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Abstract

Voting Theory generally concludes that —in first-past-the-post elections— 1) All votes should
go to effective candidates (Duverger’s Law); 2) Parties’ platforms should converge (Median
Voter Theorem). Observations, though, suggest that such predictions are not met in practice.
We show that divergence and dispersion of votes is a natural election outcome when there
is uncertainty and repetition of elections. “Voting for losers” increases the informational
content of elections, and forces main parties to relocate towards extremists. As a result, they
maximize their probability of being elected, not by converging to the median but by diverging
to a certain extent. Ideological behavior results then from optimizing considerations alone.
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1 Introduction

Standard voting theory predicts that, in a first-past-the-post election, rational voters should
allocate their votes to only two candidates (Duverger 1954, Cox 1994). Indeed, if voters care
only about which candidate/platform wins the election, they should not waste their vote
on “losers”. Voting for a loser means that fewer votes are given to a second best option
that could possibly win otherwise. This result, known as “Duverger’s Law”, is quite often
far off the mark in practice. For example, the U.S. presidential elections showed that a
third candidate could receive a substantial share of votes even without a chance of having
any elected representative. In Europe, the U.K. elections display the same feature (see also
Piketty 1995), and in the 1995 French presidential elections, around 40% of the votes were

cast on small ~mainly extremist— parties which had no chance of winning!»2.

While they conflict with a literal interpretation of Duverger’s law, such observations do
not imply its irrelevance as a benchmark. It could simply be that one or more of the as-
sumptions necessary for the result to hold are violated. A tempting explanation is thus that
some voters are not rational, or that they do not only care about who is elected. Yet, casual
observation suggests that such vote for losers influences mainstream parties’ platforms. This
contradicts the “median voter theorem”, which states that opportunistic parties should po-
sition themselves at the median voter, not incorporate extremists’ views. If these votes were

sincere, such party behavior would itself be irrational.

This paper explores another alley that sustains the assumption of rational voters who
care only about the implemented policy, and purely opportunistic parties, but introduces
information concerns in elections. We show that in the case of repeated elections and in-
complete information, some voters (mainly extremists) may vote for sure “losers” in order

to communicate information about the distribution of voters and, in particular, about the

'Duverger’s Law holds only for the first-past-the-post system. Cox (1994) proved a generalized version of
this Law, which is now known as the “n + 1”7 Law. That is, if n candidates have to be elected, the appointed
ones being the n candidates receiving the highest shares of votes, then only n + 1 candidates should receive
votes at all. For a broader discussion, see also Cox (1997).

2The French electoral system is different, as the president is elected in two rounds. Nevertheless, insofar
as the results in Cox (1994) extend to a two-round election, where the first round can be seen as a separate
election meant to elect two candidates by plurality rule, only three candidates should receive votes in the first
round, by the n + 1 Law.



position of the median voter. Extremists have an incentive to vote for losers if more such
votes mean that the median is closer to the voted loser. In this case, parties would adapt
their platforms in future elections and come closer to the voted extremist party. Were party
positions exogenous, voting for losers would never be a rational option for extremist voters.
As a consequence, the very uncertainty on the distribution of voters provides a rationale for

a violation of Duverger’s Law.

If parties rationally select their platforms, they will try and reduce the tendency to vote
for losers. If not, “small” parties could become too important and become a political threat.
We show that, to this end, main parties need to take some distance with the median and
propose somewhat extremist platforms. This shows that convergence of platforms to the
median cannot occur in equilibrium, in opposition to the median voter theorem (Hotelling
1929, Black 1958). This means that party’ partisanship is not needed to explain imperfect
convergence of political platforms (as e.g. Calvert 1985 or Wittman 1977, 1983 would suggest).

Divergence of platforms may be due to the voters’” own dispersion of preferences.

Recent research stressed the informative role of elections. In that regard, Piketty (1995) is
the paper that is closest to ours. It shows that, in repeated elections with uncertainty on the
preferences of voters, the latter can communicate in the first election in order to aggregate the
information that is dispersed among the electorate. This communication is initiated by voters
who know they share a common preference for a candidate, but have imperfect knowledge
about the identity of the latter. That is, they are “moderate” voters whose preferences for
one or another party vary with the “state of the world”. In equilibrium, communication can
then induce a violation of Duverger’s Law, because wvoters hesitate. In our model, voters
perfectly know their preferences but try to modify the platform of the main candidates. This
means that with Piketty (1995)’s assumption of fixed platform, our setup would not generate
any violation of Duverger’s Law. Piketty (1995) analyzes a vote for potential winners in the
second election, while we want to focus specifically on the role of extremist voting, and on
the influence of extremist parties on the platforms of moderate parties. The shared feature of
the two models is that Duverger’s Law is violated for communicational reasons only. That is,

both models require repeated elections and an informational link between these two elections



for communication to occur.

Feddersen and Pesendorfer (1997) show that voters with strong preferences over the al-
ternatives will not use their private information in the vote. Only moderate voters, whose
preferred party depends on the state of the world, will make use of their piece of information
(with the share of such voters converging to zero as the size of the electorate increases). Such
a behavior, or abstentionism (Feddersen and Pesendorfer, 1996a,b) increases the efficiency of
the election, as the selected platform will depend on the true state of the world. Caillaud and
Tirole (1997) show however that the joint presence of strong heterogeneity among voters and

of any (aggregate) uncertainty about the distribution of preferences weakens these results.

Yet, again, these papers do not explain party’s behavior. Were platforms a choice variable,
would parties propose such distinct platforms that dissatisfy a strict majority of voters? Why
does a “vote for losers” take this form of “protest” voting for small extremist parties? It is
common knowledge that such parties will never attract a majority of votes. In addition,
such “protest” vote seems to be mainly cast by extremist voters who have a clear and strong
preference. Feddersen and Pesendorfer or Piketty explain the behavior of moderate and

undecided voters, not that of extremists.

Banerjee and Somanathan (1997) focus on information aggregation through “voice” in
large populations, not particularly in elections. Their results in the case of private information
on “voters’ type”® give however a good hint of the mechanism also at work in our model.
They show that people with more extremist views are more likely to send relevant signals
because they gain more from altering the decisions of the leader. We show here that elections
are particularly appropriate to aggregate the information dispersed among the electorate, as
they endogenously generate a cost of sending a message that permits efficient “voicing”. This

is achieved by parties when they select their platforms.

One of the main features of this paper is precisely that we endogenize parties’ platforms in

3Given that Banerjee and Somanathan analyze a broader variety of communication problems, they compare
different information cases. They do not actually consider elections, as there is only one leader/dictator, but
people can try and influence the leader’s decisions by voicing him/her some piece of information. This may
make comparisons a bit thorny, but their case with unverifiable preferences of the sender (the voter?) and
unverifiable information is nevertheless close enough to the framework of an election for this comparison to be
meaningful.



a world of “informative elections”. In that case, parties’ positions must also be used to prevent
communication. That is, parties can partly control how much of the votes they attract on
themselves. Attracting the votes of extremists may prove too difficult and, in equilibrium,
parties make the cost of protest voting exactly such that “voice” efficiently generates enough
information about the distribution of voters, without making extremist parties potential

winners of the elections.

Myerson and Weber (1993) analyze strategic interactions between numerous parties and
voters, but in a framework where no aggregate information is to be communicated. Oppor-
tunistic parties generally converge to the median voter’s position and Duverger’s law should
apply, except for peculiar beliefs. Our framework combines these two approaches and shows

their complementarinesses.

We present the model in the next section. In section 3, we describe the equilibria that arise
in two “intermediate” cases. First, we consider the full information case and then incomplete
information, but with non-secret vote. This can be seen as a vote by raising hand. This allows
us to shed light on the importance of the assumptions on information. In full information, we
reproduce the standard results of convergence of parties and no vote for losers. In the case
of observable ballot, we show that these two results cannot hold simultaneously. Information
incompleteness implies a trade-off between convergence of parties and concentration of votes

on a small number of parties.

In section 4, we present the central results of the paper. In the case of secret ballot
(that is when only aggregate vote results are observed), there cannot be convergence to the
median in equilibrium and, in addition, there is generally a dispersion of votes on losers.
This occurs because anonymity of elections allows some voters to garble their informational
content. When choosing platforms to increase their probability of being elected, parties
must trade-off their desire to propose the median voter’s preferred platform and the need for
divergence to prevent excessive voting for losers. In equilibrium, parties must not converge,
as the cost of vote dispersion exists only if losing elections imposes a relevant loss in terms
of implemented platforms. In addition, parties usually do not want to capture the vote of

extremists, which implies the presence of some voting for losers in equilibrium. Section 5



presents some comparative statics. Section 6 uses Piketty (1995)’s insights to show that the
mechanisms described in the paper with a small population extend to Poisson games with a

large number of voters. Section 7 concludes.

2 Model

Until section 5, we consider a small electorate faced with two sequential elections, in which
four political parties are in competition. In section 6 we show this framework extends to a

large number of voters, even if this is achieved at the expense of more intricate computations.

For voters, these elections also embrace a signaling game, as parties are unsure about the
actual distribution of the electorate. Voters must provide an accurate signal about their pref-
erences at the same time as they elect their representatives. Voters and parties are described

below.

2.1 Voters

A finite number of voters, n, must elect a party in two distinct, successive, elections. Through-
out the paper, we study different cases where the number of voters, n, varies. In the next
two sections, n = 5. In each period, a voter i has a utility that is symmetric with respect to
her bliss point, 8;. The overall utility is function of 1 and xo, the platforms implemented in

each of the two elections:

U(0;,x1,22) =u1(0;,x1) + p uz (0;, x2)

=— (0 — 1)’ — p (6 — 12)?, (1)

where p is a positive weighting (or discount) factor, denoting the relative importance of the

two elections. p needs not be smaller than one.

Voters must cast their ballot so as to maximize their expected utility. Their vote influences
the probability of having one platform elected over another. The probabilities of victory will

be spelled out when needed.

The bliss point of any voter ¢ can take only six different values, symmetrically disposed
around zero, such discretization of the preference space being meant to simplify the model.

Possible bliss points are shown in figure 1.
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Figure 1: Possible Voters’ Bliss Points. L<0<R, e>1, 0<m<1.

R > 0 denotes a right-wing preference, L < 0, a left-wing preference, with L = —R. e > 1

is a parameter of “extremization”, 0 < m < 1 is a parameter of moderation.

2.2 Voters’ Distributions

The actual distribution of voters is initially unknown. There are four equiprobable? states of
the world £L (Extreme Left), ML (Moderate Left), MR (Moderate Right), and ER (Extreme
Right), corresponding to different distributions of voters and thus to different positions of the

median voter. Let 1 denote the median voter in state S. We have
=L < Mf=mL < MR=mR < pR=R (2)

In the case of 5 voters, those can be distributed in the way described in figure 2.

The heart of the model lies here. The expected median is 0 on average, but the uncertainty
on the distribution is sufficiently complex for making the process of learning the exact position
of the median difficult. In the two left-wing (resp. right-wing) states of the world, there are 3
voters to the left (resp. right) of zero. That is, the quantile in 0 is the same for ML and ££
or for MR and ER, but the position of the median voter is different in each of these states
of the world. The difference between a “moderate” and an “extremist” state of the world is
that the presence of an extremist voter moves the position of the median of the distribution

farther away from zero.

This justifies why we use six positions for the voters and not fewer: were m converging
to 1, there would be no difference between the position of the median voter in extremist and
moderate states of the world. Were e be equal to one, there would be no difference between
an extremist and a “core” voter in L or R (Still, our results are valid for any e arbitrarily

close to —but different from— one). Voters in L and R should be seen as the “solid bastions” of

'Equiprobability makes the set-up completely symmetric around zero. This will enable us to satisfy con-
ditions for left-wing and right-wing voters and parties at the same time. When probabilities are modified, the
conditions must be checked separately for left-wing and right-wing players. This is done in section 5.
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Figure 2: Potential Distributions of Voters.  The figure displays the four possible distributions of

voters in the case of five voters. (¢ identifies the median voter. Each box represents the presence of one voter.

main parties: they are not extremist, and have a strong preference for a left- (or right-)wing

policy. Moderate voters are easier to swing, as they have weaker political preference.

2.3 Parties

Parties are separated in two classes. Two parties, T' and A | are purely ideological and have
“extremist” preferences —defined as a bliss policy that is distant from the bliss point of the
median voter—. These parties will always propose a fixed platform that is equal to their bliss
policy:
7L =72 = 6y,

where 0y, is the bliss policy of party k € {T', A} and #%, is the platform proposed by party k in
election t. For clarity of exposition, let us assume 6r < L. < R < a. Given their extremism,
we assume that these parties are secondary, they are not “focal”. That is, they are a
priori assumed to be losers of the elections, as long as such beliefs are not inconsistent.
This simply assumes away beliefs where moderate parties are felt to be less important than

extremists who would attract a majority of the votes (Cox 1994, Myerson-Weber 1993).



This also prevents extremist parties from being considered as “potential entrants” who can
threaten main parties (Palfrey 1984). Extremist parties are losers. Only a wrong action by

main, opportunistic, parties could enable their victory, as it will appear in section 4.

The other two parties, A and B, are purely opportunistic. They only care about winning
the elections. Elections select a winner by plurality rule (first-past-the-post) with a coin toss
in case of a tie. This means that expected payoffs for these parties are

2

E [V(@j,ﬂ';,ﬂ'?)] = Z {Prob (nz > ntﬂ) + %Prob (né = ntﬁ) ,
=1

t.

where n ;

is the number of votes cast on party j € {A, B} at election ¢ and n’. ; is the highest
number of votes cast on a party other than j in election t. Introducing discounting in the

pay-off function of parties is of no influence, as parties’ information is symmetric.

A priori, these parties are the likely winners of the election. That is, we assume that beliefs
focus the attention of voters on these two parties as running for victory. This assumption
of a dichotomy between the two sets of parties (2 “main parties” versus 2 “Losers”) will be
maintained throughout the paper and allows us to contrast with Myerson and Weber (1993):
without this assumption, we should accept beliefs where main parties receive no votes, which
increases the number of equilibria. To repeat, we want to dismiss this and focus on the effect

of small parties (losers) on elections.

2.4 Timing

At date 0, Nature draws the state of the world, that is: a distribution of voters. In period 1,
parties simultaneously select a platform, followed by voters who cast their ballot on one of the
parties. The party getting the highest number of votes wins the elections (with a coin toss in
case of a tie). Its platform is implemented and first-period payoffs are realized. Election results
modify the information set of parties who compute posterior beliefs by Bayesian updating at
the beginning of period 2, followed by a repetition of the period-1 game. The game ends at

the end of period 2.



Period 0:
Nature selects state of the world.
Period 1:
Parties select a platform, W}
Voters cast their ballot, Uil
Winning platform is implemented

Payoffs are realized.
Period 2:

Parties select a platform, ﬂ'?

Voters cast their ballot, ’UZ-2

Winning platform is implemented

Payoffs are realized.

3 Strategies and Equilibrium

Solving this game requires us to look for a Perfect Bayesian Equilibrium. The first logical

step for the resolution consists of solving the equilibrium for the second period.

Lemma 1 In a one shot election, parties’ platforms converge to the expected median and all
votes are cast on main parties in the Nash Equilibrium. As o result, both Duverger’s Law and

the median voter theorem always hold in the second period.

Proof. TFollowing Myerson and Weber (1993), and specifying T" and A as losers a priori,
only the pivot probability pap is positive®. This means that no vote will go to I' and A in
equilibrium (Myerson and Weber, pp103-104). AsT and A are felt to be losers whatever main
parties’ platforms, the latter always converge to the position of the expected median (This
is simply an application of Myerson and Weber’s Theorem 3, where the probability vector in
the set of all pairs of candidates always converges to 1 for the pair A, B only. Hence, among

the several equilibria in Myerson and Weber, only one is made sustainable). W

Lemma 1 implies that the implemented platform in the second period will be the bliss
point of the expected median voter. If a voter can influence posterior beliefs about the
position of the expected median voter, she can also modify the implemented policy in the

second period.

®The pivot probability px; is the perceived probability that parties k and ! are tied for the first place. In
that event, one vote can change the election result.



As in Piketty (1995), the first election will be used for two purposes: information revelation
and election of a platform. As we shall see, these two objectives conflict when first-period

platforms do not converge fully.

We are looking for the Perfect Bayesian Equilibrium of this game, when voters’ types are
private information and only aggregate vote results can be observed. However, the mech-
anisms in the game are not straightforward, because of the multiple interactions between
players. For the sake of clarity, the analysis will then proceed as follows: in the next section,
we study the full information and an “intermediate” incomplete information cases, before
going to the more realistic incomplete information, unobservable moves case in section 4.

3.1 Intermediate Information Cases

From now on, we shall concentrate mainly on the first period of the game and on the behavior
of opportunistic parties. Indeed, extremist parties always propose a platform that is equal
to their bliss point 6;, j=I',A and —to repeat— are considered as losers. By lemma 1, the
second-period equilibrium displays convergence to the expected median, votes are only cast
on opportunistic parties (Duverger’s Law applies) and each of the latter has a probability of
victory equal to %

3.1.1 Full information

Under full information, each voter’s type is observed, so that the position of the median

voter is common knowledge.

Proposition 1 Under full information, opportunistic parties locate at the position of the
median voter in both periods and voters cast their ballot on the closest opportunistic party
(the distance between the parties being positive but arbitrarily close to zero). Both the median

voter theorem and Duverger’s law hold.

Proof. The subgame perfect equilibrium of the repeated game is the repetition of the

equilibrium of the one shot game. W

This shows that the model encompasses the “standard” case where no vote goes to losers

and parties locate at the position of the median voter. But comparing this full information

10



case with incomplete information cases will nevertheless show that full information is a pre-
condition for these results to hold.

3.1.2 Intermediate Incomplete Information Case

This case isolates the role of the election as an information aggregator. Let us temporarily
assume that a) every cast vote is observed separately (as in a raising hand ballot) and b) only
one of the voters’ type is private information to her. That is, core voters (with 8; = L, R) are

known perfectly, while the fifth voter, z, has an unobservable type 0, € {eL,mL,mR,eR}.

Banerjee and Somanathan (1997) offers a more detailed analysis of the interactions be-
tween a sender and a receiver in a communication game of this type. In contrast to them,
again, our model rather focuses on a case where elections aggregate information, which puts
more restrictions on acceptable information setups. In that respect, we must stress that such
a case cannot pretend to proxy secret ballot elections, as voters’ ballots are not disclosed in
the latter case. It nevertheless serves as a useful benchmark if one accepts that some districts
(or socio-economic groups, ...) are solid bastions who clearly stand for a given party and
cannot “cheat” on that regard. Beside these bastions, there are some other groups whose
political feelings are unclear (unemployed, declining industrialized regions, etc...) which are

closely watched at.

In this setup, as the type of core voters is perfectly observed, their vote can carry no
signal. Hence, they will always vote for the closest opportunistic party (as in Myerson and

Weber 1993), which implies that both A and B are sure to get at least two votes.

In contrast to the ballot of these four voters, the ballot of the unidentified voter can carry
a signal. This voter can have 4 possible types: el,, mL, mR, or eR, that are all different from
the type of core voters. Given the distribution of voters, identifying the type of z allows all

players to pinpoint exactly the state of the world.

We see then that this intermediate case is actually a standard signalling game where
the type of one player is unknown but can be inferred from her behavior in a separating
equilibrium. The problem remains to see whether such separating equilibrium exists. Clearly,

z whatever her type, has an incentive to communicate her preferences, as platforms will get

11



closer to her in the second period. What are the available signals at hand?

The only signal a voter can use is her ballot®. We must then associate each party with the
message it can carry. With four possible types and four parties, we have the choice among
4! = 24 message structures. Nevertheless, only one of them seems acceptable in elections: a
more left-wing party entails a more left-wing message. That is, the communication structure
in elections satisfies beliefs monotonicity. Hence, eL has the choice to communicate (and vote
for T') or to elect her preferred main party, A. eR faces the same trade-off between A and
B. Moderate voters, by contrast, face no trade-off when parties’ platforms are symmetrically
positioned around 0: electing and communicating require the same ballot. Their problem
becomes more complicated if main parties (A and B) have asymmetric positions. Anticipating
on the results, moderate voters will not face any trade-off in equilibrium, but may face one

when parties deviate from the equilibrium.

By backward induction, we must first study the equilibrium behavior of voters in the
continuation game where opportunistic parties’ platforms are already set, and study the

optimal positioning of parties in a second step.

If main parties’ platforms are identical, the first-period pay-offs are independent of z’s
vote (m4 = 7wpg), and the election becomes a cheap-talk game. As the preferences of the
sender and the receiver of the message are perfectly aligned, we know that the separating
equilibrium exists: el votes for the extreme-left party, T, mL for the moderate left party, A4,
etc... We do not study pooling (babbling) equilibria here, as they are of limited interest for

our purpose.

What happens when first-period platforms differ? Maintaining our message structure,
extremist voters (eL or eR) face a trade-off: either they do not signal their type, but ensure
the victory of their favored opportunistic party or they “protest” (vote for an extremist party),
at the expense of an uncertain first-period payoff (each main party wins with a probability a
half). To decide whether they vote “protest” (higher payoff in the second period, but higher

risk in the first one) or “elect” (lower risk, but lower future payoff), they must compute the

This abstracts volontarily from other communication tools as strikes, demontrations, terrorism, etc... that
are hard to consider in such a model, but also from abstentionism that raises different issues (cost of voting,
ideology of abstentionism, etc...).

12



expected utility of each strategy. This leads us to the following lemma:

Lemma 2 The closer main parties’ platforms in the first-period, the more extremist voters

are prone to vote for a loser. (Proof in the appendiz)

When opportunistic parties select a platform, they will take this into account. Differen-
tiating sufficiently one’s platform allows to catch the vote of extremists, converging towards

the median voter attracts moderates. This obtains:

Proposition 2 With observable ballot, there exist two sets of equilibria. In the first set, there
is divergence of platforms and no vote is cast on losers, which implies that the true state of
the world is not learned perfectly. The second set displays a separating equilibrium, where
extremists vote for losers and the true state of the world is learned perfectly. In this set,

platforms converge. [proof in the appendiz]

This result comes from the trade-off spelled out in lemma2: parties know that, by propos-
ing themselves a more extremist platform, they can prevent extremist voting. If, by doing so,
they reduce their probability of winning, moderate platforms are an equilibrium. wh = W% =0
is proven to be an equilibrium when m, the parameter of moderation, is small enough” (a
small m implies that moderate voters swing to the other opportunistic party when one of the

parties become more extremist).

Another candidate equilibrium is the one where parties share symmetric but sufficiently
distinct positions, so that extremist voters do not vote for losers. This set of platforms is an
equilibrium if running on moderate platforms does not increase their probability of winning.
When m is large enough, moderate voters are difficult to swing as they pay a lot of attention
to signalling their difference with moderates of the other side. Hence, moderating platforms
means that the party loses the vote by extremist voters, without getting extra votes from

centrists.

TAny symmetric pair of platforms in the vicinity of {0,0} is also an equilibrium as the space of voters’
preferences is discrete. Nevertheless, if we were considering a continuous space, where 0., ~ N(mL,0mL)
with lim oz — 0, then {0,0} would be the unique pair of platforms candidate for this equilibrium.

13



Again, proposition 2 hinges on the assumption that 4 voters are perfectly identified and
cannot communicate. It nevertheless sheds light on the trade-off between convergence of
platforms and the application of Duverger’s Law. It also shows that the forces towards
convergence dominate when there are strong tensions within a political “camp” (i.e. when
extremists and moderate voters strongly oppose each other, parties must moderate them-
selves). The latter equilibrium is obtained when tensions are stronger between the left and
the right than within a political camp (if moderates and extremists are close enough, parties

must become more extreme).

Such results do not appear in Piketty (1995) because the type of uncertainty and the
motivation of voters is different in our model. Here, there is a tension between extremist
voters and moderate voters. An extremist is sure to prefer an extremist policy, whatever the
state of the world. The state of the world determines if such extremism is relevant for parties
or not. In Piketty (1995), unsure voters jointly want to learn whether party A or party B
best represents their interest. In our model, one could see his case as moderate voters who
do not know whether they are left-wing or right-wing because of uncertainty on the state of

the world.

To summarize, two equilibria are possible. When the parameter of moderation, m, is
small, parties converge to the expected median in period one (the median voter theorem
applies), but this induces a vote for losers by extremist voters (Duverger’s Law does not).
If m is large enough, this convergence to the median is no longer an equilibrium. Parties’
dominant strategy is to impose a cost to “protest” vote by diverging (Median voter theorem
is violated, but Duverger’s Law holds). For intermediate values of m, usually both candidates
are an equilibrium. The equilibrium strategy of parties is then to mimic the other party. That
is, be extremist if the other party is expected to play the extremist strategy and converge to

the median if the other party is expected to converge to the median.

The latter result however does not apply for any set of parameter values. There exist
narrow ranges of parameters (e very close to 1, p ~ 1, and a narrow range of m) such that no
equilibrium exists in pure strategy. Some weak restrictions on parameter values would ensure

the existence of at least one equilibrium (e.g. e sufficiently larger than 1). Figure 3 displays

14



the possible equilibria in function of the parameters.
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Figure 3: possible equilibria when ballots are observable.  Horiz. Axis: m / Vert. Axis: e.
(p=25,R=1).

This case of observable ballots remains partly unsatisfactory insofar as it does not capture
the informational interactions between voters in L and R and the others. This leads us to

the following case.

4 Incomplete Information: Secret Ballot

In “anonymous” elections, ballots are secret and only aggregate election results can be ob-
served. In this case, voters in L and R can also influence beliefs as their ballot needs not
being distinguishable from that of other types. The previous case was built so as to analyze
a “standard” signalling game between one voter (the sender) and parties (the receivers of the
signal) while abstracting from adverse selection issues. This is no longer the case in secret
ballot elections: core voters (L and R) may be tempted to mimic extremist voters (and vote

for extremist parties) in order to alter beliefs. This means there is a coordination problem to
resolve: if the true state of the world is, say, extreme left, a second vote for a loser increases

the number of votes I' gets, but does not alter beliefs. However, if the true state of the world
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is, say, moderate left, then if an L-voter casts an extreme left ballot, she could be mistaken

for the extreme left voter (eL).

Empirically, a lot of questions are raised about “who is the extremist voter?”. In France,
the National Front can get a majority in municipal elections, without convincing the public
opinion that a majority of voters are Fascists. Political scientists have troubles in identifying
“the” extreme right voter. Our model sheds some light on this point: even “not-so-extreme”
voters —voters who would refuse to elect an extremist party— vote for it because of the
signal this vote carries. Hence, there is no “typical” extremist voter. The electorate of these

parties are composite.

In the case analyzed in the previous section, vote results are (numbers represent the vector

of vote results, (n, nl,nk nk).)

State | Vote results: | Potential Winners
EL (1,2,2,0) A B
ML (0,3,2,0) A

While, if a voter in L deviates and votes for I', these vote results become

State | Vote results: | Potential Winners
EL (2,1,2,0) B
ML (1,2,2,0) A B

and state ML is mistaken for state £L£ in posterior beliefs of parties if the deviation by

L was not expected.

But one sees that, in state £L£ in the second table, the loser becomes a potential winner.
To simplify the analysis, let us expand the size of the electorate and add one voter in L and
one voter in R. In this case, even when a voter deviates, she cannot make the extremist party
a potential winner®.
In this set-up, there are 7 voters, all of them being able to hide their type. Still, there

always are six “core” voters (3 in L and 3 in R) while the seventh voter has a type that is

specific to the state of the world, as before.

All non moderate voters have an incentive to vote for a loser. We know that moderate

*E.g., the vector of vote results becomes (1,3,3,0) in state ££ without deviation and (2,2,3,0) with deviation.
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voters do not have an incentive to do so, but are not yet sure about which, from the extremist
or the core voter, has the highest payoff from sending a signal at the expense of an increased

risk in the first period. The following lemma answers this question:

Lemma 3 The tendency to vote for a loser increases in the extremism of the voter. [Proof

in the appendiz/

A priori, one could have expected the contrary: by the concavity of the utility function,
more extreme voters experience a higher utility gain from electing their preferred main party.
But this is actually matched by a larger second-period gain when platforms are attracted
towards the extreme. The remaining difference between voters is then their degree of absolute
risk aversion, as is directly relates to the risk-premium of losing elections in the first period.
As more extremist voters have a lower absolute risk aversion, el. and eR voters are always

more prone to vote “protest” than voters in L and R. But, as a consequence:

Proposition 3 : In anonymous elections, there is no equilibrium with full convergence of

platforms. [Proof in the appendiz].

This result comes directly from the standard result where separating equilibria do not exist
in such a cheap-talk game. As core voters are always tempted to mimic extremist voters, with
full convergence, the only cost that may prevent core voters from always voting for extremist
parties is the fear that the latter may actually be elected. In other words, full convergence of
parties implies that extremist parties become potential winners. As probabilities of winning
must sum up to one, this is equivalent to saying that the probability of winning is less than
% for each of the opportunistic parties. We show in the appendix that a party increases its
probability of winning by proposing more extremist platforms. This ensures that convergence

of platforms is never an equilibrium.

Hence, taken jointly, uncertainty about the distribution of voters and anonymity of elec-
tions always induce partisan platforms even when parties are non-partisan. In the literature,
most of the justifications for platforms divergence involve parties’ partisanship (Calvert 1985,

Wittman 1977, 1983) or beliefs that explicitly prevent parties from converging (Myerson and
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Weber 1993). Proposition 3 shows that when the shape of voters’ distribution is not known,
non-convergence of platforms is a natural outcome because voters are partisan. In the in-
termediate case, such equilibrium with convergence was possible because core voters did not
have the possibility to influence beliefs. Vote secrecy restores this possibility and renders

convergence unsustainable.

Proposition 4 In anonymous elections,

- If m is small, there exists an equilibrium where parties’ platforms are selected in pure
strategy. These platforms imply there is voting for losers and parties do not converge in
equilibrium.

- If m is too large, parties select platforms in mizved strategies. [Proof in the appendiz].

When m is small, parties locate symmetrically around the median such that —7T}4 =nh=

2
w > 0. This ensures that voters in L and R do not vote for losers, but extremist voters
do”. Note that the distance between platforms is increasing in p, the relative importance of
the second election. This is because the payoff of garbling information takes place in the

second election, which is weighed at rate p. One should then observe more extreme platforms

in less important elections that precede more important ones.
Proving this result requires to combine the mechanisms used in propositions 2 and 3.

From proposition 3, we know that parties cannot converge in equilibrium. From Propo-
sition 2 and lemmas 2 and 3, there exists a pair of platforms where core (L and R) vot-
ers do not vote for losers, unless a party moves towards the center. This is the case in
—7@1 = w}3 =7%= ﬁl_—"ém, where any deviation towards the center reduces the probability
of winning. Any “more extreme” platform is dominated as it allows the competing party to

move and increase its probability of winning. Hence, the choice (in pure strategy) of any pair

of platforms more extreme than +7™* is dominated.

Still, parties may have an incentive not to stay in +x* if deviating towards more extreme

positions can swing the vote of extremist voters while keeping that of the moderate one.

9 Again, extremist voters are more extreme than core voters. But this does not mean that extremist voters
would like the extremist party to be elected. They vote for the extreme party only because this vote carries a
signal. For instance, if e=1.1 and 7r = 3.L, the voter in eL prefers ma to wr but votes ' anyway.

18



From proposition 2, we know this is the case if m is large enough. As all states of the world
are equiprobable, such deviation does not increase the probability of winning strictly'’. But
for any slight difference between the probabilities of each extreme state of the world, £7*
becomes strictly dominated for one of the parties. In that case, there is no pure strategy

equilibrium if m is too large.

The first graph below displays the platforms B (top curve) and A (bottom dashed curve)
propose in equilibrium, provided this one exists. The bottom, continuous, curve displays the
position A must take in order to swing the vote of el.. The second graph plots the values of

1 _ (1-m)®pR
5

the parameters where —7ly = 75 = is an equilibrium (white zone) and the values

for which there is no equilibrium in pure strategies (black zone).

ke
Positions
0.25
5
m
1
-0.25 4
-0.5
0.75 3
-1 2
1.25 m
-1.5 1 >

0 0.2 0.4 0.6 0.8 1

Figure 4: Equilibria in anonymous elections  Left graph: dashed lines represent the plaforms of A
and B that are a candidate equilibrium, in function of 7, the parameter of moderation. The solid line displays
the value of 7T114 that swings the vote of the extreme left voter. Right graph: The white zone represents the
combination of parameters that ensures that positions on the dashed lines are an equilibrium. In the black

zone, parties deviate outwards (e.g., A proposed the platform represented by the solid line).

This result shows that anonymous (secret ballot) elections make the dispersion of votes
on more parties than Duverger’s Law would suggest a natural outcome. This is the case
because there is a tension for parties between going to the median and creating a cost to vote
dispersion. As long as the shape of voters’ distribution is unknown, such a tension cannot be

completely resolved.

YWithout deviation: p(r4|EL) = p(r4|ER) = 0.5. With deviation, p(74|EL) = 1, but p(r4|ER) = 0.
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Proposition 4 implies that spreading votes on “too many” parties can be a rational strat-
egy, even for voters who experience no direct payoffs from expressing an opinion (sincere
voting) nor desire to elect the small party. Spreading is used as a signalling tool, as voting

for a sure loser makes sure that the motivation of such vote is not the election of the party.

Let us make another few remarks before pursuing our analysis. First, we assume non
observable votes only because this is a clear feature of secret ballots. Technically, however,
private information on the type of all voters is sufficient to drive our results. Second, we also
implicitly assumed that extremist parties are so extreme that 7* is always smaller than the
position of extremist parties (7* << |mr|, a). If this were not the case, main parties could
become more extreme than extremists, and voters may like to change their coordination in
favor of I' and A. Analyzing this properly would nevertheless bring us too far away from the

focus of this paper.

5 Comparative Statics

Until now, we have always assumed equiprobable states of the world for simplicity. Running

some comparative statics around this simple case nevertheless brings some interesting results.
Let us abstain from specifying the probability of each state of the world. In this case, the

expected utility gain of voting for T' instead of A for a voter in L is

ul (Lvﬂ'lB)ful (L,ﬂ'h)

(P(EL) + p(ML) +p(ER)) - 5 + p-p(ML) (ug(L, L) = uz(L,mL))  (3)

which must be negative in equilibrium. By Taylor expansion and substituting for r,, the

degree of absolute risk aversion, this negativity condition becomes

(rh)? ~ () _pMO)

1 1 2
— 1-— = K 4
where A\, = % and K = pR(1 —m)?. Computing the same condition for a voter in
R obtains

20



where A R:%- By binding these two conditions, we can find the frontier of indiffer-

ence for I and R voters. This leads to the following proposition:

Proposition 5 Probabilities of extreme states do not influence platforms that are candidate
equilibria in anonymous elections. However, a movement of the expected median to the left
(resp. the right) due to a variation in the probabilities of states ML and MR, moves to the
right (resp. left) the platforms of both A and B in the first election.

[Proof in the appendiz].

A twofold mechanism generates this result. On the side of voters, a higher probability of
a moderate state of the world means that the probability that information garbling actually
works has increased for core voters. If p(ML) increases and p(MR) decreases, L-voters want
to protest more and R-voters want to protest less. This means that, to achieve an equilibrium,
the cost of protesting must be higher for L than for R. On the side of parties, the “average
voter” has also moved to the right: the left-wing party, A, can count less on the L voters
and more on the mL voter. The right wing party counts less on mR and more on R. This
altogether explains why, when the median voter moves left in expected terms, parties should

move right. This mechanism is displayed in figure 4.

Checking whether the displayed positions in figure 4 are an equilibrium requires point to
point calculations, but in the vicinity of p(ML)=p(MR), the mechanism of the proofs re-
mains unchanged, and hence the results. Nevertheless, if p(ML) increases relative to p(MR),
A wins more often. This means that B would have preferred to be assigned the left-wing
identity in the first place. But conditional on A being more left-wing than B, these curves

still display the only possible candidates for a pure strategy equilibrium.

6 Extension to a Large Electorate

A lot of research remains to be done in order to fully generalize the model and pinpoint the
general conditions on the type of uncertainty that could drive vote for losers to be a “normal”
result. As the purpose of this paper is not to characterize such general conditions, we shall

restrict ourselves here to an extension of our 6-type-setup to a large population of random
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Figure 5: Comparative statics.  Comparing party positions for different probabilities of state ML. Top
curve: positions for B. Bottom curve: A; dashed line: average of the two positions. The ”expected m.v. line

represents the position of the expected median voter.

size.

Following Myerson (1994), we want to analyze a Poisson Game!! where (on expectation)
a share 0 < a < 1 of the population has a known type (these can be core, moderate or
extremist voters) and a fraction (1 — «) has an uncertain type. Among the «, a fraction g;
has type i € {eL,L,mL,mR, R,eR}, with )", ¢; = 1. Hence, independently from the state
of the world, at least a fraction ag; is expected to have type i. For symmetry purposes, let
us assume that qr, = qr, ger = ger and g¢mr = Gmp-

The type of the remaining fraction (1 — «) of voters is contingent on the realized state of
the world. That is, they are of type el in state £L; of type mL in state ML, and so forth,

as in the 7-voter case. Fach state of the world is equiprobable.

For this extension to be meaningful, the set of parameters must obtain

(1-—a)+agr<.b (1—a)+a(ger +qr) > .5 = pff=1r
a/2 < .5 (Automatic) (1—a)+a(ger +qr +qme) > .5 (Auto.) = pME=mlL
(e, +qr +2qm) <5 (1= ) + @ (ger, +qr + 2gmr) > .5 (Auto.) = MR =mR
o (ger +qr +2¢mr) <5 alger + 291 + 2¢m1) > .5 = R=R

That is, the aggregate size of the population, 7 is random and follows a Poisson distribution of parameter,
say, n. Each voter is then attributed a type independently from the realization of 77 and from the type of
the other voters. In that case, the number of voters having type i follows a Poisson distribution of parameter
A:n where \; is the probability of being of type i. For more details, see Myerson (1994) or Feddersen and
Pesendorfer (1996b), or Castanheira (1998).
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such that the median voter is different in each state of the world.

In this framework, and considering Poisson games of sufficiently large populations:

Lemma 4 FExtremist states of the world bear the highest pivot probabilities for electing a

party.

Proof. Start from the assumption that there is some protest voting by extremist voters only.
Let 1 > v.r = Yer, > 0 be the probability with which they vote for the extremist party. In

state £L, the share of votes going to party A and B, )\iﬁ and )\%ﬁ are respectively:

MNE=1—-v,) 1 —a+qr)+a(qn+gm) (6)
L — (L —Yer)er + ¢ (qr, + Gmr) (7)

In state ML, these shares are

AL = (1= 01)get+ 1= 0+ (g1, + gu) ®

)\g/m =(1 = 9er)qer + (gL + GmL) (9)

It follows that MY > A§F > MGF = MME. It is straightforward to see that the same holds
for right-wing states of the world: MY > MR > AR = MR, Knowing that the pivot

probability of having a tie between main parties is approximately
2 —1
Prob(na = np) ~ e~ (VZa—vAg)"n (2\/7m\4/ )\A)\B) , (10)

it is clear that the closer the margin of victory, the highest the pivot probability. This proves

lemma 4.

By the properties of Poisson games, the probability of a state of the world conditional on
being pivotal converges to one if this state of the world bears the highest pivot probability
and to zero if it does not (Myerson 1994a). Hence, voters will behave only in accordance
to the potential result of their vote in extremist states of the world. We can then discard
moderate states of the world to compute the equilibrium voting behavior. It remains to check
whether the above assumption that only extremist voters cast ballots for losers is always

verified. Before doing this, we need another lemma;:
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Lemma 5 When extremist voters’ (mized) strategy is non-degenerate, they are the only ones

to vote for extremist parties.

Proof. If extremist voters use a mixed strategy, and using the same notation as in Piketty
(1994), we know that
pcom-AUceoLm = pdm-AUgﬁp (11)

where peor, is the probability of being pivotal for altering beliefs (being “communicative” in
the words of Piketty) and pg,, is the probability of being “decision-making”, that is of being
pivotal for electing A or B. AUSL is the utility gain for a voter in eL when she changes

com

beliefs and AUSL is that of changing the result of the election.

By lemma 3, we immediately deduce that, for L-voters
pcom-AUcI(I)m < pdm'AUém (12)

as each ballot must have the same probability to influence the vote outcome. Hence core
voters vote only for main parties. As moderate voters never want to vote for extremist

parties, lemma 5 is proved. B

It remains to check whether lemmas 4 and 5 are applicable in the equilibrium. This leads

to the following proposition:

Proposition 6 With large populations of Poisson random size, there is always vote for losers

. equilibrium, but only by extremist voters.

Proof. To check this, let us start from a mixed strategy where .1 - 0. By lemma 5, we do
not have to care about core voters in such a case. As usual, we look only at left-wing voters,

knowing that the same reasoning applies to right-wing voters.

Being communicative consists of increasing the number of votes for I', the extreme-left
party, to a value that is high enough for players to update their beliefs and think that the
state of the world is £L.

Following Piketty (1995), the probability that the number of votes for the extremist party
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be k in state of the world S is

e A ()\gn>k

Prob(np = k|S) = u

(13)

where A2 is the expected share of votes for T’ in S. We know that A\&¢ > M1E. There is only
one value of k that is equiprobable in both the states of the world ££ and ML. Let this
value be (Acomn). If the realized number of these votes is higher (lower) than this threshold,
state EL (resp. ML) becomes most likely in the posterior beliefs. As the expected size of
the population, n, increases, these posterior beliefs will converge to certainty. Hence, any
single voter can be pivotal for beliefs: if the realization of fir is fir = | Acomn |, One extra vote

changes posterior beliefs from Prob (S = EL|nr) =0 to Prob(S = EL|nr) = 1.

The share realized votes that is equiprobable under the two states of the world is then

)\EE o )\MC v (1 o Oé)
)\Sﬁ > )\com — T T — el — or, O Qe > )\Mﬁ 14
r log P\gg/)\%vw] log {1+%} PVer ¢ GeL r (14)

where ¢ is a value larger than 1 that converges to 1 as )\IQL — A%\AL.

From equation (13), and applying Stirling’s formula!2, we see that

limeom = Lim ~ 1o (Peom) = =M+ X lo AR Y (27 Acom™)
p com = ATV g \Pcom) = T com g Moot o g (2T Acom
— (¢ - 1) )‘IME - >‘com log (¢) (15)

n—oo

We can now see how plimcem, varies with v,z :
lim  plimeom =0

’YEL_)O

Compare it with the pivot probability pg,, in state £L:
1 21
plimgp, :,%_Zgé -~ log (Pam) = — <\/)\iﬁ - \/)\]535> ~ 5 log <27T\/)\i£ )\%ﬁn)
2
— — <\/A§£ — MA%‘) (16)

2
which negative for any X§¢ # A\&F. As (\ INGE — \/)\%ﬁ) is maximal in v, = 0 and equal to

zero when v, = 1, plimgy, must be strictly negative when ~,.; = 0. As the actual probability

Yl ~ (n/e)"/2mn + /3
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is ePlimam-" we know that, for ., — 0

pcom
— — 0

Pdm 71—

which ensures that voters in el and L always want to vote for I and «,; > 0 in equilibrium
(unless the distance between parties’ platforms is infinite). This proves that all equilibria

involve a positive amount of voting for losers by extremist voters.

By computing plimeen, and plimg,, for v.; — 1, one can easily check that all equilibrium

strategies are non degenerate, that is 7,; < 1 in equilibrium.
|

This shows that all the results obtained in previous sections generalize to more complicated
cases of uncertainty and large populations, at least on the side of voters’ behavior. One could
have thought that vote for losers becomes worthless in larger electorates, but the point is
precisely that voting for main parties also has less effect when population size increases. If
there were no vote for losers at all (but votes still interpreted as signals), the probability of
being pivotal for the election of one of the main parties would fall very fast, while that of being
“communicative” would have remained high. This ensures that some vote for losers must take
place in equilibrium. Of course, there always exists an (unstable) equilibrium where there
is no vote for losers because signals are not taken into account at all, as in Piketty (1995).
But it is also clear that with the slightest probability that a signal may be interpreted, this

equilibrium is not sustainable.

A direct corollary from the last proposition will also ensure that our results concerning

parties’ behavior also generalize to large electorates:
Corollary 1 The closer main parties’ platforms, the more weight is put on protest voting.

Proof. From equation (11), in equilibrium,

20/ XG5 NGE

Qh’eL A ey,

Deom _ (T‘-IB — 7T114) /p —
Pim (1 —m) R — r, (el) I-m2R2

(17)

which implies that, if <7r}3 - 71'}4) decreases, A5 and N3 must increase (remember that A55 \&F

also decreases in v,;). W
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And hence:

Proposition 7 In equilibrium, main parties’ platforms always diverge sufficiently to render

extremist parties sure losers.

Proof. If platforms converge fully, pwm.AUZDm > pdm.AUém = Pam-0, Vj € {eL,L,R,eR}
and all voters want to communicate, until “losers” become potential winners. Hence the
probability of victory of main parties must have decreased. An e outward-deviation (¢ > 0,
e — 0) must then increase the probability of winning. Unfolding this reasoning, any candidate

equilibrium must ensure that p(7}) + p(rL) = 1. W

From these characteristic of the equilibrium, some other results follow:

Corollary 2 The state of the world is learnt with a probability converging to one as the size

of the population goes to infinity (similar to Piketty 1995)

Proof. Straightforward from the fact that voting shares are different in each state of the

world. B

Corollary 3 The main party favored by a majority of the population is elected with a prob-
ability converging to one as population size increases to infinity, but with a margin of victory

that is lower than without protest voting (similar to Piketty 1995).

Proof. Straightforward from the computation of voting shares in equilibrium. H

Note that, as extremists are the voters that carry information, heterogeneity of preferences
increases the share of protest voting and hence the aggregate efficiency of elections, in contrast
to Feddersen and Pesendorfer (1997) and Caillaud and Tirole (1997). This ensures both the
efficiency of information aggregation and the election of the median voter’s most favored party

in the first election as well as the implementation of her bliss policy in the second election.

7 Conclusion

This paper has shown in a simple framework that far sighted voters can use elections as

a signalling device when the distribution of voters is not perfectly known. Such signalling
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requires extremist voters to vote for extremist parties even though the latter are clear losers.
This implies that, in equilibrium, votes will be dispersed across more parties than standard
theory predicts. In other words, signalling in equilibrium implies the presence of “protest”

voting and the violation of Duverger’s Law.

In reaction to this phenomenon of vote dispersion, purely opportunistic parties will not
converge fully and will propose somewhat extremist platforms. Platform divergence is re-
quired to prevent extremist parties from becoming potential winners in these elections. If
platforms are too close to each other, voting for losers has too low a cost: even if the disliked
party is elected, it will anyway implement a similar policy. In such a case, only the threat
of seeing extremists being elected prevents voters from voting more and more for extremist

parties.

When there is enough distance between platforms, losing elections is perceived as a sub-
stantial cost for voters. In equilibrium, parties will locate so as to prevent their core electorate
from voting for losers, but will never try to capture the vote of all extremists, unless more
information is available (e.g. in “raising hand votes”). This shows that purely opportunistic
parties should not converge fully in equilibrium. The informational content of elections more
than counterbalances the forces driving the median voter theorem, which must be violated in
equilibrium.

The driving force behind these interactions is that, as in all games with incomplete infor-
mation, information elicited in a first election will be rationally used by parties to relocate
efficiently in the next election. If there is uncertainty about the distribution of voters, extra
pieces of information allow parties to relocate more accurately. If the exact shape of the dis-
tribution is unknown, information about the tails of the distribution is relevant and motivates
“protest” voting. Hence, the more important the next election —in the mind of voters—, the

more parties will have to diverge in equilibrium to prevent excessive voting for losers.

This has important implications with respect to the interpretation of protest voting. Some
democratic parties obviously feel puzzled by the size of such a phenomenon. Faced with a large

share of votes for the extreme right, parties react by warning voters of the dangers of a fascist
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come back. It is likely that some of these voters want extreme right parties to be elected and
should be warned. But it is also likely that extremist voting is also used as a credible signal to
warn main parties. Some people who only want the latter to cure themselves from corruption
and/or too abstract politics would stop voting for extremists as soon as they become “t0o”
important. This also explains there is no “typical” extremist voter. All national front voters

are not pure fascists. Another question is to know the real proportion of those.

This paper does not address the reasons why extremist parties form. However some
clues can be inferred from our analysis. We assumed that extremist parties where a priori
extremist. This assumption has no other role than making clear that voting for one such
party carries an extremist signal. If one takes the thread of this argument from the other
end, we can deduce that forming a new party that has a clear ideological content, mainly if
it is non-median and points to clear directions for new policies, may attract more votes than
forming a middle-of-the-road party. This points to two potential rationales for forming such
a party: either a group of voters is not interested in winning elections, but forms a party
in order to influence main parties; or a group of opportunistic politicians may think this is
an easier way to become famous and moderate one’s positions afterwards. Some “extreme”
parties like the Greens in Germany succeeded becoming “important” in this way. The French
experience also shows that main parties may be induced to react swiftly enough to try and

eat up the vote shares of these extremists.

These conjectures also stress some of the loopholes of this paper, as well as interesting
paths for future research: there is a need for making this analysis more dynamic and endoge-
nizing extremist parties’ behavior to see how small parties can become big. Another alley for
future research is to extend the analysis to more general distributions of voters, in order to
allow more direct comparisons of its predictions with reality. We also assumed that voter’s
preferred policy is given; a strong concern is that extremist parties’ opinions may contaminate

the electorate. If this is the case, voters’ bliss points should also be made partly endogenous.
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8 Technical Appendix
Computation of the value of a vote for losers (du® and d?i®).

We only look at eL-voters. By symmetry, the argument applies immediately to e R-voters.
el, by voting for I' sends a signal different from that of any other voter. By the assumptions
on possible signals, this leads to posterior beliefs £ [/LS Vep, = F] = L. This defines posterior
beliefs in case el votes for I'. But the wvalue of this vote depends on the alternative beliefs,
in case el were voting for A.

If eL is expected to vote for T, but deviates and votes for A4, F [,uS]veL = A} = mlL.
In this case, the second period platform differential is du® = (1 — m)L. The second order
effect is d?p® = L? — (mL)? = (1 — m?) L

If el. and mL are expected to vote for A, we have a semi-pooling equilibrium:
E S, =A] = H2L 2 € {eL,mL}. This implies dp® = L — 2L = L2 and

s = (1— (Hm)*) L.
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Proof of Lemma 2:

Second-period platforms are the expected position of the median voter. Hence voter 2’s
ex-ante payoff of casting a ballot v; is

BIU (03, 21,2) o] =~ (0, = 21)? o] = p (6 = B [u5]1])* (18)

where ! is the information set obtained after the first election. With 7r}3 = —7T}4 > 0, if el
does not cast a ballot, n}4 = ”}3 =2and p (7?}4) =p (71'13) = % el may consider voting for A
or for I" (showing that voting for B or A is a dominated strategy given the assumed beliefs
is easy). If vl = A, nly > nl and 21 = 7Y} for sure. If v} = I, the tie between A and B
is maintained. Taking the difference between the payofls of these two strategies, when el is

expected to vote for I, and taking second order Taylor expansion in zero obtains —As (., .)

8u1 (91' ,0) _ a’ug (91',

and us(.,.) have the same shape, ey O We denote these partial derivatives

Oxo
u’(@i, 0)7
FE [U (Ocr, x1,72) ]v;L = F] —F [U (Ocr, w1, 72) ‘U;L = A] = (19)
al ol 7l 2 7l 2 d215
U(@eL,O). B—2 A +ra(eeL)-( B) —4 ( A) +p <dlﬁs+7‘a(96L)- 5 >
71_1 —7T1 d2 S
o —-B 5 A +p (‘dﬂs‘ —1ra(0cL). 5 > (20)
where o stands for “proportional to” and r4(6.r) = ’Zl,fgzei ’8; = ’t’ denotes the degree of

absolute risk aversion in 0 (Notation borrowed from Laffont (1989), but with an important dif-
ference: u' < 0 for , < 0). With quadratic utility, Taylor expansion is not an approximation,
but allows to rewrite (19) differently.

If (20) is positive, eL votes for T. Isolating first-period platforms, we get

11 g8 d*p®
w4 =7p <p|—dp’ —reber). 5 (21)

as a condition for a voter in 6, to vote for I'. Hence, the larger the distance between first
period platforms, the lower the surplus (the larger the loss) of protest voting.

It is straightforward to show that this mechanism extends to L-voters if the latter have
private information on their type or to right-wing voters, with 8, > mR, if one compares the
value of voting for B and A. This proves lemma 2. B

Proof of proposition 2.

By lemma 2, there are two possible types of equilibria: either parties diverge sufficiently
to “kill” vote for losers (VIL from now on), or they don’t. Let us analyze the two types of
candidate equilibria sequentially.

Case 1: No VAL. If there is no VfL, this means that

E[UeL,ar,aloly = ] < E [UeL,ar, az)loly = A] (22)
E[U(eR, w1, 29)|vip = Al <E [U(eR, w1, 29)|vip = B (23)
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and extremist voters are expected to vote for main parties. By our computation of du® and
d?1% and by lemma 2, this requires

1 1 132 1\2
— - 1-— 3
%_FTG(BL)_(WB) : (WA) - _ 2Mp (1 _ra(eL).#L> L

Simplifying this obtains
~TA=Tp > /2, (24)

where ¢ = p(1 —m)R (1 — 32 .

It remains to compute when such platforms are an equilibrium. Clearly neither A nor B
have an incentive to deviate outwards. They do have an incentive to deviate inwards if they
can add the moderate voter of the other camp to their electorate without losing their own
moderate voter. Looking at A, mR votes for A when ‘7‘(}4 — mR‘ < ‘7?}3 — mR‘ and

1\2 132
™ — (7 R
7@19 _7&‘ B ( B)Qm]i(’ A) < _pm2 (25)

Similarly, mL votes for A as long as ‘7?}4 — mL‘ < ‘7@19 — mL‘ and

1

SO i s )

omR Z Py (26)

As the minimum of the left hand side in (25) is reached in 7! = mR, a necessary and
sufficient condition for (—¢/2,¢/2) to be a Nash equilibrium is either that ¢/2 < mR or that
equation (25) is violated in 7}y = mR (Note that (25) is a tighter constraint than (26)). By
equation (25), if ¢/2 > (1 + \/ﬁ) mmRR, both parties have an incentive to deviate towards the
median. This is the case when

R
om < 2B (27)
1+/p
that is, when m is sufficiently low.
Case 2: VfL and convergence. From lemma 2, el votes for I' as long as
1)2 132 2,8
Tt (TR g d7p
’T‘-A‘ —2€R < ('ﬂ'B"— 2R +p 2’d,LL _eR (28)

Hence, B renders the deviation hardest by positioning in 0. From there, to swing the vote of
eL, A must select a platform 7} such that

1

™ 2 —m?
ﬁ}4+%§—pR(Q(l—m)—l . ) (29)

i.e. a platform such that 28 be violated.
A necessary but not sufficient condition for (0, 0) to be an equilibrium is that no value of 7,

2eR
which holds automatically if condition (29) does. (29) is then a worthwhile deviation only if
mJl does not swing to B. If mL does not swing, probability of victory does not change. Any

13\2
allows to satisfy this inequality. Indeed, e R votes for B when wh—gﬂ—AL < pL (2(1 —m)— %) ,
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preference for a higher average number of votes, or any change in the relative probabilities of
EL and R makes the deviation strictly worthwhile for at least one of the parties. If mL does
swing, the probability of victory falls, which ensures that (0,0) is strictly an equilibrium.

The condition for (0,0) to be a strong Nash positional equilibrium is then that the con-
ditions such that el and mL vote for A never hold together. When A deviates, it selects
mlf = —eR+ Ry/e? +2p(1 —m) (1 +m — 2e), provided it is real. mL votes for A when
2mRrl + (ﬂh)z < pf(m) R? where f(0) = 0 and f’(m) > 0. One sees this condition is
violated for very small ’WH when m is close to zero. As m closer to zero also implies that
wh* is more negative, (0,0) is a Nash positional equilibrium when m is small enough.

To conclude, when m is small (sufficiently close to zero), there is no equilibrium with
divergence, but there is one with convergence. When m is large (sufficiently close to one),
there is no (strictly preferred) equilibrium with convergence, but there is one with divergence.
By virtue of continuity, a pair of platforms in the vicinity of those proposed in the proof may
also be an equilibrium, but the type of sustainable equilibrium remains unchanged. B

Proof of lemma 3: From lemma 2, it is enough to rewrite (20) to see that a voter in
z < mL votes for I' as soon as

1 1 _ 1
(0:) < s (- 2 ) (30)

As74(6,) =|0.] 7}, the more extremist the voter, the more easily the condition is met. l

Proof of proposition 3.
Let us start the proof of this proposition with the following lemma:
Lemma 6 With full convergence of main parties’ platforms, there cannot exist sure losers.

Proof. From lemma 2, with full convergence of platforms and as long as extremist parties
have no chance of winning the elections, there is no cost to voting for losers, while there is
an informational benefit. Hence, voters in L and R will vote for losers. But this implies that
extremist parties become potential winners, inducing a contradiction. Hence, I and R must
be voting in mixed strategy when A and B fully converge, that is

paB AUX g +pan AUS A + par AU + pr.a AUF A = peom AUL,, (31)
PB,A AU§7A + PBT AUgI + PB,A AU§7A + AT AUﬁI = Pcom AUCR;m (32)

where p; 1, is the differential of pivot probabilities between party j and k when voting “cen-
trist” instead of “extremist”; peom AUZ,, is the expected utility of altering beliefs for the
second elections and AUZ,,,; is the utility differential for the voter z of being pivotal for

event (communication or election).

With full convergence, AU{(B = AUgA = 0 < Peom AUL  or peom AUE . Hence,
extremist parties may be enabled to win elections for the equalities to be restored (in which
case PA A, PAT, Pr,A, PB,Is PB,A and pa 1 become strictly positive). B
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Proof of proposition 3: PARTIES. From lemma 6, an equilibrium with full conver-
gence would give to main parties a lower probability of victory than another (hypothetical)
equilibrium with enough divergence. The question remains to check whether A or B can
increase his probability of winning by deviating away from the median.

For sufficiently extreme losers (AU 1%71“ and AU g A sufficiently big), we can be sure that
even with full convergence, A and B win more often than I" and A (and hence we can maintain
our primary assumption that main parties remain more focal than extremist parties). If a
party (say A) deviates to the left by e (very small), AU% 5 and AUE , increase, necessitating
a new mixture by voters to restore the two above equalfties. As 7
a) left-wing voters can influence the relative probability of A or I being elected against B or
A, but cannot influence the relative probability of having B or A.

b) symmetrically, voters in R must take as given the distribution of votes for A and T" but
can influence that of B and A,

we can deduce that the deviation by A implies L and R-voters must for sure vote more for
A and B respectively. With a small enough deviation'?, we ensure that peom AUsom does
not change and that the effect is symmetric for L and R-voters. Hence, a small deviation
towards outside must increase the probability of being elected for both A and B and will be
implemented. It is easy to see that, insofar as we look at symmetric cases, this argument
applies to any pair of platforms that is not sufficiently divergent, that is to any pair where
extremists are potential winners. Hence, any stable equilibrium must have divergence and
extremist parties being sure losers. B

Illustration of proposition 3: a particular case
If p(1—m)* < %, the optimal deviation from (0,0) is simple to compute: A voter in L
votes for A in pure strategy if

1\2
1 (74) pR 2
A Py
‘w A‘ 5R > 3 (1 —m) (33)
Solving the symmetric condition for voters in R obtains
1\2
1 (74) pR 2
— (11— 34
mal+ 55> 5 0-m) (34)

Condition 33 is tighter than 34. This implies that when 7T}4 swings L-wing voters to A
(who then vote for A in pure strategy), right-wing voters are automatically swung to B.
This, in turn ensures that extremist parties have indeed become pure losers. This necessarily
increases the joint probability of victory of the two main parties. If the voter in mL starts to
vote for B because of the deviation from 0, the result is not altered. To the contrary, L-voters
are totally disciplined as they cannot alter the information set in state ML, while R-voters
experience a higher pay-off from garbling information (the utility differential has increased
and they can garble information in both states ML and MR). This implies that the new
condition for R becomes

1 (7‘—}4>2 R 35

So, when 7 is chosen so as not to bind (35) while mL votes for B, A increases his

probability of winning (All L voters vote for A, while R voters coordinate so as to have one

13For a larger deviation, there is a change in the distribution of votes which can affect both types of voters
dissymmetrically. We illustrate this in the particular case below.
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vote who votes for A in pure strategy and the other two vote for B in pure strategy to avoid
that A becomes a potential winner).

Proof of proposition 4.

L votes for A and R votes for B respectively if

3<7T}3—7ri1+( >
and 3<7TB—7TA—( > p(1—=m)*>R>0 (37)

This means that, starting from symmetric p051t10ns

2R >0 (36)

dCondnL W}4

_— =1 = 38
dwh ‘ R -1 (38)

dCond™R 7l 7T1

@ond it 4 TA 4 39
dwh R eR -1 (39)

implying that from any pair of positions 7, = —7L, satisfying (36) and (37) (that is, the strict
inequalities), a party can increase his probability of winning by moving towards the center.
Indeed, this increases the VfL at a higher rate for voters of the opposite party. The only
case where it does not work is when (36) and (37) are replaced by their equivalent equalities.
That is, the only candidate equilibrium is

, R
T =y =mp = (1-m)pe (40)

Can dissymmetric positions be an equilibrium 7 Certainly not, as the two conditions for
L and R then cannot bind together, inducing the move inwards by one of the parties.

To check whether +7* is an equilibrium, one needs to see under which condition parties
do not want to move outwards. By the same argument as in proposition 2, this is met when
eL and mL never vote for A at the same time. From proposition 2, we know this is the case
for m sufficiently small. If m is not small enough, this pair of platforms is not an equilibrium.
But for any other pair of positions, parties want to move inwards to as to swing the vote of
the opponent’s voters. It then comes out that the equilibrium will necessarily be in mixed
strategies if m is not sufficiently small. H

Proof of proposition 5.

To begin with, let us simply check how (40) changes when the probabilities of the states
of the world are modified. The computation for L is in the body of the text. For R,

Ui ,71'1 ul ,7T1
P(ER). <U1(R,7T}4)— W 7) =l A)>+

Uy 7T1 u 71'1 1
pvam). (AR (R ) + . (R ) — R )+ (4)

p(ML). 0+p(EL) (ul(Rmh) _ ui(R,7p) —2Fu1(R,7r§1)> -0

360



Simplifying this obtains equation (5). By binding conditions (4) and (5), and summing
these gives the required distance between the two parties to avoid that protest vote is cheap

talk:
(AL + AR)
2

Taking the difference between these two equations allows to compute the average of the
positions of A and B:

1

L — 7wl = K. (42)

2 2
(mp)” — (7h)" = (B+74)(B—my) = (A — Ar) .K.R
7713 +7T114 _ ()\L — )\R) K.R _ AL — )\R
2 2(7T1B —71'114) AL+ Ar

(43)

This implies that with p(ML) = p(MR), the average of the two positions is zero, as in
the text. If p(ML) > p(MR), the average of the positions becomes positive. That is, if the
state of the world is more likely to be left-wing than right-wing, parties need to move right
to prevent protest voting by typical left-wing and right-wing voters.

Increasing the value of R, and maintaining K constant, increases the amplitude of the
curves’ movement (the absolute value of the average increases) without influencing the dis-
tance between the two parties. Increasing the value of K without changing R (by increasing p
or decreasing m) increases the required distance between the two parties, without modifying
the average of the two positions.

This exercise gives us parties positions that make I and R voters indifferent. But it is
important to note that, now, the behavior of moderate voters is not granted anymore. If
parties move too much e.g. to the right, even the moderate right voter could prefer to vote
for A in the first election: mI votes A iff

E(U (mL,z1,29) [vh, = A) > E(U (mL,21,22) |v},;, = B) (44)
and mR votes B iff
E(U (mR,x1,%2) |vy g = B) > E(U (mR, x1,72) [v), 5 = A). (45)
FExpanding these conditions:

ur(mL, 7)) + pua(mL,mL) >uy(mL, k) + puz(mL,0)

1\2 _ (.1\2 2
7l — 7TlB + 7“(l(mL)—<7TA> 5 <7TB> <=p <mL + ra(mL)—(mQL) )
(AL — Ar) mL  mR
(AL + Ar) <—ppe=r (50 (46)
while mR votes B when
11\2 112

1 1_(7TB) — (%) _ mR

T — T4 SR > 5 (47)
- A R

—()\L+)\R)+( L= Ar) M (48)
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So, Ar, and Ar must satisfy these conditions for the threshold values of 7T}4 and 7r}3 com-
puted above to hold. When Ap and Ap do not satisfy these inequalities, other thresholds
must be computed, but the mechanism remains the same.

This proves proposition 5 I
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