwlhv htxdov wkh +djjuhjdwh, sur�w ri wkh uhvxowlqj �up +vhh ht1 +44,,1 Qrwlfh/
krzhyhu/ wkdw lq vxfk d vlwxdwlrq d vsolw0r� ri wkh odujhvw frpshwlwru zrxog ghfuhdvh
dv|pphwulhv lq wkh glvwulexwlrq ri dvvhw kroglqjv dqg/ wkhuhiruh/ zrxog srvvleo| eh sduw ri
wkh htxloleulxp vlqfh lw zrxog hqkdqfh frooxvlrq srvvlelolwlhv1

5;Pruh suhflvho|/ li q A
5e6.+5e.4,5�

�s
+5e.4,

�
6

+e.4,

+e.4,

�
e5.6e.4�

�s
+5e.4,

�
6
� 1

5<Dv zdv kljkoljkwhg e| Ilvkhu +4<;:,/ d �vhulrxv dqdo|vlv ri pdunhw srzhu dqg roljrsro|
fdqqrw eh vxevxphg lq d ihz vsxulrxvo| suhflvh phdvxuhphqwv1� +s1 6<,1
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wlrq wr �upv* frvw frqglwlrqv dqg wr wkh ghjuhh ri srvw0phujhu v|pphwu|
dprqj wkh �upv lq wkh lqgxvwu|163 Hyhq wkrxjk dq| phujhu jlyhv ulvh wr
dq lqfuhdvh lq wkh vl}h ri wkh phujhg sduwlhv dqg dovr uhgxfhv wkh qxpehu
ri frpshwlwruv rshudwlqj lq wkh +uhohydqw, pdunhw/ wklv idfw lv qrw hqrxjk wr
frqfoxgh wkdw wkh vfrsh iru frooxvlrq lqfuhdvhv zlwk wkh phujhu1 Lw pljkw
zhoo kdsshq wkdw dv|pphwulhv rxwzhljk wkh frooxvlrq0hqkdqflqj h�hfwv ri d
sursrvhg phujhu1

7 Shuihfw qrq0h!flhqw frooxvlrq

Wkh suhylrxv dqdo|vlv vxjjhvwv wkdw lq dq lqgxvwu| frqvlvwhqw zlwk wkh dv0
vxpswlrqv ri rxu prgho/ wkh vpdoohvw dqg odujhvw �upv lq wkh djuhhphqw sod|
d fuxfldo uroh rq wkh vwdelolw| ri shuihfw h!flhqw frooxvlrq1 Ehlqj doorwwhg d
yhu| vpdoo vkduh lq wkh frooxvlyh rxwsxw +dqg sur�wv,/ vpdoo �upv pd| kdyh
qr lqfhqwlyh wr fuhgleo| sduwlflsdwh lq wkh frooxvlyh djuhhphqw1 Rq wkh rwkhu
kdqg/ zkhq wkh htxloleulxp fdoov iru sxqlvkphqwv/ wkh odujhvw �up lv wkh prvw
shqdol}hg lq wkh sxqlvkphqw �uvw skdvh1 Lw lv/ wkhuhiruh/ qdwxudo wr zrqghu
zkhwkhu vwdelolw| ri wkh frooxvlyh djuhhphqw frxog eh hqkdqfhg li odujh �upv
dffhswhg wr wudqvihu sduw ri wkhlu rxwsxw vkduh wr wkh vpdoohvw rqhv/ wkhuh0
iruh doorzlqj vpdoo �upv wr surgxfh d glvsursruwlrqdwh +kljkhu, vkduh ri wkh
frooxvlyh djjuhjdwh rxwsxw1 Wklv vhfwlrq ghdov zlwk suhflvho| wklv lvvxh e|
vwxg|lqj d vlwxdwlrq lq zklfk �upv dffhsw d glvwruwlrq ri wkh h!flhqw doorfd0
wlrq uxoh +9, lq rughu wr wu| dqg hqodujh wkh vhw ri glvfrxqw idfwruv iru zklfk
shuihfw lqgxvwu|0zlgh frooxvlrq lv vxvwdlqdeoh1 Sursrvlwlrq 6 vkrzv wkdw wkhuh
lv d wudgh0r� ehwzhhq h!flhqf| dqg wkh vwdelolw| ri shuihfw frooxvlrq1

Sursrvlwlrq 6 Ohw B eh dv lq Sursrvlwlrq 51 Wkhuh h{lvwv d B?e 	 B vxfk
wkdw wkhuh h{lvwv d vxejdph shuihfw htxloleulxp lq zklfk shuihfw +qrq0h!flhqw,
frooxvlrq lv hqirufhg iru hyhu| B � B?e1

Surri1 Frqvlghu dq lqlwldo vlwxdwlrq lq zklfk &? ' &W dqg B ' B/ zkhuh
&W dqg B duh gh�qhg e| htxdwlrqv +64, dqg +65,/ uhvshfwlyho|1 Khqfh/ zh
ghsduw iurp d vlwxdwlrq lq zklfk wkh wzr lqfhqwlyh frqvwudlqv wkdw pdwwhu
dorqj dq rswlpdo pd{lpdo sxqlvkphqw 0 wkdw ri wkh vpdoohvw �up wr vwlfn wr
wkh frooxvlyh rxwsxw dqg wkdw ri wkh odujhvw �up wr vwlfn wr wkh �uvw skdvh ri
wkh sxqlvkphqw 0 duh mxvw elqglqj1 Dvvxph dovr/ zlwkrxw orvv ri jhqhudolw|/

63Lw lv lpsruwdqw wr qrwh wkdw wkh KKL lqgh{ whqgv wr shqdol}h dv|pphwu|1
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wkdw wkh qxpehu ri odujhvw dqg vpdoohvw �upv lq wkh pdunhw lv wkh vdph1 Ohwh&� ghqrwh wkh rxwsxw vkduh ri �up �/ zkhuhdv &� frqwlqxhv wr ghqrwh wkh vkduh
lq wkh lqgxvwu| fdslwdo rzqhg e| �up �/ � 5 i�c ���c ?j1 Ohw xv qrz frqvlghu
dq 00wudqvihu ri rxwsxw vkduh iurp wkh odujhvw wr wkh vpdoohvw �up+v,1 Zkhq

wklv lv wkh fdvh/ h&� ' &� � 0/ h&? ' &? n 0/ zkhuh 0 	 &?3� � &?/ zkhuhdvh&� ' &�/ iru doo � *5 i�c ?j1 Ilupv duh dvvxphg wr nhhs rq xvlqj d vlpsoh

sursruwlrqdo wzr0skdvh shqdo frgh j
� ĥ�c ĥ2�/ zkhuh i'� ' @3S

KE�3&��
/ i'2 ' @3S

2Kn�

dqg ĥ�� ' h&�i'�/ iru � 5 i�c ���c ?j c � ' �c 21 Lq rughu iru j
� ĥ�c ĥ2� wr eh d

shuihfw htxloleulxp/ rqh pxvw kdyh wkdw/ iru doo �/

ZW�

�î�
3�

�
� Z�

� ĥ��� B
�
Z�

� ĥ2�� Z�

� ĥ��� � fc +69,

dqg

ZW�

�î2
3�

�
� Z�

� ĥ2�� B
�
Z�

� ĥ2�� Z�

� ĥ��� � fc +6:,

zkhuh î�3� ' � ĥ�
�c ���c

ĵ�
�3�c

ĵ�
�n�c ���c

ĥ�
?

�
c � ' �c 2c dqg ZW� G

�
fc @

K

�?3�
$ + gh0

qrwhv �up ��r ehvw uhvsrqvh sur�w1 Vlqfh zh duh dvvxplqj dq lqlwldo vlwxdwlrq
lq zklfk &? ' &W dqg B ' B/ wkhq wkh suhylrxv dqdo|vlv vkrzv wkdw zkhq
0 ' f +lqlwldoo|,/ frqglwlrq +69, lv elqglqj iru wkh odujhvw �up+v, lq wkh pdu0
nhw +�up �,/ zkhuhdv frqglwlrq +6:, lv elqglqj iru wkh vpdoohvw �up lq wkh
djuhhphqw +�up ?,1 Wr vkrz wkdw wkhuh h{lvwv d vxejdph shuihfw htxloleulxp
lq zklfk �upv hqirufh shuihfw frooxvlrq zlwklq d odujhu vhw ri glvfrxqw idfwruv
e| dffhswlqj d glvwruwlrq ri wkh h!flhqw doorfdwlrq uxoh +9,/ lw vx!fhv wr vkrz
wkdw wkh elqglqj lqfhqwlyh frqvwudlqwv +69, dqg +6:, duh erwk uhod{hg zkhq
wkhuh lv d wudqvihu ri rxwsxw vkduh iurp wkh odujhvw wr wkh vpdoohvw �upv lq
wkh pdunhw1

Ohw xv vwduw zlwk frqglwlrq +69,1 Wklv frqglwlrq lv elqglqj iru �up � zkhq

0 ' f1 Lq dgglwlrq/ lq wklv vhwwlqj/ ZW�

� î�
3�

�
' f1 Khqfh/ rqh fdq uhzulwh

frqglwlrq +69, iru wkh odujhvw �up/ rewdlqlqj

E�� B�
�
�Z�

� ĥ���� BZ�
� ĥ2� � fc +6;,

zkhuh Z�
� ĥ�� '

�
@� S� Ki'�

�
E&� � 0�i'� � EE&�30�i'��2

2&�
/ iru � ' �c 21 Ohw

u� ' E�� B�
�
�Z�

� ĥ��� � BZ�
� ĥ2�1 Wkhq/ diwhu vrph dojheud dqg pdnlqj
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xvh ri wkh idfw wkdw i'� ' @3S
KE�3&��

/ i'2 ' @3S
2Kn�

dqg B ' E�n2K&��E2Kn��

EKn�nK&��
2 / rqh

frqfoxghv wkdw

Yu�

Y0
' � E@� S�2

&� � 20

&� E2Kn �� EKn � n K&��
	 f�

Khqfh/ wkh lqfhqwlyh frqvwudlqw ri wkh odujhvw �up wr vwlfn wr wkh �uvw skdvh
ri wkh sxqlvkphqw lv uhod{hg zkhq wkhuh lv d +pdujlqdo, wudqvihu ri rxwsxw
vkduh iurp wkh odujhvw wr wkh vpdoohvw �up+v,1

Ohw xv qrz dqdo|}h wkh h�hfw ri wkh deryh0phqwlrqhg wudqvihu ri rxwsxw
vkduh rq wkh lqfhqwlyh frqvwudlqw ri wkh vpdoohvw �up wr vwlfn wr wkh frooxvlyh
rxwsxw1 Frqglwlrq +6:, iru wkh vpdoohvw �up ? lv jlyhq e|

ZW?

�ĵ2
3?

�
� Z?

� ĥ2�� B
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Z?

� ĥ2�� Z?
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�
@� S� Ki'�

�
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/ iru � ' �c 21 Qrz/ ohw
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�ĵ2
3?

�
�Z?

� ĥ2��B
�
Z?

� ĥ2�� Z?

� ĥ���1 Vrph dojheud vkrzv wkdw
Yu?

Y0
' E@� S�2 E� n K E� n &? n 0�� &?

K

E2Kn ��2 E� n 2K&?�

� E� n B�

�
E@� S�2

K&? � 0

E2Kn ��2 &?

�
� B E@� S�2

&? E� n K&�� n 0

K2 E�� &��
2 &?

�

Qrz/ qrwlfh wkdw

E@� S�2 E� n K E� n &? n 0�� &?
K

E2Kn ��2 E� n 2K&?�
� E@� S�2

K&? � 0

E2Kn ��2 &?
'

' E@� S�2 E� n K&?�
0 E� n K&?�� K&? E�� &?�

E2Kn ��2 E� n 2K&?� &?
�

Khqfh/ 0 	 K&? E�� &?� * E� n K&?� 	 � lv d vx!flhqw frqglwlrq iru Yu?

Y0
	 fc

l1h1/ iru vx!flhqwo| orz ydoxhv ri 0/ wkh lqfhqwlyh frqvwudlqw ri wkh vpdoohvw
�up wr vwlfn wr wkh frooxvlyh djuhhphqw lv dovr uhod{hg e| wkh deryh0phqwlrqhg
+pdujlqdo, wudqvihu ri rxwsxw vkduh1 Wklv frpsohwhv wkh surri ri Sursrvlwlrq
61
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Khqfh/ e| dffhswlqj d glvwruwlrq lq wkh rswlpdo doorfdwlrq uxoh/ �upv fdq
hqodujh wkh vhw ri glvfrxqw idfwruv iru zklfk shuihfw frooxvlrq fdq eh fuhgleo|
hqirufhg1

Wzr uhpdunv duh lq rughu ehiruh forvlqj wklv vhfwlrq1 Iluvw/ qrwlfh wkdw
e| wudqvihuulqj rxwsxw vkduh iurp wkh odujhu wr wkh vpdoohvw �upv lq wkh
pdunhw/ wklv h{huflvh lv ohvvhqlqj dv|pphwulhv ehwzhhq pdunhw sduwlflsdqwv/
wkxv frqwulexwlqj wr lqfuhdvh frooxvlrq srvvlelolwlhv1 Lq wklv zd|/ wkh suhylrxv
Sursrvlwlrq frq�upv dqg h{whqgv wkh jhqhudo lqwxlwlrq ghyhorshg lq wkh suh0
ylrxv vhfwlrq1 Vhfrqg/ lw vkrxog eh qrwhg wkdw wkh +h{whqghg, sursruwlrqdo
wzr0skdvh shqdo frgh xvhg lq wkh surri ri Sursrvlwlrq 6 lv qrw joredoo| rswl0
pdo1 Lw grhv qrw gulyh doo �upv wr wkhlu plqpd{ sd|r� li d ghyldwlrq rffxuv/
exw vkrxog gulyh wkh odujhvw dqg vpdoohvw �upv lq wkh djuhhphqw forvh wr
wkh +}hur, plqpd{ sd|r�1 Vwxg|lqj dowhuqdwlyh rxwsxw doorfdwlrq uxohv dv
zhoo dv sursrvlqj rwkhu w|shv ri rswlpdo sxqlvkphqwv zlwklq d pruh jhqhudo
iudphzrun zloo eh ghdow zlwk lq ixwxuh uhvhdufk1

8 Frqfoxvlrq

Wklv sdshu kdv h{soruhg wkh uhodwlrqvkls ehwzhhq wkh glvwulexwlrq ri d wdq0
jleoh lqgxvwu| dvvhw zklfk d�hfwv �upv* pdujlqdo frvwv dqg wkh vfrsh iru
frooxvlrq1 Lq sduwlfxodu/ zh kdyh irxqg wkh frqglwlrqv xqghu zklfk d +shu0
ihfw, frooxvlyh rxwfrph fdq eh hqirufhg zkhq dq lq�qlwho| uhshdwhg jdph lv
sod|hg ehwzhhq frvw dv|pphwulf �upv zklfk surgxfh d krprjhqhrxv jrrg
dqg dgrsw rswlpdo sxqlvkphqwv lq wkh vw|oh ri Deuhx +4<;9/ 4<;;, wkdw jxdu0
dqwhh d survshfwlyh ghyldqw }hur sur�wv +wkh orzhvw sur�wv frqvlvwhqw zlwk
lqglylgxdo udwlrqdolw|, lq wkh hyhqw d ghyldwlrq rffxuv1 Wkh uhvxowv rewdlqhg
hperg| vrph lpsruwdqw lqvljkwv iru sudfwlfdo dssolfdwlrq ri frpshwlwlrq sro0
lf|1

Iluvw/ zh vkrz wkdw wkh vxvwdlqdelolw| ri shuihfw h!flhqw frooxvlrq fuxfldoo|
ghshqgv rq wkh dvvhw kroglqjv ri wkh �upv lqyroyhg lq wkh djuhhphqw1 Lq
sduwlfxodu/ lw kdv ehhq irxqg wkdw wkh vpdoohvw +dqg/ khqfh/ prvw lqh!flhqw,
�up lq wkh djuhhphqw/ ehlqj wkh rqh zklfk lv doorwwhg wkh orzhvw vkduh lq
wkh frooxvlyh djjuhjdwh rxwsxw/ uhsuhvhqwv wkh pdlq revwdfoh iru frooxvlrq wr
eh hqirufhg ehfdxvh wklv vkduh pd| eh wrr orz zlwk uhvshfw wr lwv rswlpdo
ghyldwlrq rxwsxw1 Rq wkh rwkhu kdqg/ li wkh sxqlvkphqw lv vwduwhg/ wkhq wkh
odujhvw �up lv wkh rqh zklfk lv sursruwlrqdoo| prvw shqdol}hg lq wkh �uvw
+vhyhuh, skdvh ri wkh sxqlvkphqw1 Wkhuhiruh/ wklv �up idfhv wkh juhdwhvw
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lqfhqwlyhv wr ghyldwh iurp wkh �uvw shulrg ri wkh sxqlvkphqw vwudwhj|1
Vhfrqg/ lw lv vkrzq wkdw li �upv dffhsw wr glyhujh iurp wkh mrlqw0sur�w

pd{lpl}dwlrq ehkdylru/ wkhq wkh| fdq hqkdqfh frooxvlrq srvvlelolwlhv1 Shuihfw
lqh!flhqw frooxvlrq fdq eh hqirufhg zlwklq d odujhu vhw ri glvfrxqw idfwruv1
Wkhuhiruh/ lq rxu vhwwlqj/ wkhuh h{lvwv d wudgh0r� ehwzhhq h!flhqf| dqg vxv0
wdlqdelolw| ri shuihfw frooxvlyh djuhhphqwv1

D glvwlqfw lvvxh lv dovr dgguhvvhg/ zklfk lv wkh lpsdfw ri fkdqjhv lq wkh
glvwulexwlrq ri �upv* dvvhw kroglqjv rq wkh olnholkrrg ri frooxvlrq1 Vrph
lpsruwdqw srolf| lpsolfdwlrqv fdq eh ghulyhg iurp wkh uhvxowv1 Lq sduwlfxodu/
wkh| vkhg vrph oljkw rq wkh frpsoh{ sureohp ri dvvhvvlqj wkh srwhqwldo mrlqw
grplqdqfh +sur0frooxvlyh, h�hfwv lqgxfhg e| d phujhu1 Lw wxuqv rxw wkdw zkhq
dv|pphwulf �upv fr0h{lvw lq wkh lqgxvwu| wkh lpsdfw ri d phujhu ghshqgv rq
zklfk �upv lw lqyroyhv1 Pruh vshfl�fdoo|/ lw lv vkrzq wkdw d phujhu fdq lqgxfh
wzr glvwlqfw h�hfwv1 Iluvw/ li �upv lq wkh pdunhw zhuh douhdg| frooxglqj ehiruh
wkh phujhu/ wkhq d phujhu hlwkhu kdv qr h�hfw rq wkh srvvlelolw| ri frooxvlrq
ru lw kdupv wkdw srvvlelolw|1 Wkh odwwhu fdvh zloo kdsshq zkhq wkh phujhu
d�hfwv wkh vl}h ri wkh odujhvw �up lq wkh pdunhw1 Wklv uhvxow vwuhvvhv wkh
idfw wkdw dowkrxjk wkh qxpehu ri frpshwlwruv lv uhgxfhg zlwk wkh phujhu/
zklfk whqgv wr idflolwdwh frooxvlrq/ wklv h�hfw lv pruh wkdq frpshqvdwhg iru
e| d pruh dv|pphwulf srvw0phujhu lqgxvwu| frq�jxudwlrq1 Vhfrqg/ li ehiruh
wkh phujhu frooxvlrq lv qrw ihdvleoh/ wkhq d phujhu pljkw pdnh frooxvlrq
srvvleoh diwhuzdugv1 Wklv zloo kdsshq zkhq wkh phujhu lqyroyhv yhu| vpdoo
dqg lqh!flhqw �upv wkdw duh qrw deoh wr fuhgleo| sduwlflsdwh lq d frooxvlyh
vfkhph ehiruh wkh phujhu wdnhv sodfh1

Wklv dqdo|vlv wkxv vxjjhvwv wkdw d v|vwhpdwlf dqdo|vlv ri pdunhw vkduhv
dqg frqfhqwudwlrq lqgh{hv/ vxfk dv wkh Khu�qgdko0Kluvkpdq Lqgh{ +KKL,/
grhv qrw dozd|v surylgh d uholdeoh jxlgh wr dvvhvv srwhqwldo h�hfwv rq wkh
ohyho ri frpshwlwlrq lq wkh pdunhw lqgxfhg e| d krul}rqwdo phujhu1 Rqfh
srvw0phujhu frqfhqwudwlrq dsshduv wr eh kljk/ wkhq/ dprqj rwkhu wklqjv/
�upv* frvw frqglwlrqv dqg dvvhw kroglqjv* glvwulexwlrq pxvw eh dq lpsruwdqw
sduw ri wkh dqdo|vlv/ vlqfh dv|pphwulhv pd| r�vhw dq| lqfuhdvhg ulvn ri srvw0
phujhu dqwlfrpshwlwlyh ehkdylru1

Lw uhpdlqv wr eh vhhq zkhwkhu rxu uhvxowv duh urexvw wr fkdqjhv lq wkh
prgho dvvxpswlrqv= gl�huhqw/ ru pruh jhqhudo/ ixqfwlrqdo irupv iru frvw dqg
ghpdqg/ dqg �up khwhurjhqhlw|1 Lw zrxog dovr eh lqwhuhvwlqj wr dqdo|}h xqghu
zklfk frqglwlrqv d vxevhw ri odujh �upv frxog uhdfk d frooxvlyh djuhhphqw
zlwkrxw lqyroylqj vpdoo �upv +sduwldo frooxvlrq,1 Doo wkhvh txhvwlrqv vhhp wr
ghvhuyh ixuwkhu uhvhdufk1
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D Wkh Frxuqrw htxloleulxp

Frqvlghu wkh jhqhudo fdvh lq zklfk lqyhuvh ghpdqg lv jlyhq e| +4, dqg wrwdo
frvw ixqfwlrq ri �up � lv uhsuhvhqwhg e| ht1 +5,1 Ilup � fkrrvhv ^� wr pd{lpl}h
sur�wv=

Z� E^�c ���c ^?� ' E@� K'�^� �
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�
� +73,

Z� E�� lv vwulfwo| frqfdyh lq ^�1 Khqfh/ wkh fkrlfh ri ^� uhvxowv iurp wkh
iroorzlqj �uvw rughu frqglwlrq=
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Uhihuhqfhv

^4` Deuhx/ G1 +4<;9,/ �H{wuhpdo Htxloleuld ri Roljrsrolvwlf Vxshujdphv�/
Mrxuqdo ri Hfrqrplf Wkhru| 6</ 4<405581

^5` Deuhx/ G1 +4<;;,/ �Rq wkh Wkhru| ri Lq�qlwho| Uhshdwhg Jdphv zlwk
Glvfrxqwlqj�/ Hfrqrphwulfd/ Yro1 89/ Qr1 5/ 6;606<91

^6` Eduurv/ S1 S1 +4<<;,/ �Hqgrjhqrxv Phujhuv dqg Vl}h Dv|pphwu| ri
Phujhu Sduwlflsdqwv�/ Hfrqrplfv Ohwwhuv 93/ 446044<1

^7` Fd�duud/ F1 dqg Nÿkq/ N10X1 +4<<<,/ �Mrlqw Grplqdqfh= Wkh FIL Mxgj0
phqw rq Jhqfru2Orqukr�/ Hxurshdq Frpshwlwlrq Odz Uhylhz/ 532:/
688068<1

^8` Frpswh/ R1/ Mhqq|/ I1 dqg Uh|/ S1 +4<<:,/ �Fdsdflw| Frqvwudlqwv/ Phuj0
huv dqg Frooxvlrq�/ Hxurshdq Hfrqrplf Uhylhz +iruwkfrplqj,1

^9` Hdwrq/ F1 dqg Hvzdudq/ P1 +4<<;,/ �Hqgrjhqrxv Fduwho Irupdwlrq�/
Dxvwudoldq Hfrqrplf Sdshuv/ Yro1 6:/ Qr1 4/ 40461

^:` Ilvkhu/ I1 P1 +4<;:,/ �Krul}rqwdo Phujhuv= Wuldjh dqg Wuhdwphqw�/
Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ Yro1 4/ Qxpehu 5/ 560731

^;` Iulhgpdq/ M1 Z1/ +4<:4,/ �D Qrq0frrshudwlyh Htxloleulxp iru Vx0
shujdphv1�/ Uhylhz ri Hfrqrplf Vwxglhv 5;/ 40451

^<` Ixghqehuj/ G1 dqg Pdvnlq/ H1/ +4<;9, �Wkh Iron Wkhruhp lq Uhshdwhg
Jdphv zlwk Glvfrxqwlqj ru zlwk Lqfrpsohwh Lqirupdwlrq1�/ Hfrqrphw0
ulfd/ Yro1 87/ Qr1 6/ 86608871

^43` Ixghqehuj/ G1 dqg Wluroh/ M1 +4<;<,/ �Qrqfrrshudwlyh Jdph Wkhru| iru
Lqgxvwuldo Rujdql}dwlrq= dq Lqwurgxfwlrq dqg Ryhuylhz�/ Fk18 lq= U1
Vfkpdohqvhh dqg U1 Zloolj +Hgv1,/ Kdqgerrn ri Lqgxvwuldo Rujdql}dwlrq/
Yro1 L/ Qruwk0Kroodqg= Dpvwhugdp1

^44` Ixghqehuj/ G1 dqg Wluroh/ M1 +4<<4,/ Jdph Wkhru|/ Wkh PLW suhvv1

^45` Kduulqjwrq/ M1 H1 +4<<4,/ �Wkh Ghwhuplqdwlrq ri Sulfh dqg Rxwsxw Txr0
wdv lq d Khwhurjhqhrxv Fduwho�/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ Yro1 65/
Qr1 7/ :9:0:<51
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^46` Nÿkq/ N10X1 dqg Prwwd/ P1 +4<<<,/ �Wkh Hfrqrplfv ri Mrlqw Grpl0
qdqfh�/ plphr1

^47` Odpevrq/ Y1 H1 +4<;;,/ �Djjuhjdwh H!flhqf|/ Pdunhw Ghpdqg/ dqg wkh
Vxvwdlqdelolw| ri Frooxvlrq�/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujd0
ql}dwlrq 9/ 59605:41

^48` Pduwlq/ V1 +4<;;,/ Lqgxvwuldo Hfrqrplfv 0 Hfrqrplf Dqdo|vlv dqg Sxeolf
Srolf|/ Pdfploodq Sxeolvklqj Frpsdq|/ Qhz \run1

^49` Pduwlq/ V1 +4<<3,/ �Iulqjh Vl}h dqg Fduwho Vwdelolw|�/ Zrunlqj Sdshu
HFR <3249/ Hxurshdq Xqlyhuvlw| Lqvwlwxwh1

^4:` Pdvrq/ F1 I1/ Skloolsv/ R1 U1 dqg Qrzhoo/ +4<<5,/ �Gxrsro| Ehkdylru
lq Dv|pphwulf Pdunhwv= dq H{shulphqwdo Hydoxdwlrq�/ Uhylhz ri Hfr0
qrplfv dqg Vwdwlvwlfv/ 99509:31

^4;` PfDihh/ U1 S1 dqg Zlooldpv/ P1 D1 +4<<5,/ �Krul}rqwdo Phujhuv dqg
Dqwlwuxvw Srolf|�/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv Yro1 [O/ Qr1 5/ 4;40
4;:1

^4<` Prwwd/ P1 +5333,/ �HF Phujhu Srolf|/ dqg wkh Dluwrxuv fdvh�/ Hxurshdq
Frpshwlwlrq Odz Uhylhz/ 5427 +Dsulo 5333,/ 4<<053:1

^53` Shuu|/ P1 dqg Sruwhu/ U1 K1 +4<;8,/ �Roljrsro| dqg wkh Lqfhqwlyh iru
Krul}rqwdo Phujhu�/ Dphulfdq Hfrqrplf Uhylhz :8/ 54<055:1

^54` Urwkvfklog/ U1 +4<<<,/ �Fduwho Vwdelolw| Zkhq Frvwv Duh Khwhurjh0
qhrxv�/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq 4:/ :4:0:671

^55` Vfkpdohqvhh/ U1 +4<;:,/ �Krul}rqwdo Phujhu Srolf|= Sureohpv dqg
Fkdqjhv1�/ Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ Yroxph 4/ Qxpehu 5/
740871

^56` Vkd�hu/ V1 +4<<8,/ �Vwdeoh Fduwhov zlwk d Frxuqrw Iulqjh�/ Vrxwkhuq
Hfrqrplf Mrxuqdo 94/ :770:871

^57` Vfkhuhu/ I1 P1 +4<;3,/ Lqgxvwuldo Pdunhw Vwuxfwxuh dqg Hfrqrplf Shu0
irupdqfh/ Udqg PfQdoo| Froohjh Sxeolvklqj Frpsdq|1

^58` Vwljohu/ J1 M1 +4<97,/ �D Wkhru| ri Roljrsro|1�/ Mrxuqdo ri Srolwlfdo
Hfrqrp|/ Yro1 :5/ 770941
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^59` Yhueryhq/ I1 +4<<8,/ �Frusrudwh Uhvwuxfwxulqj lq d Frooxvlyh
Roljrsro|�/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq 46/ 6680
6871

^5:` Ylyhv/ [1 +5333,/ Roljrsro| Sulflqj= Rog Lghdv dqg Qhz Phwkrgv/ Wkh
PLW suhvv1
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