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Devwudfw

Yrwlqj Wkhru| jhqhudoo| frqfoxghv wkdw �lq �uvw0sdvw0wkh0srvw hohfwlrqv� 4, Doo yrwhv vkrxog
jr wr h�hfwlyh fdqglgdwhv +Gxyhujhu*v Odz,> 5, Sduwlhv* sodwirupv vkrxog frqyhujh +Phgldq
Yrwhu Wkhruhp,1 Revhuydwlrqv/ wkrxjk/ vxjjhvw wkdw vxfk suhglfwlrqv duh qrw phw lq sudfwlfh1
Zh vkrz wkdw glyhujhqfh dqg glvshuvlrq ri yrwhv lv d qdwxudo hohfwlrq rxwfrph zkhq wkhuh
lv xqfhuwdlqw| dqg uhshwlwlrq ri hohfwlrqv1 �Yrwlqj iru orvhuv� lqfuhdvhv wkh lqirupdwlrqdo
frqwhqw ri hohfwlrqv/ dqg irufhv pdlq sduwlhv wr uhorfdwh wrzdugv h{wuhplvwv1 Dv d uhvxow/ wkh|
pd{lpl}h wkhlu suredelolw| ri ehlqj hohfwhg/ qrw e| frqyhujlqj wr wkh phgldq exw e| glyhujlqj
wr d fhuwdlq h{whqw1 Lghrorjlfdo ehkdylru uhvxowv wkhq iurp rswlpl}lqj frqvlghudwlrqv dorqh1

MHO Fodvvl�fdwlrq Qxpehuv= G:5/ G;4

Nh|zrugv= Yrwlqj/ Gxyhujhu*v Odz/ h{wuhplvp/ Srlvvrq jdphv1



4 Lqwurgxfwlrq

Vwdqgdug yrwlqj wkhru| suhglfwv wkdw/ lq d �uvw0sdvw0wkh0srvw hohfwlrq/ udwlrqdo yrwhuv vkrxog

doorfdwh wkhlu yrwhv wr rqo| wzr fdqglgdwhv +Gxyhujhu 4<87/ Fr{ 4<<7,1 Lqghhg/ li yrwhuv fduh

rqo| derxw zklfk fdqglgdwh2sodwirup zlqv wkh hohfwlrq/ wkh| vkrxog qrw zdvwh wkhlu yrwh

rq �orvhuv�1 Yrwlqj iru d orvhu phdqv wkdw ihzhu yrwhv duh jlyhq wr d vhfrqg ehvw rswlrq

wkdw frxog srvvleo| zlq rwkhuzlvh1 Wklv uhvxow/ nqrzq dv �Gxyhujhu*v Odz�/ lv txlwh riwhq

idu r� wkh pdun lq sudfwlfh1 Iru h{dpsoh/ wkh X1V1 suhvlghqwldo hohfwlrqv vkrzhg wkdw d

wklug fdqglgdwh frxog uhfhlyh d vxevwdqwldo vkduh ri yrwhv hyhq zlwkrxw d fkdqfh ri kdylqj

dq| hohfwhg uhsuhvhqwdwlyh1 Lq Hxursh/ wkh X1N1 hohfwlrqv glvsod| wkh vdph ihdwxuh +vhh dovr

Slnhww| 4<<8,/ dqg lq wkh 4<<8 Iuhqfk suhvlghqwldo hohfwlrqv/ durxqg 73( ri wkh yrwhv zhuh

fdvw rq vpdoo �pdlqo| h{wuhplvw� sduwlhv zklfk kdg qr fkdqfh ri zlqqlqj4c51

Zkloh wkh| frq lfw zlwk d olwhudo lqwhusuhwdwlrq ri Gxyhujhu*v odz/ vxfk revhuydwlrqv gr

qrw lpso| lwv luuhohydqfh dv d ehqfkpdun1 Lw frxog vlpso| eh wkdw rqh ru pruh ri wkh dv0

vxpswlrqv qhfhvvdu| iru wkh uhvxow wr krog duh ylrodwhg1 D whpswlqj h{sodqdwlrq lv wkxv wkdw

vrph yrwhuv duh qrw udwlrqdo/ ru wkdw wkh| gr qrw rqo| fduh derxw zkr lv hohfwhg1 \hw/ fdvxdo

revhuydwlrq vxjjhvwv wkdw vxfk yrwh iru orvhuv lq xhqfhv pdlqvwuhdp sduwlhv* sodwirupv1 Wklv

frqwudglfwv wkh �phgldq yrwhu wkhruhp�/ zklfk vwdwhv wkdw rssruwxqlvwlf sduwlhv vkrxog sr0

vlwlrq wkhpvhoyhv dw wkh phgldq yrwhu/ qrw lqfrusrudwh h{wuhplvwv* ylhzv1 Li wkhvh yrwhv zhuh

vlqfhuh/ vxfk sduw| ehkdylru zrxog lwvhoi eh luudwlrqdo1

Wklv sdshu h{soruhv dqrwkhu dooh| wkdw vxvwdlqv wkh dvvxpswlrq ri udwlrqdo yrwhuv zkr

fduh rqo| derxw wkh lpsohphqwhg srolf|/ dqg sxuho| rssruwxqlvwlf sduwlhv/ exw lqwurgxfhv

lqirupdwlrq frqfhuqv lq hohfwlrqv1 Zh vkrz wkdw lq wkh fdvh ri uhshdwhg hohfwlrqv dqg lq0

frpsohwh lqirupdwlrq/ vrph yrwhuv +pdlqo| h{wuhplvwv, pd| yrwh iru vxuh �orvhuv� lq rughu

wr frppxqlfdwh lqirupdwlrq derxw wkh glvwulexwlrq ri yrwhuv dqg/ lq sduwlfxodu/ derxw wkh

4Gxyhujhu*v Odz krogv rqo| iru wkh �uvw0sdvw0wkh0srvw v|vwhp1 Fr{ +4<<7, suryhg d jhqhudol}hg yhuvlrq ri
wklv Odz/ zklfk lv qrz nqrzq dv wkh �? n �� Odz1 Wkdw lv/ li ? fdqglgdwhv kdyh wr eh hohfwhg/ wkh dssrlqwhg
rqhv ehlqj wkh ? fdqglgdwhv uhfhlylqj wkh kljkhvw vkduhv ri yrwhv/ wkhq rqo| ? n � fdqglgdwhv vkrxog uhfhlyh
yrwhv dw doo1 Iru d eurdghu glvfxvvlrq/ vhh dovr Fr{ +4<<:,1

5Wkh Iuhqfk hohfwrudo v|vwhp lv gl�huhqw/ dv wkh suhvlghqw lv hohfwhg lq wzr urxqgv1 Qhyhuwkhohvv/ lqvridu
dv wkh uhvxowv lq Fr{ +4<<7, h{whqg wr d wzr0urxqg hohfwlrq/ zkhuh wkh �uvw urxqg fdq eh vhhq dv d vhsdudwh
hohfwlrq phdqw wr hohfw wzr fdqglgdwhv e| soxudolw| uxoh/ rqo| wkuhh fdqglgdwhv vkrxog uhfhlyh yrwhv lq wkh �uvw
urxqg/ e| wkh ? n � Odz1
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srvlwlrq ri wkh phgldq yrwhu1 H{wuhplvwv kdyh dq lqfhqwlyh wr yrwh iru orvhuv li pruh vxfk

yrwhv phdq wkdw wkh phgldq lv forvhu wr wkh yrwhg orvhu1 Lq wklv fdvh/ sduwlhv zrxog dgdsw

wkhlu sodwirupv lq ixwxuh hohfwlrqv dqg frph forvhu wr wkh yrwhg h{wuhplvw sduw|1 Zhuh sduw|

srvlwlrqv h{rjhqrxv/ yrwlqj iru orvhuv zrxog qhyhu eh d udwlrqdo rswlrq iru h{wuhplvw yrwhuv1

Dv d frqvhtxhqfh/ wkh yhu| xqfhuwdlqw| rq wkh glvwulexwlrq ri yrwhuv surylghv d udwlrqdoh iru

d ylrodwlrq ri Gxyhujhu*v Odz1

Li sduwlhv udwlrqdoo| vhohfw wkhlu sodwirupv/ wkh| zloo wu| dqg uhgxfh wkh whqghqf| wr yrwh

iru orvhuv1 Li qrw/ �vpdoo� sduwlhv frxog ehfrph wrr lpsruwdqw dqg ehfrph d srolwlfdo wkuhdw1

Zh vkrz wkdw/ wr wklv hqg/ pdlq sduwlhv qhhg wr wdnh vrph glvwdqfh zlwk wkh phgldq dqg

sursrvh vrphzkdw h{wuhplvw sodwirupv1 Wklv vkrzv wkdw frqyhujhqfh ri sodwirupv wr wkh

phgldq fdqqrw rffxu lq htxloleulxp/ lq rssrvlwlrq wr wkh phgldq yrwhu wkhruhp +Krwhoolqj

4<5</ Eodfn 4<8;,1 Wklv phdqv wkdw sduw|* sduwlvdqvkls lv qrw qhhghg wr h{sodlq lpshuihfw

frqyhujhqfh ri srolwlfdo sodwirupv +dv h1j1 Fdoyhuw 4<;8 ruZlwwpdq 4<::/ 4<;6 zrxog vxjjhvw,1

Glyhujhqfh ri sodwirupv pd| eh gxh wr wkh yrwhuv* rzq glvshuvlrq ri suhihuhqfhv1

Uhfhqw uhvhdufk vwuhvvhg wkh lqirupdwlyh uroh ri hohfwlrqv1 Lq wkdw uhjdug/ Slnhww| +4<<8, lv

wkh sdshu wkdw lv forvhvw wr rxuv1 Lw vkrzv wkdw/ lq uhshdwhg hohfwlrqv zlwk xqfhuwdlqw| rq wkh

suhihuhqfhv ri yrwhuv/ wkh odwwhu fdq frppxqlfdwh lq wkh �uvw hohfwlrq lq rughu wr djjuhjdwh wkh

lqirupdwlrq wkdw lv glvshuvhg dprqj wkh hohfwrudwh1 Wklv frppxqlfdwlrq lv lqlwldwhg e| yrwhuv

zkr nqrz wkh| vkduh d frpprq suhihuhqfh iru d fdqglgdwh/ exw kdyh lpshuihfw nqrzohgjh

derxw wkh lghqwlw| ri wkh odwwhu1 Wkdw lv/ wkh| duh �prghudwh� yrwhuv zkrvh suhihuhqfhv iru

rqh ru dqrwkhu sduw| ydu| zlwk wkh �vwdwh ri wkh zruog�1 Lq htxloleulxp/ frppxqlfdwlrq fdq

wkhq lqgxfh d ylrodwlrq ri Gxyhujhu*v Odz/ ehfdxvh yrwhuv khvlwdwh1 Lq rxu prgho/ yrwhuv

shuihfwo| nqrz wkhlu suhihuhqfhv exw wu| wr prgli| wkh sodwirup ri wkh pdlq fdqglgdwhv1 Wklv

phdqv wkdw zlwk Slnhww| +4<<8,*v dvvxpswlrq ri �{hg sodwirup/ rxu vhwxs zrxog qrw jhqhudwh

dq| ylrodwlrq ri Gxyhujhu*v Odz1 Slnhww| +4<<8, dqdo|}hv d yrwh iru srwhqwldo zlqqhuv lq wkh

vhfrqg hohfwlrq/ zkloh zh zdqw wr irfxv vshfl�fdoo| rq wkh uroh ri h{wuhplvw yrwlqj/ dqg rq

wkh lq xhqfh ri h{wuhplvw sduwlhv rq wkh sodwirupv ri prghudwh sduwlhv1 Wkh vkduhg ihdwxuh ri

wkh wzr prghov lv wkdw Gxyhujhu*v Odz lv ylrodwhg iru frppxqlfdwlrqdo uhdvrqv rqo|1 Wkdw lv/

erwk prghov uhtxluh uhshdwhg hohfwlrqv dqg dq lqirupdwlrqdo olqn ehwzhhq wkhvh wzr hohfwlrqv
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iru frppxqlfdwlrq wr rffxu1

Ihgghuvhq dqg Shvhqgruihu +4<<:, vkrz wkdw yrwhuv zlwk vwurqj suhihuhqfhv ryhu wkh do0

whuqdwlyhv zloo qrw xvh wkhlu sulydwh lqirupdwlrq lq wkh yrwh1 Rqo| prghudwh yrwhuv/ zkrvh

suhihuuhg sduw| ghshqgv rq wkh vwdwh ri wkh zruog/ zloo pdnh xvh ri wkhlu slhfh ri lqirupdwlrq

+zlwk wkh vkduh ri vxfk yrwhuv frqyhujlqj wr }hur dv wkh vl}h ri wkh hohfwrudwh lqfuhdvhv,1 Vxfk

d ehkdylru/ ru devwhqwlrqlvp +Ihgghuvhq dqg Shvhqgruihu/ 4<<9d/e, lqfuhdvhv wkh h!flhqf| ri

wkh hohfwlrq/ dv wkh vhohfwhg sodwirup zloo ghshqg rq wkh wuxh vwdwh ri wkh zruog1 Fdloodxg dqg

Wluroh +4<<:, vkrz krzhyhu wkdw wkh mrlqw suhvhqfh ri vwurqj khwhurjhqhlw| dprqj yrwhuv dqg

ri dq| +djjuhjdwh, xqfhuwdlqw| derxw wkh glvwulexwlrq ri suhihuhqfhv zhdnhqv wkhvh uhvxowv1

\hw/ djdlq/ wkhvh sdshuv gr qrw h{sodlq sduw|*v ehkdylru1 Zhuh sodwirupv d fkrlfh yduldeoh/

zrxog sduwlhv sursrvh vxfk glvwlqfw sodwirupv wkdw glvvdwlvi| d vwulfw pdmrulw| ri yrwhuvB Zk|

grhv d �yrwh iru orvhuv� wdnh wklv irup ri �surwhvw� yrwlqj iru vpdoo h{wuhplvw sduwlhvB Lw lv

frpprq nqrzohgjh wkdw vxfk sduwlhv zloo qhyhu dwwudfw d pdmrulw| ri yrwhv1 Lq dgglwlrq/

vxfk �surwhvw� yrwh vhhpv wr eh pdlqo| fdvw e| h{wuhplvw yrwhuv zkr kdyh d fohdu dqg vwurqj

suhihuhqfh1 Ihgghuvhq dqg Shvhqgruihu ru Slnhww| h{sodlq wkh ehkdylru ri prghudwh dqg

xqghflghg yrwhuv/ qrw wkdw ri h{wuhplvwv1

Edqhumhh dqg Vrpdqdwkdq +4<<:, irfxv rq lqirupdwlrq djjuhjdwlrq wkurxjk �yrlfh� lq

odujh srsxodwlrqv/ qrw sduwlfxoduo| lq hohfwlrqv1 Wkhlu uhvxowv lq wkh fdvh ri sulydwh lqirupdwlrq

rq �yrwhuv* w|sh�6 jlyh krzhyhu d jrrg klqw ri wkh phfkdqlvp dovr dw zrun lq rxu prgho1

Wkh| vkrz wkdw shrsoh zlwk pruh h{wuhplvw ylhzv duh pruh olnho| wr vhqg uhohydqw vljqdov

ehfdxvh wkh| jdlq pruh iurp dowhulqj wkh ghflvlrqv ri wkh ohdghu1 Zh vkrz khuh wkdw hohfwlrqv

duh sduwlfxoduo| dssursuldwh wr djjuhjdwh wkh lqirupdwlrq glvshuvhg dprqj wkh hohfwrudwh/ dv

wkh| hqgrjhqrxvo| jhqhudwh d frvw ri vhqglqj d phvvdjh wkdw shuplwv h!flhqw �yrlflqj�1 Wklv

lv dfklhyhg e| sduwlhv zkhq wkh| vhohfw wkhlu sodwirupv1

Rqh ri wkh pdlq ihdwxuhv ri wklv sdshu lv suhflvho| wkdw zh hqgrjhql}h sduwlhv* sodwirupv lq

6Jlyhq wkdw Edqhumhh dqg Vrpdqdwkdq dqdo|}h d eurdghu ydulhw| ri frppxqlfdwlrq sureohpv/ wkh| frpsduh
gl�huhqw lqirupdwlrq fdvhv1 Wkh| gr qrw dfwxdoo| frqvlghu hohfwlrqv/ dv wkhuh lv rqo| rqh ohdghu2glfwdwru/ exw
shrsoh fdq wu| dqg lq xhqfh wkh ohdghu*v ghflvlrqv e| yrlflqj klp2khu vrph slhfh ri lqirupdwlrq1 Wklv pd|
pdnh frpsdulvrqv d elw wkruq|/ exw wkhlu fdvh zlwk xqyhul�deoh suhihuhqfhv ri wkh vhqghu +wkh yrwhuB, dqg
xqyhul�deoh lqirupdwlrq lv qhyhuwkhohvv forvh hqrxjk wr wkh iudphzrun ri dq hohfwlrq iru wklv frpsdulvrq wr eh
phdqlqjixo1
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d zruog ri �lqirupdwlyh hohfwlrqv�1 Lq wkdw fdvh/ sduwlhv* srvlwlrqv pxvw dovr eh xvhg wr suhyhqw

frppxqlfdwlrq1 Wkdw lv/ sduwlhv fdq sduwo| frqwuro krz pxfk ri wkh yrwhv wkh| dwwudfw rq

wkhpvhoyhv1 Dwwudfwlqj wkh yrwhv ri h{wuhplvwv pd| suryh wrr gl!fxow dqg/ lq htxloleulxp/

sduwlhv pdnh wkh frvw ri surwhvw yrwlqj h{dfwo| vxfk wkdw �yrlfh� h!flhqwo| jhqhudwhv hqrxjk

lqirupdwlrq derxw wkh glvwulexwlrq ri yrwhuv/ zlwkrxw pdnlqj h{wuhplvw sduwlhv srwhqwldo

zlqqhuv ri wkh hohfwlrqv1

P|huvrq dqg Zhehu +4<<6, dqdo|}h vwudwhjlf lqwhudfwlrqv ehwzhhq qxphurxv sduwlhv dqg

yrwhuv/ exw lq d iudphzrun zkhuh qr djjuhjdwh lqirupdwlrq lv wr eh frppxqlfdwhg1 Rssru0

wxqlvwlf sduwlhv jhqhudoo| frqyhujh wr wkh phgldq yrwhu*v srvlwlrq dqg Gxyhujhu*v odz vkrxog

dsso|/ h{fhsw iru shfxoldu eholhiv1 Rxu iudphzrun frpelqhv wkhvh wzr dssurdfkhv dqg vkrzv

wkhlu frpsohphqwdulqhvvhv1

Zh suhvhqw wkh prgho lq wkh qh{w vhfwlrq1 Lq vhfwlrq 6/ zh ghvfuleh wkh htxloleuld wkdw dulvh

lq wzr �lqwhuphgldwh� fdvhv1 Iluvw/ zh frqvlghu wkh ixoo lqirupdwlrq fdvh dqg wkhq lqfrpsohwh

lqirupdwlrq/ exw zlwk qrq0vhfuhw yrwh1 Wklv fdq eh vhhq dv d yrwh e| udlvlqj kdqg1 Wklv doorzv

xv wr vkhg oljkw rq wkh lpsruwdqfh ri wkh dvvxpswlrqv rq lqirupdwlrq1 Lq ixoo lqirupdwlrq/ zh

uhsurgxfh wkh vwdqgdug uhvxowv ri frqyhujhqfh ri sduwlhv dqg qr yrwh iru orvhuv1 Lq wkh fdvh

ri revhuydeoh edoorw/ zh vkrz wkdw wkhvh wzr uhvxowv fdqqrw krog vlpxowdqhrxvo|1 Lqirupdwlrq

lqfrpsohwhqhvv lpsolhv d wudgh0r� ehwzhhq frqyhujhqfh ri sduwlhv dqg frqfhqwudwlrq ri yrwhv

rq d vpdoo qxpehu ri sduwlhv1

Lq vhfwlrq 7/ zh suhvhqw wkh fhqwudo uhvxowv ri wkh sdshu1 Lq wkh fdvh ri vhfuhw edoorw

+wkdw lv zkhq rqo| djjuhjdwh yrwh uhvxowv duh revhuyhg,/ wkhuh fdqqrw eh frqyhujhqfh wr wkh

phgldq lq htxloleulxp dqg/ lq dgglwlrq/ wkhuh lv jhqhudoo| d glvshuvlrq ri yrwhv rq orvhuv1

Wklv rffxuv ehfdxvh dqrq|plw| ri hohfwlrqv doorzv vrph yrwhuv wr jdueoh wkhlu lqirupdwlrqdo

frqwhqw1 Zkhq fkrrvlqj sodwirupv wr lqfuhdvh wkhlu suredelolw| ri ehlqj hohfwhg/ sduwlhv

pxvw wudgh0r� wkhlu ghvluh wr sursrvh wkh phgldq yrwhu*v suhihuuhg sodwirup dqg wkh qhhg iru

glyhujhqfh wr suhyhqw h{fhvvlyh yrwlqj iru orvhuv1 Lq htxloleulxp/ sduwlhv pxvw qrw frqyhujh/

dv wkh frvw ri yrwh glvshuvlrq h{lvwv rqo| li orvlqj hohfwlrqv lpsrvhv d uhohydqw orvv lq whupv

ri lpsohphqwhg sodwirupv1 Lq dgglwlrq/ sduwlhv xvxdoo| gr qrw zdqw wr fdswxuh wkh yrwh ri

h{wuhplvwv/ zklfk lpsolhv wkh suhvhqfh ri vrph yrwlqj iru orvhuv lq htxloleulxp1 Vhfwlrq 8
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suhvhqwv vrph frpsdudwlyh vwdwlfv1 Vhfwlrq 9 xvhv Slnhww| +4<<8,*v lqvljkwv wr vkrz wkdw wkh

phfkdqlvpv ghvfulehg lq wkh sdshu zlwk d vpdoo srsxodwlrq h{whqg wr Srlvvrq jdphv zlwk d

odujh qxpehu ri yrwhuv1 Vhfwlrq : frqfoxghv1

5 Prgho

Xqwlo vhfwlrq 8/ zh frqvlghu d vpdoo hohfwrudwh idfhg zlwk wzr vhtxhqwldo hohfwlrqv/ lq zklfk

irxu srolwlfdo sduwlhv duh lq frpshwlwlrq1 Lq vhfwlrq 9 zh vkrz wklv iudphzrun h{whqgv wr d

odujh qxpehu ri yrwhuv/ hyhq li wklv lv dfklhyhg dw wkh h{shqvh ri pruh lqwulfdwh frpsxwdwlrqv1

Iru yrwhuv/ wkhvh hohfwlrqv dovr hpeudfh d vljqdolqj jdph/ dv sduwlhv duh xqvxuh derxw wkh

dfwxdo glvwulexwlrq ri wkh hohfwrudwh1 Yrwhuv pxvw surylgh dq dffxudwh vljqdo derxw wkhlu suhi0

huhqfhv dw wkh vdph wlph dv wkh| hohfw wkhlu uhsuhvhqwdwlyhv1 Yrwhuv dqg sduwlhv duh ghvfulehg

ehorz1

514 Yrwhuv

D �qlwh qxpehu ri yrwhuv/ q/ pxvw hohfw d sduw| lq wzr glvwlqfw/ vxffhvvlyh/ hohfwlrqv1 Wkurxjk0

rxw wkh sdshu/ zh vwxg| gl�huhqw fdvhv zkhuh wkh qxpehu ri yrwhuv/ q> ydulhv1 Lq wkh qh{w

wzr vhfwlrqv/ q @ 8= Lq hdfk shulrg/ d yrwhu l kdv d xwlolw| wkdw lv v|pphwulf zlwk uhvshfw wr

khu eolvv srlqw/ ��1 Wkh ryhudoo xwlolw| lv ixqfwlrq ri {� dqg {2> wkh sodwirupv lpsohphqwhg lq

hdfk ri wkh wzr hohfwlrqv=

X +��> {�> {2,@x�+��> {�, . � x2 +��> {2,

@� +�� � {�,
2
� � +�� � {2,

2 > +4,

zkhuh � lv d srvlwlyh zhljkwlqj +ru glvfrxqw, idfwru/ ghqrwlqj wkh uhodwlyh lpsruwdqfh ri wkh

wzr hohfwlrqv1 � qhhgv qrw eh vpdoohu wkdq rqh1

Yrwhuv pxvw fdvw wkhlu edoorw vr dv wr pd{lpl}h wkhlu h{shfwhg xwlolw|1 Wkhlu yrwh lq xhqfhv

wkh suredelolw| ri kdylqj rqh sodwirup hohfwhg ryhu dqrwkhu1 Wkh suredelolwlhv ri ylfwru| zloo

eh vshoohg rxw zkhq qhhghg1

Wkh eolvv srlqw ri dq| yrwhu l fdq wdnh rqo| vl{ gl�huhqw ydoxhv/ v|pphwulfdoo| glvsrvhg

durxqg }hur/ vxfk glvfuhwl}dwlrq ri wkh suhihuhqfh vsdfh ehlqj phdqw wr vlpsoli| wkh prgho1

Srvvleoh eolvv srlqwv duh vkrzq lq �jxuh 41
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Iljxuh 4= Srvvleoh Yrwhuv* Eolvv Srlqwv1 O	3	U/ h:4/ 3	p	41

U A 3 ghqrwhv d uljkw0zlqj suhihuhqfh/ O ? 3/ d ohiw0zlqj suhihuhqfh/ zlwk O @ �U= h A 4

lv d sdudphwhu ri �h{wuhpl}dwlrq�/ 3 ? p ? 4 lv d sdudphwhu ri prghudwlrq1

515 Yrwhuv* Glvwulexwlrqv

Wkh dfwxdo glvwulexwlrq ri yrwhuv lv lqlwldoo| xqnqrzq1 Wkhuh duh irxu htxlsuredeoh7 vwdwhv ri

wkh zruog HO +H{wuhph Ohiw,/PO +Prghudwh Ohiw,/PU +Prghudwh Uljkw,/ dqg HU +H{wuhph

Uljkw,/ fruuhvsrqglqj wr gl�huhqw glvwulexwlrqv ri yrwhuv dqg wkxv wr gl�huhqw srvlwlrqv ri wkh

phgldq yrwhu1 Ohw �7 ghqrwh wkh phgldq yrwhu lq vwdwh V= Zh kdyh

�-n @ O ? �}n @p=O ? �}, @p=U ? �-, @ U= +5,

Lq wkh fdvh ri 8 yrwhuv/ wkrvh fdq eh glvwulexwhg lq wkh zd| ghvfulehg lq �jxuh 51

Wkh khduw ri wkh prgho olhv khuh1 Wkh h{shfwhg phgldq lv 3 rq dyhudjh/ exw wkh xqfhuwdlqw|

rq wkh glvwulexwlrq lv vx!flhqwo| frpsoh{ iru pdnlqj wkh surfhvv ri ohduqlqj wkh h{dfw srvlwlrq

ri wkh phgldq gl!fxow1 Lq wkh wzr ohiw0zlqj +uhvs1 uljkw0zlqj, vwdwhv ri wkh zruog/ wkhuh duh 6

yrwhuv wr wkh ohiw +uhvs1 uljkw, ri }hur1 Wkdw lv/ wkh txdqwloh lq 3 lv wkh vdph iruPO dqg HO

ru iru PU dqg HU> exw wkh srvlwlrq ri wkh phgldq yrwhu lv gl�huhqw lq hdfk ri wkhvh vwdwhv

ri wkh zruog1 Wkh gl�huhqfh ehwzhhq d �prghudwh� dqg dq �h{wuhplvw� vwdwh ri wkh zruog lv

wkdw wkh suhvhqfh ri dq h{wuhplvw yrwhu pryhv wkh srvlwlrq ri wkh phgldq ri wkh glvwulexwlrq

iduwkhu dzd| iurp }hur1

Wklv mxvwl�hv zk| zh xvh vl{ srvlwlrqv iru wkh yrwhuv dqg qrw ihzhu= zhuh p frqyhujlqj

wr 4/ wkhuh zrxog eh qr gl�huhqfh ehwzhhq wkh srvlwlrq ri wkh phgldq yrwhu lq h{wuhplvw dqg

prghudwh vwdwhv ri wkh zruog1 Zhuh h eh htxdo wr rqh/ wkhuh zrxog eh qr gl�huhqfh ehwzhhq

dq h{wuhplvw dqg d �fruh� yrwhu lq O ru U +Vwloo/ rxu uhvxowv duh ydolg iru dq| h duelwudulo|

forvh wr �exw gl�huhqw iurp� rqh,1 Yrwhuv lq O dqg U vkrxog eh vhhq dv wkh �vrolg edvwlrqv� ri

7Htxlsuredelolw| pdnhv wkh vhw0xs frpsohwho| v|pphwulf durxqg }hur1 Wklv zloo hqdeoh xv wr vdwlvi| frq0

glwlrqv iru ohiw0zlqj dqg uljkw0zlqj yrwhuv dqg sduwlhv dw wkh vdph wlph1 Zkhq suredelolwlhv duh prgl�hg/ wkh

frqglwlrqv pxvw eh fkhfnhg vhsdudwho| iru ohiw0zlqj dqg uljkw0zlqj sod|huv1 Wklv lv grqh lq vhfwlrq 81
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Iljxuh 5= Srwhqwldo Glvwulexwlrqv ri Yrwhuv1 Wkh �jxuh glvsod|v wkh irxu srvvleoh glvwulexwlrqv ri

yrwhuv lq wkh fdvh ri �yh yrwhuv1 � lghqwl�hv wkh phgldq yrwhu1 Hdfk er{ uhsuhvhqwv wkh suhvhqfh ri rqh yrwhu1

pdlq sduwlhv= wkh| duh qrw h{wuhplvw/ dqg kdyh d vwurqj suhihuhqfh iru d ohiw0 +ru uljkw0,zlqj

srolf|1 Prghudwh yrwhuv duh hdvlhu wr vzlqj/ dv wkh| kdyh zhdnhu srolwlfdo suhihuhqfh1

516 Sduwlhv

Sduwlhv duh vhsdudwhg lq wzr fodvvhv1 Wzr sduwlhv/ � dqg � / duh sxuho| lghrorjlfdo dqg kdyh

�h{wuhplvw� suhihuhqfhv �gh�qhg dv d eolvv srolf| wkdw lv glvwdqw iurp wkh eolvv srlqw ri wkh

phgldq yrwhu�1 Wkhvh sduwlhv zloo dozd|v sursrvh d �{hg sodwirup wkdw lv htxdo wr wkhlu eolvv

srolf|=

��& @ �2& @ �&>

zkhuh �& lv wkh eolvv srolf| ri sduw| n 5 i�>�j dqg �|

&
lv wkh sodwirup sursrvhg e| sduw| n lq

hohfwlrq w1 Iru fodulw| ri h{srvlwlrq/ ohw xv dvvxph �K ? O ? U ? �{1 Jlyhq wkhlu h{wuhplvp/

zh dvvxph wkdw wkhvh sduwlhv duh vhfrqgdu|/ wkh| duh qrw �irfdo�1 Wkdw lv/ wkh| duh d

sulrul dvvxphg wr eh orvhuv ri wkh hohfwlrqv/ dv orqj dv vxfk eholhiv duh qrw lqfrqvlvwhqw1

Wklv vlpso| dvvxphv dzd| eholhiv zkhuh prghudwh sduwlhv duh ihow wr eh ohvv lpsruwdqw wkdq

h{wuhplvwv zkr zrxog dwwudfw d pdmrulw| ri wkh yrwhv +Fr{ 4<<7/ P|huvrq0Zhehu 4<<6,1

:



Wklv dovr suhyhqwv h{wuhplvw sduwlhv iurp ehlqj frqvlghuhg dv �srwhqwldo hqwudqwv� zkr fdq

wkuhdwhq pdlq sduwlhv +Sdoiuh| 4<;7,1 H{wuhplvw sduwlhv duh orvhuv1 Rqo| d zurqj dfwlrq e|

pdlq/ rssruwxqlvwlf/ sduwlhv frxog hqdeoh wkhlu ylfwru|/ dv lw zloo dsshdu lq vhfwlrq 71

Wkh rwkhu wzr sduwlhv/ D dqg E/ duh sxuho| rssruwxqlvwlf1 Wkh| rqo| fduh derxw zlqqlqj

wkh hohfwlrqv1 Hohfwlrqv vhohfw d zlqqhu e| soxudolw| uxoh +�uvw0sdvw0wkh0srvw, zlwk d frlq wrvv

lq fdvh ri d wlh1 Wklv phdqv wkdw h{shfwhg sd|r�v iru wkhvh sduwlhv duh

H
�
Y +�� > �

�

� > �
2

� ,
�
@

2[
|'�

�
Sure

�
q|
� A q|

3�

�
.
4

5
Sure

�
q|
� @ q|

3�

��
/

zkhuh q|
� lv wkh qxpehu ri yrwhv fdvw rq sduw| m 5 iD>Ej dw hohfwlrq w dqg q|

3� lv wkh kljkhvw

qxpehu ri yrwhv fdvw rq d sduw| rwkhu wkdq m lq hohfwlrq w1 Lqwurgxflqj glvfrxqwlqj lq wkh

sd|0r� ixqfwlrq ri sduwlhv lv ri qr lq xhqfh/ dv sduwlhv* lqirupdwlrq lv v|pphwulf1

D sulrul/ wkhvh sduwlhv duh wkh olnho| zlqqhuv ri wkh hohfwlrq1 Wkdw lv/ zh dvvxph wkdw eholhiv

irfxv wkh dwwhqwlrq ri yrwhuv rq wkhvh wzr sduwlhv dv uxqqlqj iru ylfwru|1 Wklv dvvxpswlrq

ri d glfkrwrp| ehwzhhq wkh wzr vhwv ri sduwlhv +5 �pdlq sduwlhv� yhuvxv 5 �Orvhuv�, zloo eh

pdlqwdlqhg wkurxjkrxw wkh sdshu dqg doorzv xv wr frqwudvw zlwk P|huvrq dqg Zhehu +4<<6,=

zlwkrxw wklv dvvxpswlrq/ zh vkrxog dffhsw eholhiv zkhuh pdlq sduwlhv uhfhlyh qr yrwhv/ zklfk

lqfuhdvhv wkh qxpehu ri htxloleuld1 Wr uhshdw/ zh zdqw wr glvplvv wklv dqg irfxv rq wkh h�hfw

ri vpdoo sduwlhv +orvhuv, rq hohfwlrqv1

517 Wlplqj

Dw gdwh 3/ Qdwxuh gudzv wkh vwdwh ri wkh zruog/ wkdw lv= d glvwulexwlrq ri yrwhuv1 Lq shulrg 4/

sduwlhv vlpxowdqhrxvo| vhohfw d sodwirup/ iroorzhg e| yrwhuv zkr fdvw wkhlu edoorw rq rqh ri wkh

sduwlhv1 Wkh sduw| jhwwlqj wkh kljkhvw qxpehu ri yrwhv zlqv wkh hohfwlrqv +zlwk d frlq wrvv lq

fdvh ri d wlh,1 Lwv sodwirup lv lpsohphqwhg dqg �uvw0shulrg sd|r�v duh uhdol}hg1 Hohfwlrq uhvxowv

prgli| wkh lqirupdwlrq vhw ri sduwlhv zkr frpsxwh srvwhulru eholhiv e| Ed|hvldq xsgdwlqj dw

wkh ehjlqqlqj ri shulrg 5/ iroorzhg e| d uhshwlwlrq ri wkh shulrg04 jdph1 Wkh jdph hqgv dw

wkh hqg ri shulrg 51

;



Shulrg 3=

Qdwxuh vhohfwv vwdwh ri wkh zruog1

Shulrg 4=

Sduwlhv vhohfw d sodwirup/ ���

Yrwhuv fdvw wkhlu edoorw/ y��

Zlqqlqj sodwirup lv lpsohphqwhg

Sd|r�v duh uhdol}hg1

Shulrg 5=

Sduwlhv vhohfw d sodwirup/ �2�

Yrwhuv fdvw wkhlu edoorw/ y2�

Zlqqlqj sodwirup lv lpsohphqwhg

Sd|r�v duh uhdol}hg1

6 Vwudwhjlhv dqg Htxloleulxp

Vroylqj wklv jdph uhtxluhv xv wr orrn iru d Shuihfw Ed|hvldq Htxloleulxp1 Wkh �uvw orjlfdo

vwhs iru wkh uhvroxwlrq frqvlvwv ri vroylqj wkh htxloleulxp iru wkh vhfrqg shulrg1

Ohppd 4 Lq d rqh vkrw hohfwlrq/ sduwlhv* sodwirupv frqyhujh wr wkh h{shfwhg phgldq dqg doo

yrwhv duh fdvw rq pdlq sduwlhv lq wkh Qdvk Htxloleulxp1 Dv d uhvxow/ erwk Gxyhujhu*v Odz dqg

wkh phgldq yrwhu wkhruhp dozd|v krog lq wkh vhfrqg shulrg1

Surri1 Iroorzlqj P|huvrq dqg Zhehu +4<<6,/ dqg vshfli|lqj � dqg � dv orvhuv d sulrul/

rqo| wkh slyrw suredelolw| s�� lv srvlwlyh81 Wklv phdqv wkdw qr yrwh zloo jr wr � dqg � lq

htxloleulxp +P|huvrq dqg Zhehu/ ss4360437,1 Dv � dqg� duh ihow wr eh orvhuv zkdwhyhu pdlq

sduwlhv* sodwirupv/ wkh odwwhu dozd|v frqyhujh wr wkh srvlwlrq ri wkh h{shfwhg phgldq +Wklv

lv vlpso| dq dssolfdwlrq ri P|huvrq dqg Zhehu*v Wkhruhp 6/ zkhuh wkh suredelolw| yhfwru lq

wkh vhw ri doo sdluv ri fdqglgdwhv dozd|v frqyhujhv wr 4 iru wkh sdlu D/ E rqo|1 Khqfh/ dprqj

wkh vhyhudo htxloleuld lq P|huvrq dqg Zhehu/ rqo| rqh lv pdgh vxvwdlqdeoh,1

Ohppd 4 lpsolhv wkdw wkh lpsohphqwhg sodwirup lq wkh vhfrqg shulrg zloo eh wkh eolvv

srlqw ri wkh h{shfwhg phgldq yrwhu1 Li d yrwhu fdq lq xhqfh srvwhulru eholhiv derxw wkh

srvlwlrq ri wkh h{shfwhg phgldq yrwhu/ vkh fdq dovr prgli| wkh lpsohphqwhg srolf| lq wkh

vhfrqg shulrg1

8Wkh slyrw suredelolw| R&, lv wkh shufhlyhg suredelolw| wkdw sduwlhv n dqg o duh wlhg iru wkh �uvw sodfh1 Lq

wkdw hyhqw/ rqh yrwh fdq fkdqjh wkh hohfwlrq uhvxow1

<



Dv lq Slnhww| +4<<8,/ wkh �uvw hohfwlrq zloo eh xvhg iru wzr sxusrvhv= lqirupdwlrq uhyhodwlrq

dqg hohfwlrq ri d sodwirup1 Dv zh vkdoo vhh/ wkhvh wzr remhfwlyhv frq lfw zkhq �uvw0shulrg

sodwirupv gr qrw frqyhujh ixoo|1

Zh duh orrnlqj iru wkh Shuihfw Ed|hvldq Htxloleulxp ri wklv jdph/ zkhq yrwhuv* w|shv duh

sulydwh lqirupdwlrq dqg rqo| djjuhjdwh yrwh uhvxowv fdq eh revhuyhg1 Krzhyhu/ wkh phfk0

dqlvpv lq wkh jdph duh qrw vwudljkwiruzdug/ ehfdxvh ri wkh pxowlsoh lqwhudfwlrqv ehwzhhq

sod|huv1 Iru wkh vdnh ri fodulw|/ wkh dqdo|vlv zloo wkhq surfhhg dv iroorzv= lq wkh qh{w vhfwlrq/

zh vwxg| wkh ixoo lqirupdwlrq dqg dq �lqwhuphgldwh� lqfrpsohwh lqirupdwlrq fdvhv/ ehiruh

jrlqj wr wkh pruh uhdolvwlf lqfrpsohwh lqirupdwlrq/ xqrevhuydeoh pryhv fdvh lq vhfwlrq 71

614 Lqwhuphgldwh Lqirupdwlrq Fdvhv

Iurp qrz rq/ zh vkdoo frqfhqwudwh pdlqo| rq wkh �uvw shulrg ri wkh jdph dqg rq wkh ehkdylru

ri rssruwxqlvwlf sduwlhv1 Lqghhg/ h{wuhplvw sduwlhv dozd|v sursrvh d sodwirup wkdw lv htxdo

wr wkhlu eolvv srlqw �� > m@�>� dqg �wr uhshdw� duh frqvlghuhg dv orvhuv1 E| ohppd 4/ wkh

vhfrqg0shulrg htxloleulxp glvsod|v frqyhujhqfh wr wkh h{shfwhg phgldq/ yrwhv duh rqo| fdvw

rq rssruwxqlvwlf sduwlhv +Gxyhujhu*v Odz dssolhv, dqg hdfk ri wkh odwwhu kdv d suredelolw| ri

ylfwru| htxdo wr �

2
1

61414 Ixoo lqirupdwlrq

Xqghu ixoo lqirupdwlrq/ hdfk yrwhu*v w|sh lv revhuyhg/ vr wkdw wkh srvlwlrq ri wkh phgldq

yrwhu lv frpprq nqrzohgjh1

Sursrvlwlrq 4 Xqghu ixoo lqirupdwlrq/ rssruwxqlvwlf sduwlhv orfdwh dw wkh srvlwlrq ri wkh

phgldq yrwhu lq erwk shulrgv dqg yrwhuv fdvw wkhlu edoorw rq wkh forvhvw rssruwxqlvwlf sduw|

+wkh glvwdqfh ehwzhhq wkh sduwlhv ehlqj srvlwlyh exw duelwudulo| forvh wr }hur,1 Erwk wkh phgldq

yrwhu wkhruhp dqg Gxyhujhu*v odz krog1

Surri1 Wkh vxejdph shuihfw htxloleulxp ri wkh uhshdwhg jdph lv wkh uhshwlwlrq ri wkh

htxloleulxp ri wkh rqh vkrw jdph1

Wklv vkrzv wkdw wkh prgho hqfrpsdvvhv wkh �vwdqgdug� fdvh zkhuh qr yrwh jrhv wr orvhuv

dqg sduwlhv orfdwh dw wkh srvlwlrq ri wkh phgldq yrwhu1 Exw frpsdulqj wklv ixoo lqirupdwlrq

43



fdvh zlwk lqfrpsohwh lqirupdwlrq fdvhv zloo qhyhuwkhohvv vkrz wkdw ixoo lqirupdwlrq lv d suh0

frqglwlrq iru wkhvh uhvxowv wr krog1

61415 Lqwhuphgldwh Lqfrpsohwh Lqirupdwlrq Fdvh

Wklv fdvh lvrodwhv wkh uroh ri wkh hohfwlrq dv dq lqirupdwlrq djjuhjdwru1 Ohw xv whpsrudulo|

dvvxph wkdw d, hyhu| fdvw yrwh lv revhuyhg vhsdudwho| +dv lq d udlvlqj kdqg edoorw, dqg e, rqo|

rqh ri wkh yrwhuv* w|sh lv sulydwh lqirupdwlrq wr khu1 Wkdw lv/ fruh yrwhuv +zlwk �� @ O>U, duh

nqrzq shuihfwo|/ zkloh wkh �iwk yrwhu/ }/ kdv dq xqrevhuydeoh w|sh �5 5 ihO>pO>pU> hUj1

Edqhumhh dqg Vrpdqdwkdq +4<<:, r�huv d pruh ghwdlohg dqdo|vlv ri wkh lqwhudfwlrqv eh0

wzhhq d vhqghu dqg d uhfhlyhu lq d frppxqlfdwlrq jdph ri wklv w|sh1 Lq frqwudvw wr wkhp/

djdlq/ rxu prgho udwkhu irfxvhv rq d fdvh zkhuh hohfwlrqv djjuhjdwh lqirupdwlrq/ zklfk sxwv

pruh uhvwulfwlrqv rq dffhswdeoh lqirupdwlrq vhwxsv1 Lq wkdw uhvshfw/ zh pxvw vwuhvv wkdw vxfk

d fdvh fdqqrw suhwhqg wr sur{| vhfuhw edoorw hohfwlrqv/ dv yrwhuv* edoorwv duh qrw glvforvhg lq

wkh odwwhu fdvh1 Lw qhyhuwkhohvv vhuyhv dv d xvhixo ehqfkpdun li rqh dffhswv wkdw vrph glvwulfwv

+ru vrflr0hfrqrplf jurxsv/ 111, duh vrolg edvwlrqv zkr fohduo| vwdqg iru d jlyhq sduw| dqg

fdqqrw �fkhdw� rq wkdw uhjdug1 Ehvlgh wkhvh edvwlrqv/ wkhuh duh vrph rwkhu jurxsv zkrvh

srolwlfdo ihholqjv duh xqfohdu +xqhpsor|hg/ ghfolqlqj lqgxvwuldol}hg uhjlrqv/ hwf111, zklfk duh

forvho| zdwfkhg dw1

Lq wklv vhwxs/ dv wkh w|sh ri fruh yrwhuv lv shuihfwo| revhuyhg/ wkhlu yrwh fdq fduu| qr

vljqdo1 Khqfh/ wkh| zloo dozd|v yrwh iru wkh forvhvw rssruwxqlvwlf sduw| +dv lq P|huvrq dqg

Zhehu 4<<6,/ zklfk lpsolhv wkdw erwk D dqg E duh vxuh wr jhw dw ohdvw wzr yrwhv1

Lq frqwudvw wr wkh edoorw ri wkhvh irxu yrwhuv/ wkh edoorw ri wkh xqlghqwl�hg yrwhu fdq fduu|

d vljqdo1 Wklv yrwhu fdq kdyh 7 srvvleoh w|shv= hO> pO> pU> ru hU/ wkdw duh doo gl�huhqw iurp

wkh w|sh ri fruh yrwhuv1 Jlyhq wkh glvwulexwlrq ri yrwhuv/ lghqwli|lqj wkh w|sh ri } doorzv doo

sod|huv wr slqsrlqw h{dfwo| wkh vwdwh ri wkh zruog1

Zh vhh wkhq wkdw wklv lqwhuphgldwh fdvh lv dfwxdoo| d vwdqgdug vljqdoolqj jdph zkhuh

wkh w|sh ri rqh sod|hu lv xqnqrzq exw fdq eh lqihuuhg iurp khu ehkdylru lq d vhsdudwlqj

htxloleulxp1 Wkh sureohp uhpdlqv wr vhh zkhwkhu vxfk vhsdudwlqj htxloleulxp h{lvwv1 Fohduo|/

} zkdwhyhu khu w|sh/ kdv dq lqfhqwlyh wr frppxqlfdwh khu suhihuhqfhv/ dv sodwirupv zloo jhw
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forvhu wr khu lq wkh vhfrqg shulrg1 Zkdw duh wkh dydlodeoh vljqdov dw kdqgB

Wkh rqo| vljqdo d yrwhu fdq xvh lv khu edoorw91 Zh pxvw wkhq dvvrfldwh hdfk sduw| zlwk wkh

phvvdjh lw fdq fduu|1 Zlwk irxu srvvleoh w|shv dqg irxu sduwlhv/ zh kdyh wkh fkrlfh dprqj

7$ @ 57 phvvdjh vwuxfwxuhv1 Qhyhuwkhohvv/ rqo| rqh ri wkhp vhhpv dffhswdeoh lq hohfwlrqv= d

pruh ohiw0zlqj sduw| hqwdlov d pruh ohiw0zlqj phvvdjh1 Wkdw lv/ wkh frppxqlfdwlrq vwuxfwxuh

lq hohfwlrqv vdwlv�hv eholhiv prqrwrqlflw|1 Khqfh/ hO kdv wkh fkrlfh wr frppxqlfdwh +dqg yrwh

iru �, ru wr hohfw khu suhihuuhg pdlq sduw|/ D1 hU idfhv wkh vdph wudgh0r� ehwzhhq � dqg

E1 Prghudwh yrwhuv/ e| frqwudvw/ idfh qr wudgh0r� zkhq sduwlhv* sodwirupv duh v|pphwulfdoo|

srvlwlrqhg durxqg 3= hohfwlqj dqg frppxqlfdwlqj uhtxluh wkh vdph edoorw1 Wkhlu sureohp

ehfrphv pruh frpsolfdwhg li pdlq sduwlhv +D dqg E, kdyh dv|pphwulf srvlwlrqv1 Dqwlflsdwlqj

rq wkh uhvxowv/ prghudwh yrwhuv zloo qrw idfh dq| wudgh0r� lq htxloleulxp/ exw pd| idfh rqh

zkhq sduwlhv ghyldwh iurp wkh htxloleulxp1

E| edfnzdug lqgxfwlrq/ zh pxvw �uvw vwxg| wkh htxloleulxp ehkdylru ri yrwhuv lq wkh

frqwlqxdwlrq jdph zkhuh rssruwxqlvwlf sduwlhv* sodwirupv duh douhdg| vhw/ dqg vwxg| wkh

rswlpdo srvlwlrqlqj ri sduwlhv lq d vhfrqg vwhs1

Li pdlq sduwlhv* sodwirupv duh lghqwlfdo/ wkh �uvw0shulrg sd|0r�v duh lqghshqghqw ri }*v

yrwh +�� @ ��,/ dqg wkh hohfwlrq ehfrphv d fkhds0wdon jdph1 Dv wkh suhihuhqfhv ri wkh

vhqghu dqg wkh uhfhlyhu ri wkh phvvdjh duh shuihfwo| doljqhg/ zh nqrz wkdw wkh vhsdudwlqj

htxloleulxp h{lvwv= hO yrwhv iru wkh h{wuhph0ohiw sduw|/ �/ pO iru wkh prghudwh ohiw sduw|/ D/

hwf111 Zh gr qrw vwxg| srrolqj +edeeolqj, htxloleuld khuh/ dv wkh| duh ri olplwhg lqwhuhvw iru

rxu sxusrvh1

Zkdw kdsshqv zkhq �uvw0shulrg sodwirupv gl�huB Pdlqwdlqlqj rxu phvvdjh vwuxfwxuh/

h{wuhplvw yrwhuv +hO ru hU, idfh d wudgh0r�= hlwkhu wkh| gr qrw vljqdo wkhlu w|sh/ exw hqvxuh

wkh ylfwru| ri wkhlu idyruhg rssruwxqlvwlf sduw| ru wkh| �surwhvw� +yrwh iru dq h{wuhplvw sduw|,/

dw wkh h{shqvh ri dq xqfhuwdlq �uvw0shulrg sd|r� +hdfk pdlq sduw| zlqv zlwk d suredelolw| d

kdoi,1 Wr ghflgh zkhwkhu wkh| yrwh �surwhvw� +kljkhu sd|r� lq wkh vhfrqg shulrg/ exw kljkhu

ulvn lq wkh �uvw rqh, ru �hohfw� +orzhu ulvn/ exw orzhu ixwxuh sd|r�,/ wkh| pxvw frpsxwh wkh

9Wklv devwudfwv yrorqwdulo| iurp rwkhu frppxqlfdwlrq wrrov dv vwulnhv/ ghprqwudwlrqv/ whuurulvp/ hwf111 wkdw
duh kdug wr frqvlghu lq vxfk d prgho/ exw dovr iurp devwhqwlrqlvp wkdw udlvhv gl�huhqw lvvxhv +frvw ri yrwlqj/
lghrorj| ri devwhqwlrqlvp/ hwf111,1
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h{shfwhg xwlolw| ri hdfk vwudwhj|1 Wklv ohdgv xv wr wkh iroorzlqj ohppd=

Ohppd 5 Wkh forvhu pdlq sduwlhv* sodwirupv lq wkh �uvw0shulrg/ wkh pruh h{wuhplvw yrwhuv

duh surqh wr yrwh iru d orvhu1 +Surri lq wkh dsshqgl{,

Zkhq rssruwxqlvwlf sduwlhv vhohfw d sodwirup/ wkh| zloo wdnh wklv lqwr dffrxqw1 Gl�huhq0

wldwlqj vx!flhqwo| rqh*v sodwirup doorzv wr fdwfk wkh yrwh ri h{wuhplvwv/ frqyhujlqj wrzdugv

wkh phgldq yrwhu dwwudfwv prghudwhv1 Wklv rewdlqv=

Sursrvlwlrq 5 Zlwk revhuydeoh edoorw/ wkhuh h{lvw wzr vhwv ri htxloleuld1 Lq wkh �uvw vhw/ wkhuh

lv glyhujhqfh ri sodwirupv dqg qr yrwh lv fdvw rq orvhuv/ zklfk lpsolhv wkdw wkh wuxh vwdwh ri

wkh zruog lv qrw ohduqhg shuihfwo|1 Wkh vhfrqg vhw glvsod|v d vhsdudwlqj htxloleulxp/ zkhuh

h{wuhplvwv yrwh iru orvhuv dqg wkh wuxh vwdwh ri wkh zruog lv ohduqhg shuihfwo|1 Lq wklv vhw/

sodwirupv frqyhujh1^surri lq wkh dsshqgl{`

Wklv uhvxow frphv iurp wkh wudgh0r� vshoohg rxw lq ohppd5= sduwlhv nqrz wkdw/ e| sursrv0

lqj wkhpvhoyhv d pruh h{wuhplvw sodwirup/ wkh| fdq suhyhqw h{wuhplvw yrwlqj1 Li/ e| grlqj vr/

wkh| uhgxfh wkhlu suredelolw| ri zlqqlqj/ prghudwh sodwirupv duh dq htxloleulxp1 ��
�
@ �

�

�
@ 3

lv suryhq wr eh dq htxloleulxp zkhq p/ wkh sdudphwhu ri prghudwlrq/ lv vpdoo hqrxjk: +d

vpdoo p lpsolhv wkdw prghudwh yrwhuv vzlqj wr wkh rwkhu rssruwxqlvwlf sduw| zkhq rqh ri wkh

sduwlhv ehfrph pruh h{wuhplvw,1

Dqrwkhu fdqglgdwh htxloleulxp lv wkh rqh zkhuh sduwlhv vkduh v|pphwulf exw vx!flhqwo|

glvwlqfw srvlwlrqv/ vr wkdw h{wuhplvw yrwhuv gr qrw yrwh iru orvhuv1 Wklv vhw ri sodwirupv lv dq

htxloleulxp li uxqqlqj rq prghudwh sodwirupv grhv qrw lqfuhdvh wkhlu suredelolw| ri zlqqlqj1

Zkhq p lv odujh hqrxjk/ prghudwh yrwhuv duh gl!fxow wr vzlqj dv wkh| sd| d orw ri dwwhqwlrq

wr vljqdoolqj wkhlu gl�huhqfh zlwk prghudwhv ri wkh rwkhu vlgh1 Khqfh/ prghudwlqj sodwirupv

phdqv wkdw wkh sduw| orvhv wkh yrwh e| h{wuhplvw yrwhuv/ zlwkrxw jhwwlqj h{wud yrwhv iurp

fhqwulvwv1

:Dq| v|pphwulf sdlu ri sodwirupv lq wkh ylflqlw| ri ~3/3� lv dovr dq htxloleulxp dv wkh vsdfh ri yrwhuv*
suhihuhqfhv lv glvfuhwh1 Qhyhuwkhohvv/ li zh zhuh frqvlghulqj d frqwlqxrxv vsdfh/ zkhuh w6u ; � E6uc j6u�
zlwk ,�6j6u < f/ wkhq ~3/3� zrxog eh wkh xqltxh sdlu ri sodwirupv fdqglgdwh iru wklv htxloleulxp1
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Djdlq/ sursrvlwlrq 5 klqjhv rq wkh dvvxpswlrq wkdw 7 yrwhuv duh shuihfwo| lghqwl�hg dqg

fdqqrw frppxqlfdwh1 Lw qhyhuwkhohvv vkhgv oljkw rq wkh wudgh0r� ehwzhhq frqyhujhqfh ri

sodwirupv dqg wkh dssolfdwlrq ri Gxyhujhu*v Odz1 Lw dovr vkrzv wkdw wkh irufhv wrzdugv

frqyhujhqfh grplqdwh zkhq wkhuh duh vwurqj whqvlrqv zlwklq d srolwlfdo �fdps� +l1h1 zkhq

h{wuhplvwv dqg prghudwh yrwhuv vwurqjo| rssrvh hdfk rwkhu/ sduwlhv pxvw prghudwh wkhp0

vhoyhv,1 Wkh odwwhu htxloleulxp lv rewdlqhg zkhq whqvlrqv duh vwurqjhu ehwzhhq wkh ohiw dqg

wkh uljkw wkdq zlwklq d srolwlfdo fdps +li prghudwhv dqg h{wuhplvwv duh forvh hqrxjk/ sduwlhv

pxvw ehfrph pruh h{wuhph,1

Vxfk uhvxowv gr qrw dsshdu lq Slnhww| +4<<8, ehfdxvh wkh w|sh ri xqfhuwdlqw| dqg wkh

prwlydwlrq ri yrwhuv lv gl�huhqw lq rxu prgho1 Khuh/ wkhuh lv d whqvlrq ehwzhhq h{wuhplvw

yrwhuv dqg prghudwh yrwhuv1 Dq h{wuhplvw lv vxuh wr suhihu dq h{wuhplvw srolf|/ zkdwhyhu wkh

vwdwh ri wkh zruog1 Wkh vwdwh ri wkh zruog ghwhuplqhv li vxfk h{wuhplvp lv uhohydqw iru sduwlhv

ru qrw1 Lq Slnhww| +4<<8,/ xqvxuh yrwhuv mrlqwo| zdqw wr ohduq zkhwkhu sduw| D ru sduw| E

ehvw uhsuhvhqwv wkhlu lqwhuhvw1 Lq rxu prgho/ rqh frxog vhh klv fdvh dv prghudwh yrwhuv zkr

gr qrw nqrz zkhwkhu wkh| duh ohiw0zlqj ru uljkw0zlqj ehfdxvh ri xqfhuwdlqw| rq wkh vwdwh ri

wkh zruog1

Wr vxppdul}h/ wzr htxloleuld duh srvvleoh1 Zkhq wkh sdudphwhu ri prghudwlrq/ p/ lv

vpdoo/ sduwlhv frqyhujh wr wkh h{shfwhg phgldq lq shulrg rqh +wkh phgldq yrwhu wkhruhp

dssolhv,/ exw wklv lqgxfhv d yrwh iru orvhuv e| h{wuhplvw yrwhuv +Gxyhujhu*v Odz grhv qrw,1

Li p lv odujh hqrxjk/ wklv frqyhujhqfh wr wkh phgldq lv qr orqjhu dq htxloleulxp1 Sduwlhv*

grplqdqw vwudwhj| lv wr lpsrvh d frvw wr �surwhvw� yrwh e| glyhujlqj +Phgldq yrwhu wkhruhp

lv ylrodwhg/ exw Gxyhujhu*v Odz krogv,1 Iru lqwhuphgldwh ydoxhv ri p/ xvxdoo| erwk fdqglgdwhv

duh dq htxloleulxp1 Wkh htxloleulxp vwudwhj| ri sduwlhv lv wkhq wr plplf wkh rwkhu sduw|1 Wkdw

lv/ eh h{wuhplvw li wkh rwkhu sduw| lv h{shfwhg wr sod| wkh h{wuhplvw vwudwhj| dqg frqyhujh wr

wkh phgldq li wkh rwkhu sduw| lv h{shfwhg wr frqyhujh wr wkh phgldq1

Wkh odwwhu uhvxow krzhyhu grhv qrw dsso| iru dq| vhw ri sdudphwhu ydoxhv1 Wkhuh h{lvw

qduurz udqjhv ri sdudphwhuv +h yhu| forvh wr 4/ � * 4> dqg d qduurz udqjh ri p, vxfk wkdw qr

htxloleulxp h{lvwv lq sxuh vwudwhj|1 Vrph zhdn uhvwulfwlrqv rq sdudphwhu ydoxhv zrxog hqvxuh

wkh h{lvwhqfh ri dw ohdvw rqh htxloleulxp +h1j1 h vx!flhqwo| odujhu wkdq 4,1 Iljxuh 6 glvsod|v
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wkh srvvleoh htxloleuld lq ixqfwlrq ri wkh sdudphwhuv1
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e: degree of extremism

m: degree of moderation

Iljxuh 6= srvvleoh htxloleuld zkhq edoorwv duh revhuydeoh1 Krul}1 D{lv= p 2 Yhuw1 D{lv= h1

+� @ 5=8> U @ 4,=

Wklv fdvh ri revhuydeoh edoorwv uhpdlqv sduwo| xqvdwlvidfwru| lqvridu dv lw grhv qrw fdswxuh

wkh lqirupdwlrqdo lqwhudfwlrqv ehwzhhq yrwhuv lq O dqg U dqg wkh rwkhuv1 Wklv ohdgv xv wr

wkh iroorzlqj fdvh1

7 Lqfrpsohwh Lqirupdwlrq= Vhfuhw Edoorw

Lq �dqrq|prxv� hohfwlrqv/ edoorwv duh vhfuhw dqg rqo| djjuhjdwh hohfwlrq uhvxowv fdq eh re0

vhuyhg1 Lq wklv fdvh/ yrwhuv lq O dqg U fdq dovr lq xhqfh eholhiv dv wkhlu edoorw qhhgv qrw

ehlqj glvwlqjxlvkdeoh iurp wkdw ri rwkhu w|shv1 Wkh suhylrxv fdvh zdv exlow vr dv wr dqdo|}h

d �vwdqgdug� vljqdoolqj jdph ehwzhhq rqh yrwhu +wkh vhqghu, dqg sduwlhv +wkh uhfhlyhuv ri wkh

vljqdo, zkloh devwudfwlqj iurp dgyhuvh vhohfwlrq lvvxhv1 Wklv lv qr orqjhu wkh fdvh lq vhfuhw

edoorw hohfwlrqv= fruh yrwhuv +O dqg U, pd| eh whpswhg wr plplf h{wuhplvw yrwhuv +dqg yrwh

iru h{wuhplvw sduwlhv, lq rughu wr dowhu eholhiv1 Wklv phdqv wkhuh lv d frruglqdwlrq sureohp wr

uhvroyh= li wkh wuxh vwdwh ri wkh zruog lv/ vd|/ h{wuhph ohiw/ d vhfrqg yrwh iru d orvhu lqfuhdvhv

wkh qxpehu ri yrwhv � jhwv/ exw grhv qrw dowhu eholhiv1 Krzhyhu/ li wkh wuxh vwdwh ri wkh zruog
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lv/ vd|/ prghudwh ohiw/ wkhq li dq O0yrwhu fdvwv dq h{wuhph ohiw edoorw/ vkh frxog eh plvwdnhq

iru wkh h{wuhph ohiw yrwhu +hO,1

Hpslulfdoo|/ d orw ri txhvwlrqv duh udlvhg derxw �zkr lv wkh h{wuhplvw yrwhuB�1 Lq Iudqfh/

wkh Qdwlrqdo Iurqw fdq jhw d pdmrulw| lq pxqlflsdo hohfwlrqv/ zlwkrxw frqylqflqj wkh sxeolf

rslqlrq wkdw d pdmrulw| ri yrwhuv duh Idvflvwv1 Srolwlfdo vflhqwlvwv kdyh wurxeohv lq lghqwli|lqj

�wkh� h{wuhph uljkw yrwhu1 Rxu prgho vkhgv vrph oljkw rq wklv srlqw= hyhq �qrw0vr0h{wuhph�

yrwhuv �yrwhuv zkr zrxog uhixvh wr hohfw dq h{wuhplvw sduw|� yrwh iru lw ehfdxvh ri wkh

vljqdo wklv yrwh fduulhv1 Khqfh/ wkhuh lv qr �w|slfdo� h{wuhplvw yrwhu1 Wkh hohfwrudwh ri wkhvh

sduwlhv duh frpsrvlwh1

Lq wkh fdvh dqdo|}hg lq wkh suhylrxv vhfwlrq/ yrwh uhvxowv duh +qxpehuv uhsuhvhqw wkh yhfwru

ri yrwh uhvxowv/ +q�
K
> q�
�
> q�
�
> q�

{
,=,

Vwdwh Yrwh uhvxowv= Srwhqwldo Zlqqhuv

HO +4/5/5/3, D>E

PO +3/6/5/3, D

Zkloh/ li d yrwhu lq O ghyldwhv dqg yrwhv iru �/ wkhvh yrwh uhvxowv ehfrph

Vwdwh Yrwh uhvxowv= Srwhqwldo Zlqqhuv

HO +5/4/5/3, �>E

PO +4/5/5/3, D>E

dqg vwdwh PO lv plvwdnhq iru vwdwh HO lq srvwhulru eholhiv ri sduwlhv li wkh ghyldwlrq e|

O zdv qrw h{shfwhg1

Exw rqh vhhv wkdw/ lq vwdwh HO lq wkh vhfrqg wdeoh/ wkh orvhu ehfrphv d srwhqwldo zlqqhu1

Wr vlpsoli| wkh dqdo|vlv/ ohw xv h{sdqg wkh vl}h ri wkh hohfwrudwh dqg dgg rqh yrwhu lq O dqg

rqh yrwhu lq U1 Lq wklv fdvh/ hyhq zkhq d yrwhu ghyldwhv/ vkh fdqqrw pdnh wkh h{wuhplvw sduw|

d srwhqwldo zlqqhu;1

Lq wklv vhw0xs/ wkhuh duh : yrwhuv/ doo ri wkhp ehlqj deoh wr klgh wkhlu w|sh1 Vwloo/ wkhuh

dozd|v duh vl{ �fruh� yrwhuv +6 lq O dqg 6 lq U, zkloh wkh vhyhqwk yrwhu kdv d w|sh wkdw lv

vshfl�f wr wkh vwdwh ri wkh zruog/ dv ehiruh1

Doo qrq prghudwh yrwhuv kdyh dq lqfhqwlyh wr yrwh iru d orvhu1 Zh nqrz wkdw prghudwh

;H1j1/ wkh yhfwru ri yrwh uhvxowv ehfrphv +4/6/6/3, lq vwdwh -n zlwkrxw ghyldwlrq dqg +5/5/6/3, zlwk ghyldwlrq1
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yrwhuv gr qrw kdyh dq lqfhqwlyh wr gr vr/ exw duh qrw |hw vxuh derxw zklfk/ iurp wkh h{wuhplvw

ru wkh fruh yrwhu/ kdv wkh kljkhvw sd|r� iurp vhqglqj d vljqdo dw wkh h{shqvh ri dq lqfuhdvhg

ulvn lq wkh �uvw shulrg1 Wkh iroorzlqj ohppd dqvzhuv wklv txhvwlrq=

Ohppd 6 Wkh whqghqf| wr yrwh iru d orvhu lqfuhdvhv lq wkh h{wuhplvp ri wkh yrwhu1 ^Surri

lq wkh dsshqgl{`

D sulrul/ rqh frxog kdyh h{shfwhg wkh frqwudu|= e| wkh frqfdylw| ri wkh xwlolw| ixqfwlrq/

pruh h{wuhph yrwhuv h{shulhqfh d kljkhu xwlolw| jdlq iurp hohfwlqj wkhlu suhihuuhg pdlq sduw|1

Exw wklv lv dfwxdoo| pdwfkhg e| d odujhu vhfrqg0shulrg jdlq zkhq sodwirupv duh dwwudfwhg

wrzdugv wkh h{wuhph1 Wkh uhpdlqlqj gl�huhqfh ehwzhhq yrwhuv lv wkhq wkhlu ghjuhh ri devroxwh

ulvn dyhuvlrq/ dv lv gluhfwo| uhodwhv wr wkh ulvn0suhplxp ri orvlqj hohfwlrqv lq wkh �uvw shulrg1

Dv pruh h{wuhplvw yrwhuv kdyh d orzhu devroxwh ulvn dyhuvlrq/ hO dqg hU yrwhuv duh dozd|v

pruh surqh wr yrwh �surwhvw� wkdq yrwhuv lq O dqg U1 Exw/ dv d frqvhtxhqfh=

Sursrvlwlrq 6 = Lq dqrq|prxv hohfwlrqv/ wkhuh lv qr htxloleulxp zlwk ixoo frqyhujhqfh ri

sodwirupv1 ^Surri lq wkh dsshqgl{`1

Wklv uhvxow frphv gluhfwo| iurp wkh vwdqgdug uhvxow zkhuh vhsdudwlqj htxloleuld gr qrw h{lvw

lq vxfk d fkhds0wdon jdph1 Dv fruh yrwhuv duh dozd|v whpswhg wr plplf h{wuhplvw yrwhuv/ zlwk

ixoo frqyhujhqfh/ wkh rqo| frvw wkdw pd| suhyhqw fruh yrwhuv iurp dozd|v yrwlqj iru h{wuhplvw

sduwlhv lv wkh ihdu wkdw wkh odwwhu pd| dfwxdoo| eh hohfwhg1 Lq rwkhu zrugv/ ixoo frqyhujhqfh ri

sduwlhv lpsolhv wkdw h{wuhplvw sduwlhv ehfrph srwhqwldo zlqqhuv1 Dv suredelolwlhv ri zlqqlqj

pxvw vxp xs wr rqh/ wklv lv htxlydohqw wr vd|lqj wkdw wkh suredelolw| ri zlqqlqj lv ohvv wkdq

�

2
iru hdfk ri wkh rssruwxqlvwlf sduwlhv1 Zh vkrz lq wkh dsshqgl{ wkdw d sduw| lqfuhdvhv lwv

suredelolw| ri zlqqlqj e| sursrvlqj pruh h{wuhplvw sodwirupv1 Wklv hqvxuhv wkdw frqyhujhqfh

ri sodwirupv lv qhyhu dq htxloleulxp1

Khqfh/ wdnhq mrlqwo|/ xqfhuwdlqw| derxw wkh glvwulexwlrq ri yrwhuv dqg dqrq|plw| ri hohf0

wlrqv dozd|v lqgxfh sduwlvdq sodwirupv hyhq zkhq sduwlhv duh qrq0sduwlvdq1 Lq wkh olwhudwxuh/

prvw ri wkh mxvwl�fdwlrqv iru sodwirupv glyhujhqfh lqyroyh sduwlhv* sduwlvdqvkls +Fdoyhuw 4<;8/

Zlwwpdq 4<::/ 4<;6, ru eholhiv wkdw h{solflwo| suhyhqw sduwlhv iurp frqyhujlqj +P|huvrq dqg
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Zhehu 4<<6,1 Sursrvlwlrq 6 vkrzv wkdw zkhq wkh vkdsh ri yrwhuv* glvwulexwlrq lv qrw nqrzq/

qrq0frqyhujhqfh ri sodwirupv lv d qdwxudo rxwfrph ehfdxvh yrwhuv duh sduwlvdq1 Lq wkh lq0

whuphgldwh fdvh/ vxfk htxloleulxp zlwk frqyhujhqfh zdv srvvleoh ehfdxvh fruh yrwhuv glg qrw

kdyh wkh srvvlelolw| wr lq xhqfh eholhiv1 Yrwh vhfuhf| uhvwruhv wklv srvvlelolw| dqg uhqghuv

frqyhujhqfh xqvxvwdlqdeoh1

Sursrvlwlrq 7 Lq dqrq|prxv hohfwlrqv/

0 Li p lv vpdoo/ wkhuh h{lvwv dq htxloleulxp zkhuh sduwlhv* sodwirupv duh vhohfwhg lq sxuh

vwudwhj|1 Wkhvh sodwirupv lpso| wkhuh lv yrwlqj iru orvhuv dqg sduwlhv gr qrw frqyhujh lq

htxloleulxp1

0 Li p lv wrr odujh/ sduwlhv vhohfw sodwirupv lq pl{hg vwudwhjlhv1 ^Surri lq wkh dsshqgl{`1

Zkhq p lv vpdoo/ sduwlhv orfdwh v|pphwulfdoo| durxqg wkh phgldq vxfk wkdw ���� @ ��� @

E�36�24-
S A 31 Wklv hqvxuhv wkdw yrwhuv lq O dqg U gr qrw yrwh iru orvhuv/ exw h{wuhplvw yrwhuv

gr<1 Qrwh wkdw wkh glvwdqfh ehwzhhq sodwirupv lv lqfuhdvlqj lq �/ wkh uhodwlyh lpsruwdqfh ri

wkh vhfrqg hohfwlrq1 Wklv lv ehfdxvh wkh sd|r� ri jdueolqj lqirupdwlrq wdnhv sodfh lq wkh

vhfrqg hohfwlrq/ zklfk lv zhljkhg dw udwh �1 Rqh vkrxog wkhq revhuyh pruh h{wuhph sodwirupv

lq ohvv lpsruwdqw hohfwlrqv wkdw suhfhgh pruh lpsruwdqw rqhv1

Surylqj wklv uhvxow uhtxluhv wr frpelqh wkh phfkdqlvpv xvhg lq sursrvlwlrqv 5 dqg 61

Iurp sursrvlwlrq 6/ zh nqrz wkdw sduwlhv fdqqrw frqyhujh lq htxloleulxp1 Iurp Sursr0

vlwlrq 5 dqg ohppdv 5 dqg 6/ wkhuh h{lvwv d sdlu ri sodwirupv zkhuh fruh +O dqg U, yrw0

huv gr qrw yrwh iru orvhuv/ xqohvv d sduw| pryhv wrzdugv wkh fhqwhu1 Wklv lv wkh fdvh lq

���
� @ ��

� @ �W @
E�36�24-

S > zkhuh dq| ghyldwlrq wrzdugv wkh fhqwhu uhgxfhv wkh suredelolw|

ri zlqqlqj1 Dq| �pruh h{wuhph� sodwirup lv grplqdwhg dv lw doorzv wkh frpshwlqj sduw| wr

pryh dqg lqfuhdvh lwv suredelolw| ri zlqqlqj1 Khqfh/ wkh fkrlfh +lq sxuh vwudwhj|, ri dq| sdlu

ri sodwirupv pruh h{wuhph wkdq 	�W lv grplqdwhg1

Vwloo/ sduwlhv pd| kdyh dq lqfhqwlyh qrw wr vwd| lq 	�W li ghyldwlqj wrzdugv pruh h{wuhph

srvlwlrqv fdq vzlqj wkh yrwh ri h{wuhplvw yrwhuv zkloh nhhslqj wkdw ri wkh prghudwh rqh1

<Djdlq/ h{wuhplvw yrwhuv duh pruh h{wuhph wkdq fruh yrwhuv1 Exw wklv grhv qrw phdq wkdw h{wuhplvw yrwhuv

zrxog olnh wkh h{wuhplvw sduw| wr eh hohfwhg1 Wkh| yrwh iru wkh h{wuhph sduw| rqo| ehfdxvh wklv yrwh fduulhv d

vljqdo1 Iru lqvwdqfh/ li h@414 dqg ZK ' ��u/ wkh yrwhu lq hO suhihuv Z� wr ZK exw yrwhv K dq|zd|1
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Iurp sursrvlwlrq 5/ zh nqrz wklv lv wkh fdvh li p lv odujh hqrxjk1 Dv doo vwdwhv ri wkh zruog

duh htxlsuredeoh/ vxfk ghyldwlrq grhv qrw lqfuhdvh wkh suredelolw| ri zlqqlqj vwulfwo|431 Exw

iru dq| voljkw gl�huhqfh ehwzhhq wkh suredelolwlhv ri hdfk h{wuhph vwdwh ri wkh zruog/ 	�W

ehfrphv vwulfwo| grplqdwhg iru rqh ri wkh sduwlhv1 Lq wkdw fdvh/ wkhuh lv qr sxuh vwudwhj|

htxloleulxp li p lv wrr odujh1

Wkh �uvw judsk ehorz glvsod|v wkh sodwirupv E +wrs fxuyh, dqg D +erwwrp gdvkhg fxuyh,

sursrvh lq htxloleulxp/ surylghg wklv rqh h{lvwv1 Wkh erwwrp/ frqwlqxrxv/ fxuyh glvsod|v wkh

srvlwlrq D pxvw wdnh lq rughu wr vzlqj wkh yrwh ri hO1 Wkh vhfrqg judsk sorwv wkh ydoxhv ri

wkh sdudphwhuv zkhuh ���� @ ��� @
E�36�24-

S lv dq htxloleulxp +zklwh }rqh, dqg wkh ydoxhv

iru zklfk wkhuh lv qr htxloleulxp lq sxuh vwudwhjlhv +eodfn }rqh,1

0 0.2 0.4 0.6 0.8 1
1

2

3

4

5

6

0.2 0.4 0.6 0.8 1
m

-1.5

-1.25

-1

-0.75

-0.5

-0.25

0.25

Positions

m

e

Iljxuh 7= Htxloleuld lq dqrq|prxv hohfwlrqv Ohiw judsk= gdvkhg olqhv uhsuhvhqw wkh sodirupv ri D

dqg E wkdw duh d fdqglgdwh htxloleulxp/ lq ixqfwlrq rip> wkh sdudphwhu ri prghudwlrq1 Wkh vrolg olqh glvsod|v

wkh ydoxh ri ��
� wkdw vzlqjv wkh yrwh ri wkh h{wuhph ohiw yrwhu1 Uljkw judsk= Wkh zklwh }rqh uhsuhvhqwv wkh

frpelqdwlrq ri sdudphwhuv wkdw hqvxuhv wkdw srvlwlrqv rq wkh gdvkhg olqhv duh dq htxloleulxp1 Lq wkh eodfn

}rqh/ sduwlhv ghyldwh rxwzdugv +h1j1/ D sursrvhg wkh sodwirup uhsuhvhqwhg e| wkh vrolg olqh,1

Wklv uhvxow vkrzv wkdw dqrq|prxv +vhfuhw edoorw, hohfwlrqv pdnh wkh glvshuvlrq ri yrwhv

rq pruh sduwlhv wkdq Gxyhujhu*v Odz zrxog vxjjhvw d qdwxudo rxwfrph1 Wklv lv wkh fdvh

ehfdxvh wkhuh lv d whqvlrq iru sduwlhv ehwzhhq jrlqj wr wkh phgldq dqg fuhdwlqj d frvw wr yrwh

glvshuvlrq1 Dv orqj dv wkh vkdsh ri yrwhuv* glvwulexwlrq lv xqnqrzq/ vxfk d whqvlrq fdqqrw eh

frpsohwho| uhvroyhg1

43Zlwkrxw ghyldwlrq= REZ���-n� ' REZ���-,� ' f�D� Zlwk ghyldwlrq/ REZ���-n� ' �/ exw REZ���-,� ' f�
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Sursrvlwlrq 7 lpsolhv wkdw vsuhdglqj yrwhv rq �wrr pdq|� sduwlhv fdq eh d udwlrqdo vwudw0

hj|/ hyhq iru yrwhuv zkr h{shulhqfh qr gluhfw sd|r�v iurp h{suhvvlqj dq rslqlrq +vlqfhuh

yrwlqj, qru ghvluh wr hohfw wkh vpdoo sduw|1 Vsuhdglqj lv xvhg dv d vljqdoolqj wrro/ dv yrwlqj

iru d vxuh orvhu pdnhv vxuh wkdw wkh prwlydwlrq ri vxfk yrwh lv qrw wkh hohfwlrq ri wkh sduw|1

Ohw xv pdnh dqrwkhu ihz uhpdunv ehiruh sxuvxlqj rxu dqdo|vlv1 Iluvw/ zh dvvxph qrq

revhuydeoh yrwhv rqo| ehfdxvh wklv lv d fohdu ihdwxuh ri vhfuhw edoorwv1 Whfkqlfdoo|/ krzhyhu/

sulydwh lqirupdwlrq rq wkh w|sh ri doo yrwhuv lv vx!flhqw wr gulyh rxu uhvxowv1 Vhfrqg/ zh dovr

lpsolflwo| dvvxphg wkdw h{wuhplvw sduwlhv duh vr h{wuhph wkdw �W lv dozd|v vpdoohu wkdq wkh

srvlwlrq ri h{wuhplvw sduwlhv +�W ?? m�Km > �{,1 Li wklv zhuh qrw wkh fdvh/ pdlq sduwlhv frxog

ehfrph pruh h{wuhph wkdq h{wuhplvwv/ dqg yrwhuv pd| olnh wr fkdqjh wkhlu frruglqdwlrq lq

idyru ri � dqg �1 Dqdo|}lqj wklv surshuo| zrxog qhyhuwkhohvv eulqj xv wrr idu dzd| iurp wkh

irfxv ri wklv sdshu1

8 Frpsdudwlyh Vwdwlfv

Xqwlo qrz/ zh kdyh dozd|v dvvxphg htxlsuredeoh vwdwhv ri wkh zruog iru vlpsolflw|1 Uxqqlqj

vrph frpsdudwlyh vwdwlfv durxqg wklv vlpsoh fdvh qhyhuwkhohvv eulqjv vrph lqwhuhvwlqj uhvxowv1

Ohw xv devwdlq iurp vshfli|lqj wkh suredelolw| ri hdfk vwdwh ri wkh zruog1 Lq wklv fdvh/ wkh

h{shfwhg xwlolw| jdlq ri yrwlqj iru � lqvwhdg ri D iru d yrwhu lq O lv

+s+HO, . s+PO, . s+HU,, =
��EucZ���3��EucZ

�

�
�

2 . �=s+PO, +x2+O>O,� x2+O>pO,, +6,

zklfk pxvw eh qhjdwlyh lq htxloleulxp1 E| Wd|oru h{sdqvlrq dqg vxevwlwxwlqj iru u@/ wkh

ghjuhh ri devroxwh ulvn dyhuvlrq/ wklv qhjdwlylw| frqglwlrq ehfrphv

��� � ��� .

�
���

�2
�

�
���

�2

5U
A

s+PO,

4� s+PU,
�U+4�p,2 @ �u=N> +7,

zkhuh �u @
RE}n�

�3RE},� dqg N @ �U+4�p,2= Frpsxwlqj wkh vdph frqglwlrq iru d yrwhu lq

U rewdlqv

��� � ��� .

�
���

�2
�

�
���

�2

5U
A

s+PU,

4� s+PO,
N @ �-=N> +8,
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zkhuh �-'
RE},�

�3RE}n� 1 E| elqglqj wkhvh wzr frqglwlrqv/ zh fdq �qg wkh iurqwlhu ri lqgl�hu0

hqfh iru O dqg U yrwhuv1 Wklv ohdgv wr wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 8 Suredelolwlhv ri h{wuhph vwdwhv gr qrw lq xhqfh sodwirupv wkdw duh fdqglgdwh

htxloleuld lq dqrq|prxv hohfwlrqv1 Krzhyhu/ d pryhphqw ri wkh h{shfwhg phgldq wr wkh ohiw

+uhvs1 wkh uljkw, gxh wr d yduldwlrq lq wkh suredelolwlhv ri vwdwhvPO dqgPU/ pryhv wr wkh

uljkw +uhvs1 ohiw, wkh sodwirupv ri erwk D dqg E lq wkh �uvw hohfwlrq1

^Surri lq wkh dsshqgl{`1

D wzrirog phfkdqlvp jhqhudwhv wklv uhvxow1 Rq wkh vlgh ri yrwhuv/ d kljkhu suredelolw| ri

d prghudwh vwdwh ri wkh zruog phdqv wkdw wkh suredelolw| wkdw lqirupdwlrq jdueolqj dfwxdoo|

zrunv kdv lqfuhdvhg iru fruh yrwhuv1 Li s+PO, lqfuhdvhv dqg s+PU, ghfuhdvhv/ O0yrwhuv zdqw

wr surwhvw pruh dqg U0yrwhuv zdqw wr surwhvw ohvv1 Wklv phdqv wkdw/ wr dfklhyh dq htxloleulxp/

wkh frvw ri surwhvwlqj pxvw eh kljkhu iru O wkdq iru U1 Rq wkh vlgh ri sduwlhv/ wkh �dyhudjh

yrwhu� kdv dovr pryhg wr wkh uljkw= wkh ohiw0zlqj sduw|/ D/ fdq frxqw ohvv rq wkh O yrwhuv

dqg pruh rq wkh pO yrwhu1 Wkh uljkw zlqj sduw| frxqwv ohvv rq pU dqg pruh rq U1 Wklv

dowrjhwkhu h{sodlqv zk|/ zkhq wkh phgldq yrwhu pryhv ohiw lq h{shfwhg whupv/ sduwlhv vkrxog

pryh uljkw1 Wklv phfkdqlvp lv glvsod|hg lq �jxuh 71

Fkhfnlqj zkhwkhu wkh glvsod|hg srvlwlrqv lq �jxuh 7 duh dq htxloleulxp uhtxluhv srlqw wr

srlqw fdofxodwlrqv/ exw lq wkh ylflqlw| ri s+PO,@s+PU,> wkh phfkdqlvp ri wkh surriv uh0

pdlqv xqfkdqjhg/ dqg khqfh wkh uhvxowv1 Qhyhuwkhohvv/ li s+PO, lqfuhdvhv uhodwlyh wr s+PU,/

D zlqv pruh riwhq1 Wklv phdqv wkdw E zrxog kdyh suhihuuhg wr eh dvvljqhg wkh ohiw0zlqj

lghqwlw| lq wkh �uvw sodfh1 Exw frqglwlrqdo rq D ehlqj pruh ohiw0zlqj wkdq E/ wkhvh fxuyhv

vwloo glvsod| wkh rqo| srvvleoh fdqglgdwhv iru d sxuh vwudwhj| htxloleulxp1

9 H{whqvlrq wr d Odujh Hohfwrudwh

D orw ri uhvhdufk uhpdlqv wr eh grqh lq rughu wr ixoo| jhqhudol}h wkh prgho dqg slqsrlqw wkh

jhqhudo frqglwlrqv rq wkh w|sh ri xqfhuwdlqw| wkdw frxog gulyh yrwh iru orvhuv wr eh d �qrupdo�

uhvxow1 Dv wkh sxusrvh ri wklv sdshu lv qrw wr fkdudfwhul}h vxfk jhqhudo frqglwlrqv/ zh vkdoo

uhvwulfw rxuvhoyhv khuh wr dq h{whqvlrq ri rxu 90w|sh0vhwxs wr d odujh srsxodwlrq ri udqgrp
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Iljxuh 8= Frpsdudwlyh vwdwlfv1 Frpsdulqj sduw| srvlwlrqv iru gl�huhqw suredelolwlhv ri vwdwh PO1 Wrs

fxuyh= srvlwlrqv iru E= Erwwrp fxuyh= D> gdvkhg olqh= dyhudjh ri wkh wzr srvlwlrqv1 Wkh �h{shfwhg p1y1 olqh

uhsuhvhqwv wkh srvlwlrq ri wkh h{shfwhg phgldq yrwhu1

vl}h1

Iroorzlqj P|huvrq +4<<7,/ zh zdqw wr dqdo|}h d Srlvvrq Jdph44 zkhuh +rq h{shfwdwlrq,

d vkduh 3 ? � ? 4 ri wkh srsxodwlrq kdv d nqrzq w|sh +wkhvh fdq eh fruh/ prghudwh ru

h{wuhplvw yrwhuv, dqg d iudfwlrq +4� �, kdv dq xqfhuwdlq w|sh1 Dprqj wkh �/ d iudfwlrq t�

kdv w|sh l 5 ihO>O>pO>pU>U> hUj> zlwk
S

�
t� @ 41 Khqfh/ lqghshqghqwo| iurp wkh vwdwh

ri wkh zruog/ dw ohdvw d iudfwlrq �t� lv h{shfwhg wr kdyh w|sh l1 Iru v|pphwu| sxusrvhv/ ohw

xv dvvxph wkdw tu @ t-> teu @ te- dqg t6u @ t6-=

Wkh w|sh ri wkh uhpdlqlqj iudfwlrq +4��, ri yrwhuv lv frqwlqjhqw rq wkh uhdol}hg vwdwh ri

wkh zruog1 Wkdw lv/ wkh| duh ri w|sh hO lq vwdwh HO> ri w|sh pO lq vwdwh PO/ dqg vr iruwk/

dv lq wkh :0yrwhu fdvh1 Hdfk vwdwh ri wkh zruog lv htxlsuredeoh1

Iru wklv h{whqvlrq wr eh phdqlqjixo/ wkh vhw ri sdudphwhuv pxvw rewdlq

+4� �, . �teu ? =8 +4� �, . � +teu . tu, A =8 , �-n @ O
�@5 ? =8 +Dxwrpdwlf, +4� �, . � +teu . tu . t6u, A =8 +Dxwr1, , �}n @pO
� +teu . tu . 5t6u, ? =8 +4� �, . � +teu . tu . 5t6u, A =8 +Dxwr1, , �}, @pU
� +teu . tu . 5t6u, ? =8 � +teu . 5tu . 5t6u, A =8 , �-, @ U

44Wkdw lv/ wkh djjuhjdwh vl}h ri wkh srsxodwlrq/ �? lv udqgrp dqg iroorzv d Srlvvrq glvwulexwlrq ri sdudphwhu/
vd|/ ?1 Hdfk yrwhu lv wkhq dwwulexwhg d w|sh lqghshqghqwo| iurp wkh uhdol}dwlrq ri �? dqg iurp wkh w|sh ri
wkh rwkhu yrwhuv1 Lq wkdw fdvh/ wkh qxpehu ri yrwhuv kdylqj w|sh � iroorzv d Srlvvrq glvwulexwlrq ri sdudphwhu
b�? zkhuh b� lv wkh suredelolw| ri ehlqj ri w|sh �� Iru pruh ghwdlov/ vhh P|huvrq +4<<7, ru Ihgghuvhq dqg
Shvhqgruihu +4<<9e,/ ru Fdvwdqkhlud +4<<;,1
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vxfk wkdw wkh phgldq yrwhu lv gl�huhqw lq hdfk vwdwh ri wkh zruog1

Lq wklv iudphzrun/ dqg frqvlghulqj Srlvvrq jdphv ri vx!flhqwo| odujh srsxodwlrqv=

Ohppd 7 H{wuhplvw vwdwhv ri wkh zruog ehdu wkh kljkhvw slyrw suredelolwlhv iru hohfwlqj d

sduw|1

Surri1 Vwduw iurp wkh dvvxpswlrq wkdw wkhuh lv vrph surwhvw yrwlqj e| h{wuhplvw yrwhuv rqo|1

Ohw 4 A �e- @ �eu A 3 eh wkh suredelolw| zlwk zklfk wkh| yrwh iru wkh h{wuhplvw sduw|1 Lq

vwdwh HO/ wkh vkduh ri yrwhv jrlqj wr sduw| D dqg E> �-n� dqg �-n� duh uhvshfwlyho|=

�-n� @+4� �eu, +4� �. teu, . � +tu . t6u, +9,

�-n� @+4� �eu,teu . � +tu . t6u, +:,

Lq vwdwhPO/ wkhvh vkduhv duh

�}n� @+4� �eu,teu . 4� �. � +tu . t6u, +;,

�}n� @+4� �eu,teu . � +tu . t6u, +<,

Lw iroorzv wkdw �}n� A �-n� A �-n� @ �}n� = Lw lv vwudljkwiruzdug wr vhh wkdw wkh vdph krogv

iru uljkw0zlqj vwdwhv ri wkh zruog= �},� A �-,� A �-,� @ �},� 1 Nqrzlqj wkdw wkh slyrw

suredelolw| ri kdylqj d wlh ehwzhhq pdlq sduwlhv lv dssur{lpdwho|

Sure +�q� @ �q�, * h3+
I
b�3

I
b�,

2
?
�
5
s
�q e
s
����

�3�
> +43,

lw lv fohdu wkdw wkh forvhu wkh pdujlq ri ylfwru|/ wkh kljkhvw wkh slyrw suredelolw|1 Wklv suryhv

ohppd 71

E| wkh surshuwlhv ri Srlvvrq jdphv/ wkh suredelolw| ri d vwdwh ri wkh zruog frqglwlrqdo rq

ehlqj slyrwdo frqyhujhv wr rqh li wklv vwdwh ri wkh zruog ehduv wkh kljkhvw slyrw suredelolw|

dqg wr }hur li lw grhv qrw +P|huvrq 4<<7d,1 Khqfh/ yrwhuv zloo ehkdyh rqo| lq dffrugdqfh

wr wkh srwhqwldo uhvxow ri wkhlu yrwh lq h{wuhplvw vwdwhv ri wkh zruog1 Zh fdq wkhq glvfdug

prghudwh vwdwhv ri wkh zruog wr frpsxwh wkh htxloleulxp yrwlqj ehkdylru1 Lw uhpdlqv wr fkhfn

zkhwkhu wkh deryh dvvxpswlrq wkdw rqo| h{wuhplvw yrwhuv fdvw edoorwv iru orvhuv lv dozd|v

yhul�hg1 Ehiruh grlqj wklv/ zh qhhg dqrwkhu ohppd=
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Ohppd 8 Zkhq h{wuhplvw yrwhuv* +pl{hg, vwudwhj| lv qrq0ghjhqhudwh/ wkh| duh wkh rqo| rqhv

wr yrwh iru h{wuhplvw sduwlhv1

Surri1 Li h{wuhplvw yrwhuv xvh d pl{hg vwudwhj|/ dqg xvlqj wkh vdph qrwdwlrq dv lq Slnhww|

+4<<7,/ zh nqrz wkdw

sSJ6=�X
eu
SJ6 @ s_6=�X

eu
_6> +44,

zkhuh sSJ6 lv wkh suredelolw| ri ehlqj slyrwdo iru dowhulqj eholhiv +ehlqj �frppxqlfdwlyh� lq

wkh zrugv ri Slnhww|, dqg s_6 lv wkh suredelolw| ri ehlqj �ghflvlrq0pdnlqj�/ wkdw lv ri ehlqj

slyrwdo iru hohfwlqj D ru E1 �Xeu
SJ6 lv wkh xwlolw| jdlq iru d yrwhu lq hO zkhq vkh fkdqjhv

eholhiv dqg �Xeu
_6

lv wkdw ri fkdqjlqj wkh uhvxow ri wkh hohfwlrq1

E| ohppd 6/ zh lpphgldwho| ghgxfh wkdw/ iru O0yrwhuv

sSJ6=�X
u
SJ6 ? s_6=�X

u
_6 +45,

dv hdfk edoorw pxvw kdyh wkh vdph suredelolw| wr lq xhqfh wkh yrwh rxwfrph1 Khqfh fruh

yrwhuv yrwh rqo| iru pdlq sduwlhv1 Dv prghudwh yrwhuv qhyhu zdqw wr yrwh iru h{wuhplvw

sduwlhv/ ohppd 8 lv suryhg1

Lw uhpdlqv wr fkhfn zkhwkhu ohppdv 7 dqg 8 duh dssolfdeoh lq wkh htxloleulxp1 Wklv ohdgv

wr wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 9 Zlwk odujh srsxodwlrqv ri Srlvvrq udqgrp vl}h/ wkhuh lv dozd|v yrwh iru orvhuv

lq htxloleulxp/ exw rqo| e| h{wuhplvw yrwhuv1

Surri1 Wr fkhfn wklv/ ohw xv vwduw iurp d pl{hg vwudwhj| zkhuh �eu $
:
31 E| ohppd 8/ zh gr

qrw kdyh wr fduh derxw fruh yrwhuv lq vxfk d fdvh1 Dv xvxdo/ zh orrn rqo| dw ohiw0zlqj yrwhuv/

nqrzlqj wkdw wkh vdph uhdvrqlqj dssolhv wr uljkw0zlqj yrwhuv1

Ehlqj frppxqlfdwlyh frqvlvwv ri lqfuhdvlqj wkh qxpehu ri yrwhv iru �> wkh h{wuhph0ohiw

sduw|/ wr d ydoxh wkdw lv kljk hqrxjk iru sod|huv wr xsgdwh wkhlu eholhiv dqg wklqn wkdw wkh

vwdwh ri wkh zruog lv HO1

Iroorzlqj Slnhww| +4<<8,/ wkh suredelolw| wkdw wkh qxpehu ri yrwhv iru wkh h{wuhplvw sduw|
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eh n lq vwdwh ri wkh zruog V lv

Sure +�qK @ nmV, @
h3b

7

K
?
�
�7
K
q
�&

n$
+46,

zkhuh �7
K
lv wkh h{shfwhg vkduh ri yrwhv iru � lq V1 Zh nqrz wkdw �-n

K
A �}n

K
= Wkhuh lv rqo|

rqh ydoxh ri n wkdw lv htxlsuredeoh lq erwk wkh vwdwhv ri wkh zruog HO dqg PO= Ohw wklv

ydoxh eh +�SJ6q,1 Li wkh uhdol}hg qxpehu ri wkhvh yrwhv lv kljkhu +orzhu, wkdq wklv wkuhvkrog/

vwdwh HO +uhvs1 PO, ehfrphv prvw olnho| lq wkh srvwhulru eholhiv1 Dv wkh h{shfwhg vl}h ri

wkh srsxodwlrq/ q/ lqfuhdvhv/ wkhvh srvwhulru eholhiv zloo frqyhujh wr fhuwdlqw|1 Khqfh/ dq|

vlqjoh yrwhu fdq eh slyrwdo iru eholhiv= li wkh uhdol}dwlrq ri �qK lv �qK @ e�SJ6qf/ rqh h{wud yrwh

fkdqjhv srvwhulru eholhiv iurp Sure +V @ HOmqK, @ 3 wr Sure +V @ HOmqK, @ 41

Wkh vkduh uhdol}hg yrwhv wkdw lv htxlsuredeoh xqghu wkh wzr vwdwhv ri wkh zruog lv wkhq
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�eu +4� �,

orj
k
4 . �3k

k^e,

l @ !�eu �teu A �}nK +47,

zkhuh ! lv d ydoxh odujhu wkdq 4 wkdw frqyhujhv wr 4 dv �-n
K
$ �}n

K
1

Iurp htxdwlrq +46,/ dqg dsso|lqj Vwluolqj*v irupxod45/ zh vhh wkdw

solpSJ6@ Olp
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Zh fdq qrz vhh krz solpSJ6 ydulhv zlwk �eu =
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Frpsduh lw zlwk wkh slyrw suredelolw| s_6 lq vwdwh HO=

solp_6@ Olp
?<"

4

q
orj +s_6, @ �

�t
�-n� �

t
�-n�

�2

�
4

5q
orj

�
5�

t
�-n� �-n� q

�

�$
?<"

�

�t
�-n� �

t
�-n�

�2

+49,

zklfk qhjdwlyh iru dq| �-n� 9@ �-n� 1 Dv
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t
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�2

lv pd{lpdo lq �eu @ 3 dqg htxdo wr

}hur zkhq �eu @ 4/ solp_6 pxvw eh vwulfwo| qhjdwlyh zkhq �eu @ 3= Dv wkh dfwxdo suredelolw|
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lv hR,�6_6� ?/ zh nqrz wkdw/ iru �eu $ 3

sSJ6
s_6

$

?<"
4

zklfk hqvxuhv wkdw yrwhuv lq hO dqg O dozd|v zdqw wr yrwh iru � dqg �eu A 3 lq htxloleulxp

+xqohvv wkh glvwdqfh ehwzhhq sduwlhv* sodwirupv lv lq�qlwh,1 Wklv suryhv wkdw doo htxloleuld

lqyroyh d srvlwlyh dprxqw ri yrwlqj iru orvhuv e| h{wuhplvw yrwhuv1

E| frpsxwlqj solpSJ6 dqg solp_6 iru �eu $ 4/ rqh fdq hdvlo| fkhfn wkdw doo htxloleulxp

vwudwhjlhv duh qrq ghjhqhudwh/ wkdw lv �eu ? 4 lq htxloleulxp1

Wklv vkrzv wkdw doo wkh uhvxowv rewdlqhg lq suhylrxv vhfwlrqv jhqhudol}h wr pruh frpsolfdwhg

fdvhv ri xqfhuwdlqw| dqg odujh srsxodwlrqv/ dw ohdvw rq wkh vlgh ri yrwhuv* ehkdylru1 Rqh frxog

kdyh wkrxjkw wkdw yrwh iru orvhuv ehfrphv zruwkohvv lq odujhu hohfwrudwhv/ exw wkh srlqw lv

suhflvho| wkdw yrwlqj iru pdlq sduwlhv dovr kdv ohvv h�hfw zkhq srsxodwlrq vl}h lqfuhdvhv1 Li

wkhuh zhuh qr yrwh iru orvhuv dw doo +exw yrwhv vwloo lqwhusuhwhg dv vljqdov,/ wkh suredelolw| ri

ehlqj slyrwdo iru wkh hohfwlrq ri rqh ri wkh pdlq sduwlhv zrxog idoo yhu| idvw/ zkloh wkdw ri ehlqj

�frppxqlfdwlyh� zrxog kdyh uhpdlqhg kljk1 Wklv hqvxuhv wkdw vrph yrwh iru orvhuv pxvw wdnh

sodfh lq htxloleulxp1 Ri frxuvh/ wkhuh dozd|v h{lvwv dq +xqvwdeoh, htxloleulxp zkhuh wkhuh

lv qr yrwh iru orvhuv ehfdxvh vljqdov duh qrw wdnhq lqwr dffrxqw dw doo/ dv lq Slnhww| +4<<8,1

Exw lw lv dovr fohdu wkdw zlwk wkh voljkwhvw suredelolw| wkdw d vljqdo pd| eh lqwhusuhwhg/ wklv

htxloleulxp lv qrw vxvwdlqdeoh1

D gluhfw fruroodu| iurp wkh odvw sursrvlwlrq zloo dovr hqvxuh wkdw rxu uhvxowv frqfhuqlqj

sduwlhv* ehkdylru dovr jhqhudol}h wr odujh hohfwrudwhv=

Fruroodu| 4 Wkh forvhu pdlq sduwlhv* sodwirupv/ wkh pruh zhljkw lv sxw rq surwhvw yrwlqj1

Surri1 Iurp htxdwlrq +44,/ lq htxloleulxp/

sSJ6
s_6

@

�
��� � ���

�
@�

+4�p,U� u@ +hO,
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yxxw5
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zklfk lpsolhv wkdw/ li
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�
ghfuhdvhv/ �7� dqg �7� pxvw lqfuhdvh +uhphpehu wkdw �-n� �-n�

dovr ghfuhdvhv lq �eu,1
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Dqg khqfh=

Sursrvlwlrq : Lq htxloleulxp/ pdlq sduwlhv* sodwirupv dozd|v glyhujh vx!flhqwo| wr uhqghu

h{wuhplvw sduwlhv vxuh orvhuv1

Surri1 Li sodwirupv frqyhujh ixoo|/ sSJ6=�X
�
SJ6 A s_6=�X

�
_6 @ s_6=3> ;m 5 ihO>O>U> hUj

dqg doo yrwhuv zdqw wr frppxqlfdwh/ xqwlo �orvhuv� ehfrph srwhqwldo zlqqhuv1 Khqfh wkh

suredelolw| ri ylfwru| ri pdlq sduwlhv pxvw kdyh ghfuhdvhg1 Dq % rxwzdug0ghyldwlrq +% A 3>

%$ 3, pxvw wkhq lqfuhdvh wkh suredelolw| ri zlqqlqj1 Xqiroglqj wklv uhdvrqlqj/ dq| fdqglgdwh

htxloleulxp pxvw hqvxuh wkdw s+���, . s+���, @ 41

Iurp wkhvh fkdudfwhulvwlf ri wkh htxloleulxp/ vrph rwkhu uhvxowv iroorz=

Fruroodu| 5 Wkh vwdwh ri wkh zruog lv ohduqw zlwk d suredelolw| frqyhujlqj wr rqh dv wkh vl}h

ri wkh srsxodwlrq jrhv wr lq�qlw| +vlplodu wr Slnhww| 4<<8,

Surri1 Vwudljkwiruzdug iurp wkh idfw wkdw yrwlqj vkduhv duh gl�huhqw lq hdfk vwdwh ri wkh

zruog1

Fruroodu| 6 Wkh pdlq sduw| idyruhg e| d pdmrulw| ri wkh srsxodwlrq lv hohfwhg zlwk d sure0

delolw| frqyhujlqj wr rqh dv srsxodwlrq vl}h lqfuhdvhv wr lq�qlw|/ exw zlwk d pdujlq ri ylfwru|

wkdw lv orzhu wkdq zlwkrxw surwhvw yrwlqj +vlplodu wr Slnhww| 4<<8,1

Surri1 Vwudljkwiruzdug iurp wkh frpsxwdwlrq ri yrwlqj vkduhv lq htxloleulxp1

Qrwh wkdw/ dv h{wuhplvwv duh wkh yrwhuv wkdw fduu| lqirupdwlrq/ khwhurjhqhlw| ri suhihuhqfhv

lqfuhdvhv wkh vkduh ri surwhvw yrwlqj dqg khqfh wkh djjuhjdwh h!flhqf| ri hohfwlrqv/ lq frqwudvw

wr Ihgghuvhq dqg Shvhqgruihu +4<<:, dqg Fdloodxg dqg Wluroh +4<<:,1 Wklv hqvxuhv erwk wkh

h!flhqf| ri lqirupdwlrq djjuhjdwlrq dqg wkh hohfwlrq ri wkh phgldq yrwhu*v prvw idyruhg sduw|

lq wkh �uvw hohfwlrq dv zhoo dv wkh lpsohphqwdwlrq ri khu eolvv srolf| lq wkh vhfrqg hohfwlrq1

: Frqfoxvlrq

Wklv sdshu kdv vkrzq lq d vlpsoh iudphzrun wkdw idu vljkwhg yrwhuv fdq xvh hohfwlrqv dv

d vljqdoolqj ghylfh zkhq wkh glvwulexwlrq ri yrwhuv lv qrw shuihfwo| nqrzq1 Vxfk vljqdoolqj
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uhtxluhv h{wuhplvw yrwhuv wr yrwh iru h{wuhplvw sduwlhv hyhq wkrxjk wkh odwwhu duh fohdu orvhuv1

Wklv lpsolhv wkdw/ lq htxloleulxp/ yrwhv zloo eh glvshuvhg dfurvv pruh sduwlhv wkdq vwdqgdug

wkhru| suhglfwv1 Lq rwkhu zrugv/ vljqdoolqj lq htxloleulxp lpsolhv wkh suhvhqfh ri �surwhvw�

yrwlqj dqg wkh ylrodwlrq ri Gxyhujhu*v Odz1

Lq uhdfwlrq wr wklv skhqrphqrq ri yrwh glvshuvlrq/ sxuho| rssruwxqlvwlf sduwlhv zloo qrw

frqyhujh ixoo| dqg zloo sursrvh vrphzkdw h{wuhplvw sodwirupv1 Sodwirup glyhujhqfh lv uh0

txluhg wr suhyhqw h{wuhplvw sduwlhv iurp ehfrplqj srwhqwldo zlqqhuv lq wkhvh hohfwlrqv1 Li

sodwirupv duh wrr forvh wr hdfk rwkhu/ yrwlqj iru orvhuv kdv wrr orz d frvw= hyhq li wkh glvolnhg

sduw| lv hohfwhg/ lw zloo dq|zd| lpsohphqw d vlplodu srolf|1 Lq vxfk d fdvh/ rqo| wkh wkuhdw

ri vhhlqj h{wuhplvwv ehlqj hohfwhg suhyhqwv yrwhuv iurp yrwlqj pruh dqg pruh iru h{wuhplvw

sduwlhv1

Zkhq wkhuh lv hqrxjk glvwdqfh ehwzhhq sodwirupv/ orvlqj hohfwlrqv lv shufhlyhg dv d vxe0

vwdqwldo frvw iru yrwhuv1 Lq htxloleulxp/ sduwlhv zloo orfdwh vr dv wr suhyhqw wkhlu fruh hohfwrudwh

iurp yrwlqj iru orvhuv/ exw zloo qhyhu wu| wr fdswxuh wkh yrwh ri doo h{wuhplvwv/ xqohvv pruh

lqirupdwlrq lv dydlodeoh +h1j1 lq �udlvlqj kdqg yrwhv�,1 Wklv vkrzv wkdw sxuho| rssruwxqlvwlf

sduwlhv vkrxog qrw frqyhujh ixoo| lq htxloleulxp1 Wkh lqirupdwlrqdo frqwhqw ri hohfwlrqv pruh

wkdq frxqwhuedodqfhv wkh irufhv gulylqj wkh phgldq yrwhu wkhruhp/ zklfk pxvw eh ylrodwhg lq

htxloleulxp1

Wkh gulylqj irufh ehklqg wkhvh lqwhudfwlrqv lv wkdw/ dv lq doo jdphv zlwk lqfrpsohwh lqiru0

pdwlrq/ lqirupdwlrq holflwhg lq d �uvw hohfwlrq zloo eh udwlrqdoo| xvhg e| sduwlhv wr uhorfdwh

h!flhqwo| lq wkh qh{w hohfwlrq1 Li wkhuh lv xqfhuwdlqw| derxw wkh glvwulexwlrq ri yrwhuv/ h{wud

slhfhv ri lqirupdwlrq doorz sduwlhv wr uhorfdwh pruh dffxudwho|1 Li wkh h{dfw vkdsh ri wkh glv0

wulexwlrq lv xqnqrzq/ lqirupdwlrq derxw wkh wdlov ri wkh glvwulexwlrq lv uhohydqw dqg prwlydwhv

�surwhvw� yrwlqj1 Khqfh/ wkh pruh lpsruwdqw wkh qh{w hohfwlrq �lq wkh plqg ri yrwhuv�/ wkh

pruh sduwlhv zloo kdyh wr glyhujh lq htxloleulxp wr suhyhqw h{fhvvlyh yrwlqj iru orvhuv1

Wklv kdv lpsruwdqw lpsolfdwlrqv zlwk uhvshfw wr wkh lqwhusuhwdwlrq ri surwhvw yrwlqj1 Vrph

ghprfudwlf sduwlhv reylrxvo| ihho sx}}ohg e| wkh vl}h ri vxfk d skhqrphqrq1 Idfhg zlwk d odujh

vkduh ri yrwhv iru wkh h{wuhph uljkw/ sduwlhv uhdfw e| zduqlqj yrwhuv ri wkh gdqjhuv ri d idvflvw
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frph edfn1 Lw lv olnho| wkdw vrph ri wkhvh yrwhuv zdqw h{wuhph uljkw sduwlhv wr eh hohfwhg dqg

vkrxog eh zduqhg1 Exw lw lv dovr olnho| wkdw h{wuhplvw yrwlqj lv dovr xvhg dv d fuhgleoh vljqdo wr

zduq pdlq sduwlhv1 Vrph shrsoh zkr rqo| zdqw wkh odwwhu wr fxuh wkhpvhoyhv iurp fruuxswlrq

dqg2ru wrr devwudfw srolwlfv zrxog vwrs yrwlqj iru h{wuhplvwv dv vrrq dv wkh| ehfrph �wrr�

lpsruwdqw1 Wklv dovr h{sodlqv wkhuh lv qr �w|slfdo� h{wuhplvw yrwhu1 Doo qdwlrqdo iurqw yrwhuv

duh qrw sxuh idvflvwv1 Dqrwkhu txhvwlrq lv wr nqrz wkh uhdo sursruwlrq ri wkrvh1

Wklv sdshu grhv qrw dgguhvv wkh uhdvrqv zk| h{wuhplvw sduwlhv irup1 Krzhyhu vrph

foxhv fdq eh lqihuuhg iurp rxu dqdo|vlv1 Zh dvvxphg wkdw h{wuhplvw sduwlhv zkhuh d sulrul

h{wuhplvw1 Wklv dvvxpswlrq kdv qr rwkhu uroh wkdq pdnlqj fohdu wkdw yrwlqj iru rqh vxfk

sduw| fduulhv dq h{wuhplvw vljqdo1 Li rqh wdnhv wkh wkuhdg ri wklv dujxphqw iurp wkh rwkhu

hqg/ zh fdq ghgxfh wkdw iruplqj d qhz sduw| wkdw kdv d fohdu lghrorjlfdo frqwhqw/ pdlqo| li

lw lv qrq0phgldq dqg srlqwv wr fohdu gluhfwlrqv iru qhz srolflhv/ pd| dwwudfw pruh yrwhv wkdq

iruplqj d plggoh0ri0wkh0urdg sduw|1 Wklv srlqwv wr wzr srwhqwldo udwlrqdohv iru iruplqj vxfk

d sduw|= hlwkhu d jurxs ri yrwhuv lv qrw lqwhuhvwhg lq zlqqlqj hohfwlrqv/ exw irupv d sduw|

lq rughu wr lq xhqfh pdlq sduwlhv> ru d jurxs ri rssruwxqlvwlf srolwlfldqv pd| wklqn wklv lv

dq hdvlhu zd| wr ehfrph idprxv dqg prghudwh rqh*v srvlwlrqv diwhuzdugv1 Vrph �h{wuhph�

sduwlhv olnh wkh Juhhqv lq Jhupdq| vxffhhghg ehfrplqj �lpsruwdqw� lq wklv zd|1 Wkh Iuhqfk

h{shulhqfh dovr vkrzv wkdw pdlq sduwlhv pd| eh lqgxfhg wr uhdfw vzliwo| hqrxjk wr wu| dqg

hdw xs wkh yrwh vkduhv ri wkhvh h{wuhplvwv1

Wkhvh frqmhfwxuhv dovr vwuhvv vrph ri wkh orrskrohv ri wklv sdshu/ dv zhoo dv lqwhuhvwlqj

sdwkv iru ixwxuh uhvhdufk= wkhuh lv d qhhg iru pdnlqj wklv dqdo|vlv pruh g|qdplf dqg hqgrjh0

ql}lqj h{wuhplvw sduwlhv* ehkdylru wr vhh krz vpdoo sduwlhv fdq ehfrph elj1 Dqrwkhu dooh| iru

ixwxuh uhvhdufk lv wr h{whqg wkh dqdo|vlv wr pruh jhqhudo glvwulexwlrqv ri yrwhuv/ lq rughu wr

doorz pruh gluhfw frpsdulvrqv ri lwv suhglfwlrqv zlwk uhdolw|1 Zh dovr dvvxphg wkdw yrwhu*v

suhihuuhg srolf| lv jlyhq> d vwurqj frqfhuq lv wkdw h{wuhplvw sduwlhv* rslqlrqv pd| frqwdplqdwh

wkh hohfwrudwh1 Li wklv lv wkh fdvh/ yrwhuv* eolvv srlqwv vkrxog dovr eh pdgh sduwo| hqgrjhqrxv1
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Uhihuhqfhv

^4` Dohvlqd/ Doehuwr dqg Krzdug Urvhqwkdo +4<<8, �Sduwlvdq Srolwlfv/ Glylghg Jryhuqphqw/

dqg wkh Hfrqrp|�/ Fdpeulgjh Xqlyhuvlw| Suhvv1

^5` Edqhumhh/ Deklmlw dqg Urklql Vrpdqdwkdq +4<<:, �D vlpsoh Prgho ri Yrlfh� Plphr/

Pd|

^6` Eodfn/ G1 +4<8;, �Wkh Wkhru| ri Frpplwwhhv dqg Hohfwlrqv�/ Fdpeulgjh Xqlyhuvlw|

Suhvv

^7` Fdloodxg/ Ehuqdug dqg Mhdq Wluroh +4<<:, �Yrwhuv krprjhqhlw| dqg djjuhjdwlrq ri lqiru0

pdwlrq� Plphr/ Pd|

^8` Fdoyhuw/ U1 +4<;8, �Urexvwqhvv ri wkh Pxowlglphqvlrqdo Yrwlqj Prgho= Fdqglgdwhv*v

Prwlydwlrqv/ Xqfhuwdlqw| dqg Frqyhujhqfh�/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ Yro 5</

Qr4

^9` Fr{/ Jdu| +4<<7, �Vwudwhjlf Yrwlqj Htxloleuld Xqghu wkh Vlqjoh Qrq0Wudqvihudeoh Yrwh�/

Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ Yro ;;/ Qr6/ Vhsw1 4<<7

^:` Fr{/ Jdu| Z1 +4<<:, �Pdnlqj Yrwhv Frxqw� Fdpeulgjh Xqlyhuvlw| Suhvv1

^;` Ghozlw/ Sdvfdo +4<<8, �Ghv sur�ov lqfhuwdlqv�/ lq Oh Sdljh +4<<8,/ ss;404351

^<` Grzqv +4<8:, �Dq Hfrqrplf wkhru| ri Ghprfudf|�1 Kdushu dqg Urz

^43` Gxyhujhu/ Pdxulfh +4<87, �Srolwlfdo Sduwlhv�/ Zloh|/ Qhz \run

^44` Ihgghuvhq dqg Shvhqgruihu +4<<:, �Yrwlqj Ehkdylru Dqg Lqirupdwlrq Djjuhjdwlrq lq

Hohfwlrqv zlwk Sulydwh Lqirupdwlrq�/ Hfrqrphwulfd/ Yro1 98/ Qr8 dqg +4<<7, Qruwkzhvw0

huq Xqlyhuvlw| Glvfxvvlrq Sdshu Qr444:

^45` Ihgghuvhq dqg Shvhqgruihu +4<<9d, �Wkh Vzlqj Yrwhu*v Fxuvh�/ Dphulfdq Hfrqrplf

Uhylhz

^46` Ihgghuvhq dqg Shvhqgruihu +4<<9e, �Devwhqwlrq dqg Frpprq Ydoxhv�/ Qruwkzhvwhuq

Xqlyhuvlw| Plphr

^47` Ixghqehuj/ Guhz dqg Mhdq Wluroh +4<<4, �Jdph Wkhru|� PLW Suhvv

^48` Krwhoolqj/ K1 +4<5<, �Vwdelolw| lq Frpshwlwlrq�/ Hfrqrplf Mrxuqdo/ yro 6<

^49` Jleerqv/ Urehuw +4<<5, �D Sulphu lq Jdph Wkhru|�/ Kduyhvwhu Zkhdwvkhdi

^4:` Od�rqw/ Mhdq0Mdftxhv +4<;<, �Wkh hfrqrplfv ri Xqfhuwdlqw| dqg Lqirupdwlrq�/ PLW
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Suhvv

^4;` Oh Sdljh/ Kxjxhv hw do1 +4<<8, �Oh Gìvduurl Gìprfudwltxh1 O*h{wuíph gurlwh hq Eho0

jltxh1�/ Hglwlrqv Oderu/ Euxvvhov1

^4<` Pruwrq/ Uhehffd +4<<6, �Lqfrpsohwh Lqirupdwlrq dqg Lghrorjlfdo H{sodqdwlrq ri Sodw0

irup Glyhujhqfh�/ Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ Yro ;:/ Qr5/ Mxqh

^53` Pxhoohu/ Ghqqlv +4<;<, �Sxeolf Fkrlfh LL�/ Fdpeulgjh Xqlyhuvlw| Suhvv

^54` P|huvrq/ Urjhu +4<<7d, �Srsxodwlrq Xqfhuwdlqw| dqg Srlvvrq Jdphv�/ Qruwkzhvwhuq

Xqlyhuvlw| Glvfxvvlrq Sdshu Qr4435

^55` P|huvrq/ Urjhu +4<<7e, �H{whqghg Srlvvrq Jdphv dqg wkh Frqgrufhw Mxu| Wkhruhp�/

Qruwkzhvwhuq Xqlyhuvlw| Glvfxvvlrq Sdshu Qr4436

^56` P|huvrq/ Urjhu dqg Urehuw Zhehu +4<<6, �D wkhru| ri yrwlqj htxloleuld� Dphulfdq

Srolwlfdo Vflhqfh Uhylhz/ Yro ;:/ Q34/ Pdufk

^57` Sdoiuh|/ Wkrpdv +4<;7, �Vsdwldo Htxloleulxp zlwk Hqwu|�/ Uhylhz ri Hfrqrplf Vwxglhv/

ss 46<0489

^58` Slnhww|/ Wkrpdv +4<<8, �Yrwlqj dv Frppxqlfdwlqj�/ plphr

^59` Zlwwpdq/ G1 +4<::, �Fdqglgdwhv zlwk srolf| suhihuhqfhv= D g|qdplf Prgho�/ Mrxuqdo

ri hfrqrplf wkhru|/ Yro 471

^5:` Zlwwpdq +4<;6, �Fdqglgdwh Prwlydwlrq= D V|qwkhvlv ri Dowhuqdwlyhv� Dphulfdq Srolwlfdo

Vflhqfh Uhylhz/ yro :: ss475048:1

; Whfkqlfdo Dsshqgl{

Frpsxwdwlrq ri wkh ydoxh ri d yrwh iru orvhuv +g�7 dqg g2�7,1

Zh rqo| orrn dw hO0yrwhuv1 E| v|pphwu|/ wkh dujxphqw dssolhv lpphgldwho| wr hU0yrwhuv1
hO/ e| yrwlqj iru � vhqgv d vljqdo gl�huhqw iurp wkdw ri dq| rwkhu yrwhu1 E| wkh dvvxpswlrqv
rq srvvleoh vljqdov/ wklv ohdgv wr srvwhulru eholhiv H

�
�7myeu @ �

�
@ O1 Wklv gh�qhv srvwhulru

eholhiv lq fdvh hO yrwhv iru �= Exw wkh ydoxh ri wklv yrwh ghshqgv rq wkh dowhuqdwlyh eholhiv/
lq fdvh hO zhuh yrwlqj iru D1

Li hO lv h{shfwhg wr yrwh iru �/ exw ghyldwhv dqg yrwhv iru D/ H
�
�7 myeu @ D

�
@ pO1

Lq wklv fdvh/ wkh vhfrqg shulrg sodwirup gl�huhqwldo lv g�7 @ +4 �p,O= Wkh vhfrqg rughu
h�hfw lv g2�7 @ O2 � +pO,2 @

�
4�p2

�
O2=

Li hO dqg pO duh h{shfwhg wr yrwh iru D> zh kdyh d vhpl0srrolqj htxloleulxp=
H

�
�7 my5 @ D

�
@ �n6

2
O> } 5 ihO>pOj= Wklv lpsolhv g�7 @ O � �n6

2
O @ �36

2
O dqg

g2�7 @
�
4�

�
�n6

2

�2�
O
2
1
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Surri ri Ohppd 5=

Vhfrqg0shulrg sodwirupv duh wkh h{shfwhg srvlwlrq ri wkh phgldq yrwhu1 Khqfh yrwhu l*v
h{0dqwh sd|r� ri fdvwlqj d edoorw y� lv

H ^X +��> {�> {2, my�` @ �H
k
+�� � {�,

2 my�

l
� �

�
�� �H

�
�7 mL�

��2
+4;,

zkhuh L� lv wkh lqirupdwlrq vhw rewdlqhg diwhu wkh �uvw hohfwlrq1 Zlwk ��
� @ ���

� A 3> li hO
grhv qrw fdvw d edoorw/ q�

� @ q�
� @ 5 dqg s

�
��
�

�
@ s

�
��
�

�
@ �

2 1 hO pd| frqvlghu yrwlqj iru D
ru iru � +vkrzlqj wkdw yrwlqj iru E ru � lv d grplqdwhg vwudwhj| jlyhq wkh dvvxphg eholhiv
lv hdv|,1 Li y�5 @ D> q�

� A q�
� dqg {� @ ��

� iru vxuh1 Li y�5 @ �/ wkh wlh ehwzhhq D dqg E
lv pdlqwdlqhg1 Wdnlqj wkh gl�huhqfh ehwzhhq wkh sd|r�v ri wkhvh wzr vwudwhjlhv/ zkhq hO lv
h{shfwhg wr yrwh iru �/ dqg wdnlqj vhfrqg rughu Wd|oru h{sdqvlrq lq }hur rewdlqv �Dv x�+=> =,

dqg x2+=> =, kdyh wkh vdph vkdsh/ Y��Ew�cf�
Y%�

@ Y�2Ew�cf�
Y%2

1 Zh ghqrwh wkhvh sduwldo ghulydwlyhv

x�+��> 3,�=

H
�
X +�eu> {�> {2, my

�
eu @ �

�
�H

�
X +�eu> {�> {2, my

�
eu @ D

�
@ +4<,

x�+�eu> 3,=

%
��
� � ��

�

5
. u@+�eu,=

�
��
�

�2
�
�
��
�

�2
7

. �

�
g�7 . u@+�eu,=

g2�7

5

�&

��

��� � ���
5

. �

���g�7��� u@+�eu,=
g2�7

5

�
+53,

zkhuh � vwdqgv iru �sursruwlrqdo wr� dqg u@+�eu, @
������

�
Eweucf�

��

�
Eweucf�

��� @ ��� �
weu

��� ghqrwhv wkh ghjuhh ri

devroxwh ulvn dyhuvlrq lq 3 +Qrwdwlrq eruurzhg iurp Od�rqw +4<;<,/ exw zlwk dq lpsruwdqw gli0
ihuhqfh= x� ? 3 iru �5 ? 3,=Zlwk txdgudwlf xwlolw|/ Wd|oru h{sdqvlrq lv qrw dq dssur{lpdwlrq/
exw doorzv wr uhzulwh +4<, gl�huhqwo|1

Li +53, lv srvlwlyh/ hO yrwhv iru �= Lvrodwlqj �uvw0shulrg sodwirupv/ zh jhw

���
� @ ��

� ? �

�
�g�7 � u@+�eu,=

g2�7

5

�
+54,

dv d frqglwlrq iru d yrwhu lq �eu wr yrwh iru �= Khqfh/ wkh odujhu wkh glvwdqfh ehwzhhq �uvw
shulrg sodwirupv/ wkh orzhu wkh vxusoxv +wkh odujhu wkh orvv, ri surwhvw yrwlqj1

Lw lv vwudljkwiruzdug wr vkrz wkdw wklv phfkdqlvp h{whqgv wr O0yrwhuv li wkh odwwhu kdyh
sulydwh lqirupdwlrq rq wkhlu w|sh ru wr uljkw0zlqj yrwhuv/ zlwk �5 A pU/ li rqh frpsduhv wkh
ydoxh ri yrwlqj iru E dqg �1 Wklv suryhv ohppd 51

Surri ri sursrvlwlrq 51

E| ohppd 5/ wkhuh duh wzr srvvleoh w|shv ri htxloleuld= hlwkhu sduwlhv glyhujh vx!flhqwo|
wr �nloo� yrwh iru orvhuv +YiO iurp qrz rq,/ ru wkh| grq*w1 Ohw xv dqdo|}h wkh wzr w|shv ri
fdqglgdwh htxloleuld vhtxhqwldoo|1

Fdvh 4= Qr YiO1 Li wkhuh lv qr YiO/ wklv phdqv wkdw

H
�
X+hO> {�> {2,my

�

eu @ �
�
?H

�
X+hO> {�> {2,my

�

eu @ D
�

+55,

H
�
X+hU>{�> {2,my
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�
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�
X+hU>{�> {2,my

�

e- @ E
�

+56,
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dqg h{wuhplvw yrwhuv duh h{shfwhg wr yrwh iru pdlq sduwlhv1 E| rxu frpsxwdwlrq ri g�7 dqg
g2�7 dqg e| ohppd 5/ wklv uhtxluhv
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�
� ��

�

5
. u@+hO,=
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�2
�

�
��
�

�2
7

A �
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5
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4� u@+hO,=

6 .p

7
O

�
O

Vlpsoli|lqj wklv rewdlqv
���� @ ��� A !@5> +57,

zkhuh ! @ �+4�p,U
�
4� �n6

ee

�
=

Lw uhpdlqv wr frpsxwh zkhq vxfk sodwirupv duh dq htxloleulxp1 Fohduo| qhlwkhu D qru E
kdyh dq lqfhqwlyh wr ghyldwh rxwzdugv1 Wkh| gr kdyh dq lqfhqwlyh wr ghyldwh lqzdugv li wkh|
fdq dgg wkh prghudwh yrwhu ri wkh rwkhu fdps wr wkhlu hohfwrudwh zlwkrxw orvlqj wkhlu rzq
prghudwh yrwhu1 Orrnlqj dw D/ pU yrwhv iru D zkhq
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+58,

Vlploduo|/ pO yrwhv iru D dv orqj dv
����
�
�pO

�� ? ����
�
�pO

�� dqg
��� � ��� .

�
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�

�2
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�
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�

�2
5pU

A ��
pU

5
+59,

Dv wkh plqlpxp ri wkh ohiw kdqg vlgh lq +58, lv uhdfkhg lq ��
�
@ pU/ d qhfhvvdu| dqg

vx!flhqw frqglwlrq iru +�!@5> !@5, wr eh d Qdvk htxloleulxp lv hlwkhu wkdw !@5 ? pU ru wkdw
htxdwlrq +58, lv ylrodwhg lq ��

�
@ pU +Qrwh wkdw +58, lv d wljkwhu frqvwudlqw wkdq +59,,1 E|

htxdwlrq +58,/ li !@5 A
�
4 .

s
�
�
pU> erwk sduwlhv kdyh dq lqfhqwlyh wr ghyldwh wrzdugv wkh

phgldq1 Wklv lv wkh fdvh zkhq

5p ?
!@U

4 .
s
�

+5:,

wkdw lv/ zkhq p lv vx!flhqwo| orz1

Fdvh 5= YiO dqg frqyhujhqfh1 Iurp ohppd 5/ hO yrwhv iru � dv orqj dv
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��g�7��� g2�7
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Khqfh/ E uhqghuv wkh ghyldwlrq kdughvw e| srvlwlrqlqj lq 31 Iurp wkhuh/ wr vzlqj wkh yrwh ri
hO/ D pxvw vhohfw d sodwirup ��

�
vxfk wkdw

��� .

�
��
�

�2
5hU

� ��U
�
5+4�p,� 4�p2

h

�
+5<,

l1h1 d sodwirup vxfk wkdw 5; eh ylrodwhg1

D qhfhvvdu| exw qrw vx!flhqw frqglwlrq iru +3> 3, wr eh dq htxloleulxp lv wkdw qr ydoxh ri ��
�

doorzv wr vdwlvi| wklv lqhtxdolw|1 Lqghhg/ hU yrwhv iruE zkhq ��
�
�+Z

�

�,
2

2e-
? �O

�
5+4�p,� �36

2

e

�
>

zklfk krogv dxwrpdwlfdoo| li frqglwlrq +5<, grhv1 +5<, lv wkhq d zruwkzkloh ghyldwlrq rqo| li
pO grhv qrw vzlqj wr E= Li pO grhv qrw vzlqj/ suredelolw| ri ylfwru| grhv qrw fkdqjh1 Dq|
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suhihuhqfh iru d kljkhu dyhudjh qxpehu ri yrwhv/ ru dq| fkdqjh lq wkh uhodwlyh suredelolwlhv ri
HO dqg HU pdnhv wkh ghyldwlrq vwulfwo| zruwkzkloh iru dw ohdvw rqh ri wkh sduwlhv1 Li pO grhv
vzlqj/ wkh suredelolw| ri ylfwru| idoov/ zklfk hqvxuhv wkdw +3> 3, lv vwulfwo| dq htxloleulxp1

Wkh frqglwlrq iru +3> 3, wr eh d vwurqj Qdvk srvlwlrqdo htxloleulxp lv wkhq wkdw wkh frq0
glwlrqv vxfk wkdw hO dqg pO yrwh iru D qhyhu krog wrjhwkhu1 Zkhq D ghyldwhv/ lw vhohfwv
��W
�

@ �hU . U
s
h2 . 5� +4�p, +4 .p� 5h,> surylghg lw lv uhdo1 pO yrwhv iru D zkhq

5pU��
�
.
�
��
�

�
2
? �i +p, U2/ zkhuh i+3, @ 3 dqg i � +p, A 31 Rqh vhhv wklv frqglwlrq lv

ylrodwhg iru yhu| vpdoo
����
�

�� zkhq p lv forvh wr }hur1 Dv p forvhu wr }hur dovr lpsolhv wkdw

��W
�

lv pruh qhjdwlyh/ +3> 3, lv d Qdvk srvlwlrqdo htxloleulxp zkhq p lv vpdoo hqrxjk1

Wr frqfoxgh/ zkhq p lv vpdoo +vx!flhqwo| forvh wr }hur,/ wkhuh lv qr htxloleulxp zlwk
glyhujhqfh/ exw wkhuh lv rqh zlwk frqyhujhqfh1 Zkhq p lv odujh +vx!flhqwo| forvh wr rqh,/
wkhuh lv qr +vwulfwo| suhihuuhg, htxloleulxp zlwk frqyhujhqfh/ exw wkhuh lv rqh zlwk glyhujhqfh1
E| yluwxh ri frqwlqxlw|/ d sdlu ri sodwirupv lq wkh ylflqlw| ri wkrvh sursrvhg lq wkh surri pd|
dovr eh dq htxloleulxp/ exw wkh w|sh ri vxvwdlqdeoh htxloleulxp uhpdlqv xqfkdqjhg1

Surri ri ohppd 6= Iurp ohppd 5/ lw lv hqrxjk wr uhzulwh +53, wr vhh wkdw d yrwhu lq
} ? pO yrwhv iru � dv vrrq dv

u@+�5, ?
4

g2�7

�
�
��
�
� ��

�

�
. 5 g�7

�
= +63,

Dv u@+�5, @ m�5m
3� > wkh pruh h{wuhplvw wkh yrwhu/ wkh pruh hdvlo| wkh frqglwlrq lv phw1

Surri ri sursrvlwlrq 61

Ohw xv vwduw wkh surri ri wklv sursrvlwlrq zlwk wkh iroorzlqj ohppd=

Ohppd 9 Zlwk ixoo frqyhujhqfh ri pdlq sduwlhv* sodwirupv/ wkhuh fdqqrw h{lvw vxuh orvhuv1

Surri1 Iurp ohppd 5/ zlwk ixoo frqyhujhqfh ri sodwirupv dqg dv orqj dv h{wuhplvw sduwlhv
kdyh qr fkdqfh ri zlqqlqj wkh hohfwlrqv/ wkhuh lv qr frvw wr yrwlqj iru orvhuv/ zkloh wkhuh lv
dq lqirupdwlrqdo ehqh�w1 Khqfh/ yrwhuv lq O dqg U zloo yrwh iru orvhuv1 Exw wklv lpsolhv wkdw
h{wuhplvw sduwlhv ehfrph srwhqwldo zlqqhuv/ lqgxflqj d frqwudglfwlrq1 Khqfh/ O dqg U pxvw
eh yrwlqj lq pl{hg vwudwhj| zkhq D dqg E ixoo| frqyhujh/ wkdw lv

s�c��X
u
�c� . s�c{�X

u
�c{ . s�cK�X

u
�cK . sKc{�X

u
Kc{@ sSJ6�X

u
SJ6 +64,

s�c��X
-
�c� . s�cK�X

-
�cK . s�c{�X

-
�c{ . s{cK�X

-
{cK@ sSJ6�X

-
SJ6 +65,

zkhuh s�c& lv wkh gl�huhqwldo ri slyrw suredelolwlhv ehwzhhq sduw| m dqg n zkhq yrwlqj �fhq0
wulvw� lqvwhdg ri �h{wuhplvw�> sSJ6�X5

SJ6 lv wkh h{shfwhg xwlolw| ri dowhulqj eholhiv iru wkh
vhfrqg hohfwlrqv dqg �X5

e�e?| lv wkh xwlolw| gl�huhqwldo iru wkh yrwhu } ri ehlqj slyrwdo iru
hyhqw +frppxqlfdwlrq ru hohfwlrq,1

Zlwk ixoo frqyhujhqfh/ �Xu
�c� @ �X-

�c� @ 3 ? sSJ6�X
u
SJ6 ru sSJ6�X

-
SJ61 Khqfh/

h{wuhplvw sduwlhv pd| eh hqdeohg wr zlq hohfwlrqv iru wkh htxdolwlhv wr eh uhvwruhg +lq zklfk
fdvh s�c{> s�cK> sKc{> s�cK> s�c{ dqg s{cK ehfrph vwulfwo| srvlwlyh,1
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Surri ri sursrvlwlrq 6= SDUWLHV1 Iurp ohppd 9/ dq htxloleulxp zlwk ixoo frqyhu0
jhqfh zrxog jlyh wr pdlq sduwlhv d orzhu suredelolw| ri ylfwru| wkdq dqrwkhu +k|srwkhwlfdo,
htxloleulxp zlwk hqrxjk glyhujhqfh1 Wkh txhvwlrq uhpdlqv wr fkhfn zkhwkhu D ru E fdq
lqfuhdvh klv suredelolw| ri zlqqlqj e| ghyldwlqj dzd| iurp wkh phgldq1

Iru vx!flhqwo| h{wuhph orvhuv +�Xu
�cK dqg �X-

�c{ vx!flhqwo| elj,/ zh fdq eh vxuh wkdw

hyhq zlwk ixoo frqyhujhqfh/ D dqg E zlq pruh riwhq wkdq � dqg� +dqg khqfh zh fdq pdlqwdlq
rxu sulpdu| dvvxpswlrq wkdw pdlq sduwlhv uhpdlq pruh irfdo wkdq h{wuhplvw sduwlhv,1 Li d
sduw| +vd| D, ghyldwhv wr wkh ohiw e| % +yhu| vpdoo,/ �Xu

�c� dqg �X-
�c� lqfuhdvh/ qhfhvvlwdwlqj

d qhz pl{wxuh e| yrwhuv wr uhvwruh wkh wzr deryh htxdolwlhv1 Dv
d, ohiw0zlqj yrwhuv fdq lq xhqfh wkh uhodwlyh suredelolw| ri D ru � ehlqj hohfwhg djdlqvw E ru
�/ exw fdqqrw lq xhqfh wkh uhodwlyh suredelolw| ri kdylqj E ru �1
e, v|pphwulfdoo|/ yrwhuv lq U pxvw wdnh dv jlyhq wkh glvwulexwlrq ri yrwhv iru D dqg � exw
fdq lq xhqfh wkdw ri E dqg �/
zh fdq ghgxfh wkdw wkh ghyldwlrq e| D lpsolhv O dqg U0yrwhuv pxvw iru vxuh yrwh pruh iru
D dqg E uhvshfwlyho|1 Zlwk d vpdoo hqrxjk ghyldwlrq46/ zh hqvxuh wkdw sSJ6�XSJ6 grhv
qrw fkdqjh dqg wkdw wkh h�hfw lv v|pphwulf iru O dqg U0yrwhuv1 Khqfh/ d vpdoo ghyldwlrq
wrzdugv rxwvlgh pxvw lqfuhdvh wkh suredelolw| ri ehlqj hohfwhg iru erwk D dqg E dqg zloo eh
lpsohphqwhg1 Lw lv hdv| wr vhh wkdw/ lqvridu dv zh orrn dw v|pphwulf fdvhv/ wklv dujxphqw
dssolhv wr dq| sdlu ri sodwirupv wkdw lv qrw vx!flhqwo| glyhujhqw/ wkdw lv wr dq| sdlu zkhuh
h{wuhplvwv duh srwhqwldo zlqqhuv1 Khqfh/ dq| vwdeoh htxloleulxp pxvw kdyh glyhujhqfh dqg
h{wuhplvw sduwlhv ehlqj vxuh orvhuv1

Looxvwudwlrq ri sursrvlwlrq 6= d sduwlfxodu fdvh

Li � +4�p,2 � 2

�
> wkh rswlpdo ghyldwlrq iurp +3/3, lv vlpsoh wr frpsxwh= D yrwhu lq O

yrwhv iru D lq sxuh vwudwhj| li
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6
+4�p,2 +66,

Vroylqj wkh v|pphwulf frqglwlrq iru yrwhuv lq U rewdlqv
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5U
A
�U

6
+4�p,2 +67,

Frqglwlrq 66 lv wljkwhu wkdq 671 Wklv lpsolhv wkdw zkhq ��� vzlqjv O0zlqj yrwhuv wr D
+zkr wkhq yrwh iru D lq sxuh vwudwhj|,/ uljkw0zlqj yrwhuv duh dxwrpdwlfdoo| vzxqj wr E1
Wklv/ lq wxuq hqvxuhv wkdw h{wuhplvw sduwlhv kdyh lqghhg ehfrph sxuh orvhuv1 Wklv qhfhvvdulo|
lqfuhdvhv wkh mrlqw suredelolw| ri ylfwru| ri wkh wzr pdlq sduwlhv1 Li wkh yrwhu lq pO vwduwv wr
yrwh iru E ehfdxvh ri wkh ghyldwlrq iurp 3/ wkh uhvxow lv qrw dowhuhg1 Wr wkh frqwudu|/ O0yrwhuv
duh wrwdoo| glvflsolqhg dv wkh| fdqqrw dowhu wkh lqirupdwlrq vhw lq vwdwhPO/ zkloh U0yrwhuv
h{shulhqfh d kljkhu sd|0r� iurp jdueolqj lqirupdwlrq +wkh xwlolw| gl�huhqwldo kdv lqfuhdvhg
dqg wkh| fdq jdueoh lqirupdwlrq lq erwk vwdwhv PO dqg PU,1 Wklv lpsolhv wkdw wkh qhz
frqglwlrq iru U ehfrphv

�����
��.

�
���

�2

5U
A �U= +68,

Vr/ zkhq ��� lv fkrvhq vr dv qrw wr elqg +68, zkloh pO yrwhv iru E/ D lqfuhdvhv klv
suredelolw| ri zlqqlqj +Doo O yrwhuv yrwh iru D/ zkloh U yrwhuv frruglqdwh vr dv wr kdyh rqh

46
Iru d odujhu ghyldwlrq/ wkhuh lv d fkdqjh lq wkh glvwulexwlrq ri yrwhv zklfk fdq d�hfw erwk w|shv ri yrwhuv

glvv|pphwulfdoo|1 Zh looxvwudwh wklv lq wkh sduwlfxodu fdvh ehorz1
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yrwh zkr yrwhv iru � lq sxuh vwudwhj| dqg wkh rwkhu wzr yrwh iru E lq sxuh vwudwhj| wr dyrlg
wkdw � ehfrphv d srwhqwldo zlqqhu,1

Surri ri sursrvlwlrq 71

O yrwhv iru D dqg U yrwhv iru E uhvshfwlyho| li
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Wklv phdqv wkdw/ vwduwlqj iurp v|pphwulf srvlwlrqv/

gFrqg?O
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gFrqg?U
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lpso|lqj wkdw iurp dq| sdlu ri srvlwlrqv ��
�
@ ���

�
/ vdwlvi|lqj +69, dqg +6:, +wkdw lv/ wkh vwulfw

lqhtxdolwlhv,/ d sduw| fdq lqfuhdvh klv suredelolw| ri zlqqlqj e| prylqj wrzdugv wkh fhqwhu1
Lqghhg/ wklv lqfuhdvhv wkh YiO dw d kljkhu udwh iru yrwhuv ri wkh rssrvlwh sduw|1 Wkh rqo|
fdvh zkhuh lw grhv qrw zrun lv zkhq +69, dqg +6:, duh uhsodfhg e| wkhlu htxlydohqw htxdolwlhv1
Wkdw lv/ wkh rqo| fdqglgdwh htxloleulxp lv
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Fdq glvv|pphwulf srvlwlrqv eh dq htxloleulxp B Fhuwdlqo| qrw/ dv wkh wzr frqglwlrqv iru
O dqg U wkhq fdqqrw elqg wrjhwkhu/ lqgxflqj wkh pryh lqzdugv e| rqh ri wkh sduwlhv1

Wr fkhfn zkhwkhu 	�W lv dq htxloleulxp/ rqh qhhgv wr vhh xqghu zklfk frqglwlrq sduwlhv
gr qrw zdqw wr pryh rxwzdugv1 E| wkh vdph dujxphqw dv lq sursrvlwlrq 5/ wklv lv phw zkhq
hO dqg pO qhyhu yrwh iru D dw wkh vdph wlph1 Iurp sursrvlwlrq 5/ zh nqrz wklv lv wkh fdvh
iru p vx!flhqwo| vpdoo1 Li p lv qrw vpdoo hqrxjk/ wklv sdlu ri sodwirupv lv qrw dq htxloleulxp1
Exw iru dq| rwkhu sdlu ri srvlwlrqv/ sduwlhv zdqw wr pryh lqzdugv wr dv wr vzlqj wkh yrwh ri
wkh rssrqhqw*v yrwhuv1 Lw wkhq frphv rxw wkdw wkh htxloleulxp zloo qhfhvvdulo| eh lq pl{hg
vwudwhjlhv li p lv qrw vx!flhqwo| vpdoo1

Surri ri sursrvlwlrq 81

Wr ehjlq zlwk/ ohw xv vlpso| fkhfn krz +73, fkdqjhv zkhq wkh suredelolwlhv ri wkh vwdwhv
ri wkh zruog duh prgl�hg1 Wkh frpsxwdwlrq iru O lv lq wkh erg| ri wkh wh{w1 Iru U/
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Vlpsoli|lqj wklv rewdlqv htxdwlrq +8,1 E| elqglqj frqglwlrqv +7, dqg +8,/ dqg vxpplqj
wkhvh jlyhv wkh uhtxluhg glvwdqfh ehwzhhq wkh wzr sduwlhv wr dyrlg wkdw surwhvw yrwh lv fkhds
wdon=
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Wdnlqj wkh gl�huhqfh ehwzhhq wkhvh wzr htxdwlrqv doorzv wr frpsxwh wkh dyhudjh ri wkh
srvlwlrqv ri D dqg E=
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Wklv lpsolhv wkdw zlwk s+PO, @ s+PU,/ wkh dyhudjh ri wkh wzr srvlwlrqv lv }hur/ dv lq
wkh wh{w1 Li s+PO, A s+PU,> wkh dyhudjh ri wkh srvlwlrqv ehfrphv srvlwlyh1 Wkdw lv/ li wkh
vwdwh ri wkh zruog lv pruh olnho| wr eh ohiw0zlqj wkdq uljkw0zlqj/ sduwlhv qhhg wr pryh uljkw

wr suhyhqw surwhvw yrwlqj e| w|slfdo ohiw0zlqj dqg uljkw0zlqj yrwhuv1

Lqfuhdvlqj wkh ydoxh ri U/ dqg pdlqwdlqlqj N frqvwdqw/ lqfuhdvhv wkh dpsolwxgh ri wkh
fxuyhv* pryhphqw +wkh devroxwh ydoxh ri wkh dyhudjh lqfuhdvhv, zlwkrxw lq xhqflqj wkh glv0
wdqfh ehwzhhq wkh wzr sduwlhv1 Lqfuhdvlqj wkh ydoxh ri N zlwkrxw fkdqjlqj U +e| lqfuhdvlqj �
ru ghfuhdvlqj p, lqfuhdvhv wkh uhtxluhg glvwdqfh ehwzhhq wkh wzr sduwlhv/ zlwkrxw prgli|lqj
wkh dyhudjh ri wkh wzr srvlwlrqv1

Wklv h{huflvh jlyhv xv sduwlhv srvlwlrqv wkdw pdnh O dqg U yrwhuv lqgl�huhqw1 Exw lw lv
lpsruwdqw wr qrwh wkdw/ qrz/ wkh ehkdylru ri prghudwh yrwhuv lv qrw judqwhg dq|pruh1 Li
sduwlhv pryh wrr pxfk h1j1 wr wkh uljkw/ hyhq wkh prghudwh uljkw yrwhu frxog suhihu wr yrwh
iru D lq wkh �uvw hohfwlrq= pO yrwhv D l�
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H{sdqglqj wkhvh frqglwlrqv=
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zkloh pU yrwhv E zkhq
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Vr/ �u dqg �- pxvw vdwlvi| wkhvh frqglwlrqv iru wkh wkuhvkrog ydoxhv ri ��
�
dqg �
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sxwhg deryh wr krog1 Zkhq �u dqg �- gr qrw vdwlvi| wkhvh lqhtxdolwlhv/ rwkhu wkuhvkrogv

pxvw eh frpsxwhg/ exw wkh phfkdqlvp uhpdlqv wkh vdph1
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