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Devwudfw

Zh dqdo|}h wkh uhodwlrq ehwzhhq wkh lqwhqvlw| ri hohfwrudo frpsh0
wlwlrq dqg wkh glvvlsdwlrq ri srolwlfdo uhqwv1 Lq d prgho zlwk shuihfwo|
lqiruphg dqg khwhurjhqhrxv yrwhuv/ wzr fdqglgdwhv frppplw wr hohf0
wrudo sodwirupv xqghu d pdmrulw| yrwlqj dqg zlqqhu0wdnhv0doo uxoh1 Li
wkh sursrvhg wd{ uhyhqxhv h{fhhg wkh frvw ri wkh sxeolf jrrg/ wkh zlq0
qlqj fdqglgdwh uhwdlqv wkh vxusoxv +srolwlfdo uhqwv,1 Wkh fdqglgdwhv
duh xqfhuwdlq derxw yrwhuv* suhihuhqfhv1 Li wkh| gr qrw nqrz wkh phdq
ri yrwhuv* glvwulexwlrq +djjuhjdwh xqfhuwdlqw|,/ frpshwlwlrq lv uhod{hg
dqg uhqwv duh srvlwlyh1 Zh wkhq frqvlghu vrph h{whqvlrqv/ dv lghr0
orjlfdo srvlwlrqlqj/ lqfuhdvlqj wkh qxpehu ri fdqglgdwhv dqg lpshuihfw
frpplwphqw wr wkh dqqrxfhg srolflhv1

Nh|zrugv= Hohfwrudo frpshwlwlrq/ srolwlfdo uhqwv/ suredelolvwlf yrwlqj

MHO fodvvl�fdwlrq qxpehuv=K4/ K5/ K71

� W?|hL_�U|�L?

Lq wklv sdshu zh wdfnoh d sureohp zklfk lv frpprq lq wkh Sxeolf Fkrlfh

olwhudwxuh/ wkdw lv krz wkh vxsso| ri d sxeolf jrrg dqg wkh wd{ uhyhqxhv

wr fryhu lwv frvw duh ghwhuplqhg dv wkh rxwfrph ri hohfwrudo frpshwlwlrq1
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Wklv dssduhqwo| vlpsoh sureohp lqyroyhv d frpsoh{ lqwhusod| dprqj gl�hu0
hqw frq�lfwv ri lqwhuhvwv dqg djhqf| uhodwlrqv1 Iluvw ri doo/ wkhuh lv d frq�lfw
ri lqwhuhvwv dprqj gl�huhqw jurxsv ri yrwhuv rq wkh frqwhqw ri uhglvwulexwlyh
srolflhv1 Vhfrqg/ wkhuh lv dq reylrxv frq�lfw ri lqwhuhvwv dprqj wkh fdq0
glgdwhv/ wkh yhu| hqjlqh ri hohfwrudo frpshwlwlrq/ dv wkh| jdlq vrph xwlolw|
iurp zlqqlqj wkh r�fh1 Ilqdoo|/ d frq�lfw h{lvwv ehwzhhq wkh hohfwrudwh
dqg wkh fdqglgdwhv zklfk ghulyhv iurp wkh srvvlelolw| wkdw wkh odwwhu/ rqfh
hohfwhg/ uhwdlq srolwlfdo uhqwv1

Wkhuh h{lvwv d zlgh olwhudwxuh rq wkh ihdwxuhv ri hohfwrudo frpshwlwlrq dqg
wkh uhglvwulexwlyh srolflhv wkdw duh lpsohphqwhg lq htxloleulxp�= lw pdlqo|
frqvlghuv wkh �uvw wzr frq�lfwv ri lqwhuhvw/ wkdw lv wkh ihdwxuhv ri htxloleulxp
sodwirupv zkhq ulydo fdqglgdwhv frpshwh iru wkh yrwhv ri d khwhurjhqhrxv
hohfwrudwh/ dqg lwv prvw fhoheudwhg uhvxow lv wkh Phgldq Yrwhu Wkhruhp1
Dowkrxjk wkh Fklfdjr Vfkrro kdv fodlphg wkdw hohfwrudo frpshwlwlrq dqg
ghprfudf| whqg wr surgxfh h�flhqw uhvxowv2/ ihz dqdo|wlfdo uhvhdufk kdv
h{soruhg wkh wklug sureohp/ lq zklfk wkh hohfwhg fdq h{sorlw wkhlu srvlwlrq
wr h{wudfw uhqwv iurp r�fh1

Wklv odwwhu wrslf fdq eh dgguhvvhg lq wzr frpsohphqwdu| zd|v/ glvwlq0
jxlvklqj ehwzhhq h{0dqwh dqg h{0srvw lqfhqwlyhv= wkh iruphu rshudwh zkhq
hohfwrudo frpshwlwlrq wdnhv sodfh/ lqgxflqj wkh fdqglgdwhv wr r�hu uhqw0
plqlpl}lqj sodwirupv wr sohdvh wkh yrwhuv1 Srvw0hohfwlrq lqfhqwlyhv/ lqvwhdg/
duh uhodwhg wr wkh vhsdudwlrq ri srzhuv dqg wkh fkhfnv dqg edodqfhv zklfk
fkdudfwhul}h wkh srolwlfdo surfhvv diwhu wkh hohfwlrqv/ dqg lq�xhqfhv wkh lp0
sohphqwdwlrq ri wkh srolflhv dqg wkh uhqwv uhdol}hg�1 Wkhvh frpsohphqwdu|
ohyhov ri dqdo|vlv kdyh d srlqw lq frpprq= wkh| erwk dgguhvv wkh lvvxh ri
zklfk duh wkh uxohv dqg wkh frqglwlrqv xqghu zklfk ghohjdwlqj wkh ghvljq
dqg lpsohphqwdwlrq ri wkh srolflhv wr d jurxs ri djhqwv +wkh srolwlfldqv, fdq
plqlpl}h wkh djhqf| frvwv iru wkh sulqflsdov +wkh hohfwrudwh,1

Lq wklv sdshu zh h{soruh wkh h{0dqwh frpsrqhqw ri wkh vwru|/ vwxg|lqj xq0
ghu zklfk frqglwlrqv hohfwrudo frpshwlwlrq plqlpl}hv srolwlfdo uhqwv1 Wkhuh
duh wzr edvlf uhihuhqfhv iru rxu zrun1 Wkh �uvw lv Vwljohu*v +4<:5, frqwul0
exwlrq rq wkh uhodwlrq ehwzhhq hfrqrplf dqg srolwlfdo frpshwlwlrq1 Vwljohu
dujxhg wkdw/ wkrxjk hfrqrplvwv djuhh wkdw frpshwlwlrq lv d vrfldo phfkd0
qlvp dlphg dw uhgxflqj wkh xqqhfhvvdu| uhwxuq wr surgxfhuv/ vxusulvlqjo|
wklv uroh iru frpshwlwlrq kdv ehhq doprvw qhjohfwhg lq wkh vsdwldo wkhru| ri
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yrwlqj e1 D srvvleoh vwhs lq wklv gluhfwlrq fdq eh irxqg lq Grqdog Zlwwpdq*v
zrunv +4<:6/ 4<::/ 4<<3,/ lq zklfk dq lqfrph glvwulexwlrq jdph lv vwxglhg
zkhuh fdqglgdwhv duh xwlolw| pd{lpl}huv dqg sduwlflsdwh lq wkh glylvlrq ri wkh
%slh%1 Pruh uhfhqwo|/ Juloor dqg Sror +4<<6,/ P|huvrq +4<<6e,/ Vyhqqvrq
+4<<:, dqg Shuvvrq dqg Wdehoolql +4<<;e, dqdo|}h wkh hphujhqfh ri srolwlfdo
uhqwv lq hohfwrudo jdphv1

Zh vhw xs d yhu| vlpsoh prgho zlwk khwhurjhqhrxv yrwhuv/ zkr kdyh
wr hohfw d srolwlfldq wr surylgh d sxeolf jrrg1 Yrwhuv dqg fdqglgdwhv duh
xwlolw| pd{lpl}huv1 Wzr fdqglgdwhv frpshwh iru wkh r�fh e| frpplwwlqj
wr hohfwrudo sodwirupv zklfk vshfli| wkh dprxqw ri wkh sxeolf jrrg dqg wkh
ohyho ri wd{dwlrq1 Zh gr qrw lpsrvh dq| edodqfhg exgjhw frqvwudlqw wr
wkh sodwirupv/ frqwudu| wr zkdw lv xvxdoo| grqh lq wkh olwhudwxuh D1 Lq rxu
vhwwlqj/ li wkh wd{ uhyhqxhv duh juhdwhu wkdq wkh frvw ri wkh sxeolf jrrg/ wkh
vxusoxv lv nhsw e| wkh fdqglgdwh lq r�fh1 Vlqfh wkh fdqglgdwhv duh xwlolw|
pd{lpl}huv/ wkh| ghvljq wkh sodwirup lq rughu wr pd{lpl}h wkhlu h{shfwhg
uhqwv1

Yrwhuv* suhihuhqfhv fdq eh vhsdudwhg lq wzr frpsrqhqwv= wkh �uvw/ zklfk
lv frpprq wr doo yrwhuv dqg lv nqrzq e| wkh fdqglgdwhv/ ghshqgv rq wkh
srolf| sdudphwhuv/ l1h1 wkh wd{ udwh dqg wkh vxsso| ri wkh sxeolf jrrg1 Wkh
vhfrqg ghvfulehv yrwhuv* khwhurjhqhlw|/ lv qrw revhuyhg e| wkh fdqglgdwhv
dqg gl�huv dfurvv yrwhuv zlwk d frpprq eldv wkdw vkliwv wkh phdq ri wkhlu
glvwulexwlrq1

Lq wklv iudphzrun zh lqyhvwljdwh zkhwkhu srolwlfdo frpshwlwlrq lqgxfhv
h�flhqw rxwfrphv/ l1h1 wkh plqlpl}dwlrq ri srolwlfdo uhqwv1 Zh h{foxgh e|
dvvxpswlrq wkdw wkh fdqglgdwhv +djhqwv, duh ehwwhu lqiruphg wkdq wkh yrwhuv
+sulqflsdov, derxw/ iru lqvwdqfh/ wkh frvw ri wkh sxeolf jrrg/ l1h1 lq rxu prgho
wkhuh lv qr urrp iru lqirupdwlrqdo uhqwv ri wkh srolwlfldqv1 Lq rwkhu zrugv/
li wkh fdqglgdwhv duh deoh wr uhwdlq vrph vxusoxv/ wklv lv qrw gxh wr wkhlu
delolw| wr h{sorlw vxshulru lqirupdwlrq/ exw wr lpshuihfw hohfwrudo frpshwl0
wlrq1 Lq wklv hqylurqphqw/ fdqglgdwhv* frpshwlwlrq iru r�fh pljkw lqgxfh
d glvvlsdwlrq ri srolwlfdo uhqwv +wkh fkrlfh ri edodqfhg exgjhw sodwirupv,/
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zklfk duh pruh dsshdolqj iru wkh yrwhuv1 Rq wkh rwkhu kdqg/ srolwlfdo uhqwv
fdq hphujh li hohfwrudo frpshwlwlrq lv qrw vx�flhqwo| lqwhqvh1

Zh �qg wkdw wkh lqwhqvlw| ri frpshwlwlrq lv ghhso| lq�xhqfhg e| wkh
qdwxuh ri fdqglgdwhv* xqfhuwdlqw| rq yrwhuv* suhihuhqfhv1 Li wkh fdqglgdwhv
nqrz wkh phdq +dqg phgldq, ri wkh yrwhuv* glvwulexwlrq/ wkh| nqrz zklfk lv
wkh phgldq sodwirup dqg frpshwh �d od Ehuwudqg/ zlwk frpsohwh uhqw glvvlsd0
wlrq1 Li/ krzhyhu/ fdqglgdwhv kdyh djjuhjdwh xqfhuwdlqw| rq wkh phdq +dqg
phgldq, ri wkh yrwhuv* glvwulexwlrq/ l1h1 wkh| grq*w nqrz zklfk lv wkh phgldq
sodwirup/ frpshwlwlrq lv uhod{hg dqg srvlwlyh uhqwv hphujh lq htxloleulxp1

Zh frqvlghu wkhq vrph h{whqvlrqv ri wkh edvlf prgho1 Iluvw zh dgg d
wklug yduldeoh wr wkh hohfwrudo sodwirupv/ d %orfdwlrq% ri wkh fdqglgdwh rq wkh
lghrorjlfdo vshfwuxp= qrz wkh fdqglgdwhv fdq lq�xhqfh dovr wkh lglrv|qfudwlf
frpsrqhqw ri yrwhuv* suhihuhqfhv1 Zh vkrz wkdw frqyhujhqfh wr wkh phgldq
yrwhu*v lghrorjlfdo srvlwlrq vwloo krogv/ zkloh uhqwv uhpdlq srvlwlyh lq fdvh ri
djjuhjdwh xqfhuwdlqw|1 Lq wklv h{dpsoh/ wkh frq�lfw ri lqwhuhvw dprqj yrwhuv
+wkh phgldq yrwhu uhvxow, lqwhudfwv zlwk wkdw ehwzhhq wkh hohfwrudwh dqg wkh
srolwlfldqv +wkh srvlwlyh uhqwv uhvxow,1

Rxu vhfrqg h{whqvlrq shuwdlqv wkh lqfuhdvh lq wkh qxpehu ri fdqglgdwhv/
zklfk ohdgv wr d uhgxfwlrq ri wkh htxloleulxp uhqwv/ vxjjhvwlqj d srvvleoh
zd| rxw ri rxu glohppd1 Ilqdoo|/ zh uhpryh wkh dvvxpswlrq ri fdqglgdwhv*
shuihfw frpplwphqw wr wkh surplvhg sodwirup1 Li dq hohfwhg srolwlfldq fdq
fkhdw rq wkh surplvhg sodwirup/ dowkrxjk uhqrxqflqj wr eh hohfwhg djdlq/ kh
wudghv r� kljkhu uhqwv wrgd| zlwk ixwxuh uhqwv li uh0hohfwhg1 Khqfh/ d sodw0
irup h{fhvvlyho| prghudwh lq uhqwv lv qrw eholhyhg e| yrwhuv/ zklfk h{shfw
wr eh h{sorlwhg e| wkh hohfwhg srolwlfldq1 Wklv dgglwlrqdo frqvwudlqw dggv
d vhfrqg vrxufh ri uhqwv lq wkh srolf| jdph= ghshqglqj rq wkh sdudphwhuv
ri wkh prgho/ dfwxdo uhqwv zloo eh ghwhuplqhg e| zhdn hohfwrudo frpshwl0
wlrq ru fdqglgdwhv prudo kd}dug1 Lqwhuhvwlqjo|/ dv wkh qxpehu ri fdqglgdwhv
lqfuhdvhv wkh uhqwv uhtxluhg wr suhyhqw fdqglgdwhv* prudo kd}dug lqfuhdvh/
vlqfh d krqhvw srolwlfldq zloo eh uh0hohfwhg zlwk d orzhu suredelolw|1 Khqfh/
lqfuhdvlqj wkh qxpehu ri fdqglgdwhv uhgxfhv wkh uhqwv dvvrfldwhg wr lpshu0
ihfw hohfwrudo frpshwlwlrq exw pdnhv wkh prudo kd}dug frqvwudlqw elqglqj/
suhyhqwlqj frpsohwh srolwlfdo uhqwv glvvlsdwlrq1

Wkh sdshu lv rujdql}hg dv iroorzv= lq vhfwlrq 5 wkh pdlq ihdwxuhv ri wkh
edvlf prgho duh suhvhqwhg> wzr yhuvlrqv duh wkhq glvfxvvhg dqg wkh fru0
uhvsrqglqj htxloleuld dqdo|}hg lq vhfwlrq 6 dqg 7/ glvwlqjxlvklqj gl�huhqw
ghjuhhv ri xqfhuwdlqw| ri wkh fdqglgdwhv1 Lq vhfwlrq 8 wkuhh h{whqvlrqv duh
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glvfxvvhg= lghrorjlfdo srvlwlrqlqj/ q fdqdglgdwhv dqg lpshuihfw frpplwphqw1
Frqfoxglqj uhpdunv iroorz1

2 A�i 4L_i*

Zh dvvxph wkhuh h{lvw L yrwhuv +l @ 4> ===> L, zlwk L yhu| odujh/ dqg wzr fdq0
glgdwhv> hohfwrudo frpshwlwlrq zlwk pruh wkdq wzr fdqglgdwhv lv dqdo|}hg lq
d iroorzlqj vhfwlrq1 Hdfk fdqglgdwh k ghvljqv dq hohfwrudo sodwirup vshf0
li|lqj wkh dprxqw ri wkh sxeolf jrrg j� dqg wkh wd{ udwh w�1 Zh dvvxph
wkdw fdqglgdwhv fdq frpplw wr wkh sursrvhg sodwirup/ zklfk zloo ehfrph
wkh lpsohphqwhg srolf| li wkh fdqglgdwh lv hohfwhg1 Wkh qr0frpplwphqw
fdvh zloo eh frqvlghuhg odwhu rq1 Wkh frvw ri wkh sxeolf jrrg/ f+j, lv wkh
vdph iru hdfk fdqglgdwh/ lw lv nqrzq e| yrwhuv dqg lw lv fkdudfwhul}hg e|
f+3, @ 3> f� A 3> f�� � 31

Wkh xwlolw| ri yrwhu l dvvrfldwhg zlwk fdqglgdwh k*v sodwirup lv jlyhq e| d
frpsrqhqw y+�, zklfk ghshqgv rq wkh srolf| sdudphwhuv dqg zklfk lv frp0
prq wr doo yrwhuv/ dqg dgglwlrqdo whupv wkdw fdswxuh yrwhuv* khwhurjhqhlw|=

X�

�
@ y+w�> j�, . ��

�
. �� @ z+4� w�, . d+j�, . ��

�
. �� +4,

zkhuh z lv wkh lqlwldo hqgrzphqw ryhu zklfk wkh wd{hv duh ohylhg/ dqg wkh
xwlolw| iurp wkh sxeolf jrrg lv d+j,/ zlwk d+3, @ 3> d� A 3> d�� ? 31 Wkh khw0
hurjhqhlw| ri yrwhuv lv jlyhq e| wkh whup ��

�
/ zklfk lv vshfl�f wr hdfk yrwhu

zlwk uhvshfw wr hdfk fdqglgdwh/ dqg wkh whup �� zklfk lv wkh vdph iru doo
yrwhuv zlwk uhvshfw wr hdfk fdqglgdwh/ dqg fruuhvsrqgv wr dq djjuhjdwh eldv
frpprq wr wkh hohfwrudwh/ gxh iru lqvwdqfh wr shuvrqdo dwwulexwhv ri wkh fdq0
glgdwh/ d ehwwhu nqrzohgjh hwf1/ lqfoxglqj d +srvlwlyh ru qhjdwlyh, lqfxpehqw
eldv1 Wkh yrwhuv* suhihuhqfhv iru fdqglgdwh k/ wkhuhiruh/ duh khwhurjhqhrxv
durxqg wklv phdq �� dffruglqj wr wkh ��

�
glvwulexwlrq S1

Wkh whupv ��
�
duh l1l1g dqg duh gudzq iurp vrph glvwulexwlrq zlwk }hur

phdq dqg �qlwh yduldqfh1 Ohw I +{, eh wkh frqwlqrxv v|pphwulf fxpxodwlyh
glvwulexwlrq ri wkh gl�huhqfh lq wkh whupv �&

�
���

�
/ zlwk I +3, @ 4@51 Wkh whup

�� lv gudzq iurp vrph frqwlqxrxv dwrpohvv glvwulexwlrq zlwk }hur phdq dqg
�qlwh yduldqfh1
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Wkh lqvwlwxwlrqdo vhwwlqj lv fkdudfwhul}hg e| wzr ihdwxuhv= pdmrulw| yrw0
lqj dqg zlqqhu0wdnhv0doo1 Wkh iruphu lpsolhv wkdw wkh sodwirup zklfk rewdlqv
wkh pdmrulw| ri yrwhv ehfrphv wkh srolf| lpsohphqwhg> wkh odwwhu vshfl�hv
wkdw wkh srolwlfldq lq r�fh grhv qrw vkduh wkh uhqwv zlwk wkh rssrqhqw1

Wkh wlplqj ri wkh jdph lv dv iroorzv1 Dw w @ 3 Qdwxuh gudzv wkh �*v
dqg �*v/ zklfk duh revhuyhg e| wkh yrwhuv> fdqglgdwhv* lqirupdwlrq rq wkhvh
hohphqwv zloo eh vshfl�hg lq gl�huhqw zd|v odwhu rq1 Dw w @ 4 wkh wzr
fdqglgdwhv vlpxowdqhrxvo| vshfli| wkhlu hohfwrudo sodwirup1 Ilqdoo|/ dw w @ 5
wkh yrwhuv fdvw wkhlu yrwh jlyhq wkh fdqglgdwhv* hohfwrudo sodwirupv1 Wkh
fdqglgdwh zkr rewdlqv wkh pdmrulw| ri yrwhv lv hohfwhg dqg klv sodwirup lv
uhdol}hg1

Yrwhu l fkrrvhv fdqglgdwh k li X�

�
A X&

�
dqg �lsv d frlq li X�

�
@ X&

�
1 Lq

wklv vhw0xs zh frqvlghu wzr fdvhv dffruglqj wr fdqglgdwhv* lqirupdwlrq1 Dv
zh vkrz lq wkh qh{w vhfwlrqv/ zkdw pdnhv wkh gl�huhqfh lq wkh hohfwrudo jdph
lv zkhwkhu fdqglgdwhv nqrz wkh glvwulexwlrqv ri wkh +�. �, frpsrqhqwv ru
li wkh| ljqruh wkhlu phdq +dqg phgldq,/ l1h1 li wkh| grq*w nqrz wkh uhdol}hg
�*v1 Zh vkdoo uhihu wr wklv odwwhu fdvh dv fdqglgdwhv* djjuhjdwh xqfhuwdlqw|1

� �L_i* WG A�i U@?_�_@|it !?L� |�i _�t|h�M�|�L?

Lu �L|iht

Frqvlghu wkh fdvh lq zklfk wkh fdqglgdwhv nqrz wkh uhdol}dwlrqv �� dqg �&

exw grq*w revhuyh wkh ��
�
dqg �&

�
whupv/ nqrzlqj rqo| wkhlu glvwulexwlrq1 Lq

wklv fdvh wkh fdqglgdwhv fdqqrw revhuyh wkh xwlolw| ri hyhu| vlqjoh yrwhu l/ exw
wkh| duh deoh wr uhfrqvwuxfw wkh glvwulexwlrq ri wkh �� . � whupv dvvrfldwhg
wr hdfk sodwirup= wkh phdq dqg phgldq ri wklv glvwulexwlrq lv �1 Yrwhuv*
ehkdylrxu fdq wkhuhiruh eh dqwlflsdwhg lq suredelolvwlf whupv1 Yrwhu l zloo
yrwh iru k li X�

�
A X&

�
/ l1h1

y+w�> j�,� y+w&> j&, . ��
� �& A �&

� � ��� +5,

zkhuh y+w�> j�, lv wkh +ghwhuplqlvwlf, xwlolw|/ gh�qhg lq htxdwlrq + 4,/ dvvr0
fldwhg wr k*v sodwirup dqg frpprq wr doo yrwhuv1 Jlyhq fdqglgdwhv* lqiru0
pdwlrq/ wkh suredelolw| wkdw yrwhu l yrwhv iru fdqglgdwh k/ ��

�
/ lv wkhuhiruh.=

��

�
@ I +y+w�> j�,� y+w& > j&, . ��

� �&, +6,
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Vlqfh L lv yhu| odujh/ wkh h{shfwhg yrwh vkduh iru fdqglgdwh k/ ��/ kdv wkh
vdph h{suhvvlrq1 Wkh pdmrulw| uxoh wkhq doorzv wr frpsxwh wkh suredelolw|
ri fdqglgdwh k zlqqlqj wkh hohfwlrqv/ J�=

J� @

;A?
A=

4 li y+w�> j�,� y+w&> j&, A �& � ��

4@5 li y+w�> j�,� y+w&> j&, @ �& � ��

3 li y+w�> j�,� y+w&> j&, ? �& � ��
+7,

Jlyhq wkh zlqqhu0wdnhv0doo uxoh diwhu hohfwlrqv/ wkh h{shfwhg xwlolw| ri fdq0
glgdwh k lv

X� @ J�+Lzw� � f+j�,, @ J�U� +8,

zkhuh U� duh wkh uhqwv nhsw e| fdqglgdwh k1 Zh fdq qrz surfhhg wr dqdo|}h
wkh htxloleulxp ri wkh jdph1

Zh vwduw rxu htxloleulxp dqdo|vlv frqvlghulqj wkh fdvh lq zklfk qr fdq0
glgdwh kdv d eldv dgydqwdjh/ l1h1 �� @ �& 1

Frqvlghu wkh orfxv U�
f
ri doo wkh srolf| frpelqdwlrqv +j�> w�, vxfk wkdw

fdqglgdwh k rewdlqv qr uhqw= lw lv gh�qhg e| wkh frqglwlrq f+j�, @ zLw�1 Lw lv
hdv| wr vkrz wkdw wkh orfxv U�

f
sdvvhv wkurxjk wkh ruljlq lq wkh +w�> j�, vsdfh/

lw lv lqfuhdvlqj dqg frqfdyh1 Vlqfh zh dvvxph wkdw wkh frvw ri surylglqj wkh
sxeolf jrrg lv wkh vdph iru erwk fdqglgdwhv/ U&

f
kdv h{dfwo| wkh vdph vkdsh1

Qrz frqvlghu/ iru jlyhq ulydo*v sodwirup/ wkh orfxv J�
�*2 ri doo wkh srolf|

frpelqdwlrqv +w�> j�, vxfk wkdw/ iru jlyhq ulydo sodwirup +w&> j&,/ wkh sured0
elolw| ri zlqqlqj lv 4@5= wklv lv gh�qhg lpsolflwo| e| y+w�> j�,� y+w& > j&, @
�& � ��1 Qrwlfh wkdw J�

�*2 lghqwl�hv wkh phgldq sodwirupv1 Lw fdq eh hdvlo|

hvwdeolvkhg wkdw wkh orfxv J�
�*2 lv lqfuhdvlqj dqg frqyh{1 Pruhryhu/ zkhq

�� @ �& wkh orfl J�
�*2 dqg J&

�*2 duh lghqwlfdo1 Wkh iroorzlqj sursrvlwlrq
hvwdeolvkhv wkh h{lvwhqfh dqg fkdudfwhul}hv wkh htxloleulxp1

Sursrvlwlrq 4 Li �� @ �& wkh fdqglgdwhv jdlq qr uhqwv lq htxloleulxp
+U� @ U& @ 3,/ wkh| r�hu lghqwlfdo sodwirupv fkdudfwhul}hg e| wkh h�flhqw
surylvlrq ri wkh sxeolf jrrg dqg zlq wkh hohfwlrqv zlwk suredelolw| 4@51

Surri= Zkhq �� @ �& / e| r�hulqj wkh vdph sodwirup dv wkh ulydo/
hdfk fdqglgdwh fdq jhw wkh dvvrfldwhg uhqwv zlwk suredelolw| 425> wkdw lv/ li
fdqglgdwh n*v sodwirup jlyhv uhqwv U&/ e| uhsolfdwlqj n*v sodwirup fdqglgdwh
k fdq jhw U� @ U& dqg J� @ 4@51 Khqfh lq htxloleulxp fdqglgdwh k fdqqrw
jhw ohvv wkdqU&@51 Pruhryhu/ kh fdqqrw jdlq pruh wkdqU&@5 lq htxloleulxp=

:



lq wklv fdvh n zrxog ghyldwh r�hulqj k*v sodwirup1 Zh frqfoxgh wkdw lq dq
htxloleulxp lw pxvw eh wkdw U� @ U& dqg J� @ 4@51 Krzhyhu/ li U� @ U& A
3 dqg J� @ 4@5/ hdfk fdqglgdwh fdq uhgxfh wd{hv ru lqfuhdvh wkh vxsso| ri
wkh sxeolf jrrg voljkwo| dqg zlq wkh hohfwlrq zlwk d sodwirup wkdw jxdudqwhhv
srvlwlyh uhqwv1 Khqfh/ d qhfhvvdu| frqglwlrq iru dq htxloleulxp lv U� @ U& @
3 dqg J� @ 4@51 Lq rwkhu zrugv/ wkh wzr sodwirupv pxvw ehorqj wr U�

f
/ J�

�*2/

U&
f
dqg J&

�*21 Krzhyhu/ wklv lv qrw vx�flhqw iru dq htxloleulxp1 Frqvlghu

fdqglgdwh k= zh nqrz wkdw U�
f
dqg J�

�*2 duh lqfuhdvlqj/ wkh iruphu lv frqfdyh
dqg sdvvhv wkurxjk wkh ruljlq/ wkh odwwhu lv frqyh{ dqg vkliwv sdudooho| zlwk
fdqglgdwh n*v sodwirup1 Khqfh/ hlwkhu J�

�*2 lv dozd|v deryh U�
f
/ ru wkh| duh

wdqjhqw ru wkhuh duh wzr lqwhuvhfwlrqv ehwzhhq wkh wzr fxuyhv1 Lq wklv odwwhu
fdvh wkhuh lv d vxevhw ri srolf| frpelqdwlrqv ehwzhhq wkh wzr fxuyhv/ deryh
J�

�*2 dqg ehorz U�
f
/ lq zklfk U� A 3 dqg J� A 4@51 Li/ jlyhq fdqglgdwh n*v

sodwirup/ wkhuh duh wzr lqwhuvhfwlrqv ehwzhhq J�
�*2 dqg U�

f
/ d sodwirup k rq

rqh ri wkh lqwhuvhfwlrq srlqwv fdqqrw eh dq htxloleulxp hyhq li wkh qhfhvvdu|
frqglwlrq deryh krogv/ vlqfh k fdq sur�wdeo| ghyldwh fkrrvlqj d sodwirup lq
wkh vxevhw ehwzhhq wkh wzr fxuyhv1 Khqfh lq htxloleulxp wkh wzr sodwirupv
pxvw eh dw wkh wdqjhqf| srlqw ehwzhhq wkh wzr fxuyhv1 Vlqfh U�

f
dqg U&

f
gr

qrw ghshqg rq ulydo*v sodwirup/ wkh wdqjhqf| srlqw lv v|pphwulf dqg w� @ w&

Qrwlfh wkdw wkh vorsh ri J�
�*2 lv z@d

�^d3�+d+j&, .z+w� � w&,,` dqg wkh vorsh

ri U�
f
lv zL@f�^f3�+zLw�,`/ dqg wkh vdph iru n Vlqfh w� @ w& wkh iruphu lv

z@d�+j�, dqg vlqfh U� @ 3 wkh odwwhu lv zL@f�+j�,1 Htxdwlqj wkh vorshv
zh rewdlq iru erwk fdqglgdwhv f�+j, @ Ld�+j,/ dqg j @ j� @ j&/ l1h1 wkh
xvxdo Vdpxhovrq frqglwlrq iru wkh h�flhqw surylvlrq ri d sxeolf jrrg1 Zlwk
lghqwlfdo sodwirupv/ J� @ 4@51 �

Zkhq wkh fdqglgdwhv nqrz wkh glvwulexwlrq ri yrwhuv* khwhurjhqhlw| dqg
wkhuh lv qr eldv lq idyrxu ri dq| fdqglgdwh/ hohfwrudo frpshwlwlrq gulyhv wkh
srolwlfdo uhqwv grzq wr }hur1 Wkh pdmrulw| yrwlqj dqg wkh zlqqhu0wdnhv0doo
uxohv pdnh zlqqlqj wkh hohfwlrq h{wuhpho| dsshdolqj/ dqg doo wkh uhqwv duh
glvshuvhg lq wkh dwwhpsw wr rewdlq wkh r�fh1

Vlqfh Grzqv* vhplqdo frqwulexwlrq/ wkh dqdo|vlv ri srolwlfdo frpshwlwlrq
lq hohfwlrqv kdv ehhq ghhso| lq�xhqfhg e| wkh wkhru| ri lpshuihfw frpshwl0
wlrq/ qdpho| e| wkh Krwhoolqj dssurdfk wr surgxfw gl�huhqwldwlrq1 Khqfh/
lw vhhpv qdwxudo wr frpsduh rxu uhvxow wr dq htxlydohqw vhwwlqj uhihuuhg wr
roljrsrolvwlf pdunhwv1 Lqghhg/ wkh suredelolvwlf yrwlqj prgho zh kdyh xvhg lq

;



rxu vhw0xs lv yhu| vlplodu wr d suredelolvwlf prgho ri surgxfw gl�huhqwldwlrqH1
Krzhyhu/ vrph lqwhuhvwlqj gl�huhqfhv hphujh ehwzhhq wkh wzr dssolfdwlrqv/
zklfk vhhp wr vxjjhvw wkdw dsso|lqj d Krwhoolqj0w|sh dssurdfk wr srolwlfdo
frpshwlwlrq doorzv wr uhdfk qhz dqg gl�huhqw uhvxowv zlwk uhvshfw wr wkh
ruljlqdo LR olwhudwxuh1

Vxssrvh wkdw wzr �upv r�hu wkh vdph surgxfw exw frqvxphuv* xwlolw|
ghshqgv dovr rq dgglwlrqdo whupv � zklfk duh vshfl�f wr hdfk frqvxphu zlwk
uhvshfw wr hdfk surgxfw/ dqg qrw revhuyhg e| �upv1 Pruh suhflvho|/ dvvxph
wkdw wkh xwlolw| ri frqvxphu l sxufkdvlqj surgxfw k lv X�

�
@ d � s� . ��

�
1

Wr pdlqwdlq wkh sdudooho zlwk rxu hohfwrudo frpshwlwlrq prgho/ ohw I +{, eh
wkh frqwlqxrxv dqg v|pphwulf glvwulexwlrq lq wkh gl�huhqfh ri wkh whupv
��
�
� �&

�
zlwk I +3, @ 4@51 Lq wklv fdvh/ wkh h{shfwhg ghpdqg iru surgxfw

k lv LI+s& � s�, zkhuh L lv wkh qxpehu ri frqvxphuv1 Khqfh/ hyhq zlwk
lghqwlfdo surgxfwv/ wkh h{shfwhg ghpdqg iru hdfk surgxfw zloo eh vprrwk/
vlqfh e| uhgxflqj wkh sulfh d �up zloo h{shfw wr jdlq rqo| d iudfwlrq ri
frqvxphuv/ zkrvh gl�huhqfh lq wkh � whupv lv orzhu wkdq wkh gl�huhqfh lq
sulfhv1 Wkhq/ dvvxplqj }hur pdujlqdo frvwv/ wkh sur�wv duh s�LI +s& � s�,/
dqg lw lv hdv| wr fkhfn wkdw wkh Qdvk htxloleulxp lq sulfhv lv s� @ L@5I �+3,=
wkh pruh khwhurjhqhrxv wkh frqvxphuv* hydoxdwlrq/ wkh orzhu I �+3, dqg wkh
kljkhu wkh htxloleulxp sulfh1 Khqfh/ xqfhuwdlqw| rq wkh khwhurjhqhlw| ri
frqvxphuv lv vx�flhqw lq dq roljrsro| prgho wr uhod{ sulfh frpshwlwlrq/
dyrlglqj wkh Ehuwudqg uhvxow ri frpsohwh uhqwv glvvlsdwlrq1

Lq rxu suredelolvwlf yrwlqj prgho ri hohfwrudo frpshwlwlrq/ rq wkh frq0
wudu|/ srolwlfdo uhqwv duh frpsohwho| glvvlsdwhg hyhq li wkh fdqglgdwhv duh
xqfhuwdlq rq wkh yrwhuv* hydoxdwlrqv �1 Pruh suhflvho|/ wkh vshfl�f glvwul0
exwlrq I+�, ri wkh � whupv sod|v qr uroh lq htxloleulxp1 Wklv lv d vwulnlqj
gl�huhqfh ehwzhhq wkh wzr fodvvhv ri prghov1 Zkhq d fdqglgdwh frpshwhv
lq hohfwlrqv xqghu d pdmrulw| yrwlqj dqg zlqqhu0wdnhv0doo uxoh/ doo wkdw pdw0
whuv lv wr jdlq wkh pdmrulw| ri yrwhv1 Dq| v|pphwulf glvwulexwlrq I +{, zlwk
�qlwh yduldqfhb wudqvodwhv lq wkh vdph glvfrqwlqxrxv ixqfwlrq ri wkh sured0
elolw| ri zlqqlqj J� dv + 7,/ qr pdwwhu krz glvshuvhg lv wkh glvwulexwlrq lq
wkh gl�huhqfh ri wkh � whupv1 Doo wkdw pdwwhuv lq rxu lqvwlwxwlrqdo iudph0
zrun lv wr jdlq wkh ohdg rq wkh ulydo/ exw krz odujh lv wkh h{shfwhg pdujlq lv
luuhohydqw1 Lq d vhqvh/ wkh lqvwlwxwlrqdo vhw0xs wkdw fkdudfwhul}hv rxu prgho
uhsurgxfhv wkh vwdqgdug glvfrqwlqrxv sd|r� ixqfwlrq ri wkh Ehuwudqg w|sh
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ri frpshwlwlrq hyhq zkhq vrph ghjuhh ri khwhurjhqhlw| rffxuv�f1

Zh frqvlghu qrz wkh htxloleulxp rxwfrphv zkhq wkhuh h{lvwv d eldv lq
idyrxu ri d fdqglgdwh= zlwkrxw orvv ri jhqhudolw| ohw �� ? �& / l1h1 fhwhulv

sdulexv fdqglgdwh n lv suhihuuhg/ rq dyhudjh/ e| doo wkh yrwhuv1 Lq wkh iroorz0
lqj Ohppd zh vwdwh wkh qhfhvvdu| frqglwlrqv iru dq htxloleulxp= wkh| fdq
eh dssur{lpdwhg e| dq %doprvw rswlpdo% vwudwhj| sur�oh dw zklfk wkh fdq0
glgdwhv kdyh wkh vdph suredelolw| ri zlqqlqj ��1 Jlyhq wklv doorfdwlrq/ wkh
vwurqjhu fdqglgdwh zloo wkhq zlq wkh hohfwlrqv sursrvlqj d sodwirup voljkwo|
pruh idyrxudeoh wr wkh yrwhuv/ l1h1 lpsohphqwlqj d vwudwhj| sur�oh lq wkh
qhljkerukrrg ri wkh %doprvw rswlpdo% srlqw1

Ohppd 5 Zkhq �& A ��/ lq htxloleulxp fdqglgdwh k sodwirup lv lq wkh

qhljkerukrrg ri d srlqw zklfk ehorqjv wr wkh orfl U�
f
dqg J�

�*2 dqg fdqglgdwh

n sodwirup lv lq wkh qhljkerukrrg ri d srlqw lq wkh vhwv U&
k dqg J&

�*2/ zkhuh

U&
k lv gh�qhg e| wkh frqglwlrq U& @ zLw& � f+j&, @ �

Surri= Zkhq yrwhuv duh eldvhg lq idyrxu ri fdqglgdwh n/ n zlqv wkh
hohfwlrqv1 Zh dssur{lpdwh wkh htxloleulxp sodwirupv e| vwloo xvlqj wkh orfxv
J�
�*2= n zloo fkrrvh d sodwirup voljkwo| pruh idyrxudeoh wr wkh yrwhuv/ dqg zloo

zlq wkh hohfwlrqv1 Khqfh/ wkh htxloleulxp sodwirupv zloo eh lq d qhljkeru0
krrg ri wkh orfl J�

�*2> J
&
�*2> U

�
f
>U&

k1 Wkh Ehuwudqg w|sh frpshwlwlrq ehwzhhq
wkh fdqglgdwhv zloo gulyh wkh uhqwv grzq/ xqwlo wkh zhdnhu fdqglgdwh k lv ohiw
zlwk qr uhqwv1 Khqfh U� @ 31 Vlqfh fdqglgdwh n lv uhodwlyho| suhihuuhg e|
wkh yrwhuv/ kh fdq r�hu d ohvv idyrxudeoh sodwirup dqg vwloo zlq wkh hohfwlrqv1
Wklv sodwirup olhv lq d qhljkerukrrg ri wkh orfxv J&

�*21 Vlqfh k jdlqv qr

uhqwv dqg n*v sodwirup lv ohvv idyrxudeoh wr wkh yrwhuv/ U& @ � A 31 �
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Wkh qhfhvvdu| frqglwlrqv iru dq htxloleulxp lq wkh hohfwrudo jdph vxj0
jhvw wkdw wkh eldv lq idyrxu ri d fdqglgdwh doorzv klp wr jdlq srvlwlyh uhqwv1
Lq wkh iroorzlqj sursrvlwlrq zh fkdudfwhul}h wkh htxloleulxp sodwirupv/ gh0
vfulelqj wkh ihdwxuhv ri wkh srolf| sdudphwhuv lq wkh qhljkerukrrg ri zklfk
wkh zlqqlqj dqg orrvlqj hohfwrudo surjudpv duh ghvljqhg1

Sursrvlwlrq 6 Fdqglgdwh n lq htxloleulxp rewdlqv srvlwlyh uhqwv1 Wkh htxl0
oleulxp sodwirupv duh fkdudfwhulvhg e|=

l, U& @ � @ L+�& � ��, A 31
ll, w& @ w� . +�& � ��,@z>
lll, j� @ j&>
ly, Ld�+j�, @ f�+j�,>

Surri= Wkh dujxphqw xvhg lq wkh fdvh �� @ �& wr hvwdeolvk wkdw wkh
htxloleulxp sodwirup pxvw eh dw wkh wdqjhqf| srlqw ehwzhhq wkh U�

f
dqg wkh

J�
�*2 orfl vwloo krogv1 Pruhryhu/ dprqj wkh srolf| frpelqdwlrqv rq J& @ 4@5/

fdqglgdwh n zloo fkrrvh wkh rqh dvvrfldwhg zlwk wkh kljkhvw uhqwv �/ dw wkh
wdqjhqf| srlqw ehwzhhq J&

�*2 dqg U&
k1 Qrwlfh wkdw dorqj wkh J�

�*2 orfxv

j� @ d3�^d+j&, . z+w� � w&, . +�& � ��,` dqg dq htxlydohqw h{suhvvlrq iru
j& 1 Khqfh/ zh fdq zulwh wkh wdqjhqf| frqglwlrqv dv=

f�+j�, @ Ld�^d3�+d+j&, .z+w� � w&, . +�& � ��,,` +9,

iru fdqglgdwh k dqg

f�+j&, @ Ld�^d3�+d+j�,�z+w� � w&,� +�& � ��,,` +:,

iru fdqglgdwh n1 Qrz vxssrvh j� � j&1 Vlqfh f�� � 3/ f�+j�, � f�+j&,1 Khqfh

d�^d3�+d+j&,.z+w��w&,.+�&���,,` � d�^d3�+d+j�,�z+w��w&,�+�&���,,`
+;,

dqg/ ehlqj d�� ? 3/

d+j�, � d+j&, . 5+z+w� � w&, . +�& � ��,, +<,

Vlqfh lq htxloleulxp J� @ 4@5/

d+j�, @ d+j&, .z+w� � w&, . +�& � ��, +43,

Sxwwlqj wrjkhwkhu=
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z+w� � w&, . +�& � ��, � 3 +44,

wkdw lpsolhv j� � j&1 Khqfh/ wr dyrlg d frqwudglfwlrq j� @ j& dqg z+w� �
w&, . +�& � ��, @ 31 Dv d frqvhtxhqfh w� @ w& � +�& � ��,@z dqg f�+j�, @
Ld�^d3�+d+j�,,` @ Ld�+j�,/ l1h1 wkh wzr sodwirupv r�hu wkh sxeolf jrrg dw wkh
h�flhqw ohyho1 Ilqdoo|/ vxevwlwxwlqj lq U& @ zLw&�f+j&, iru wkh htxloleulxp
wd{ udwh dqg xvlqj j& @ j� zh jhw U& @ zL+w� . +�& � ��,@z, � f+j�, @
U� . L+�& � ��, @ � ehlqj U� @ 31 �

Yrwhu*v eldv doorzv wkh idyrxuhg fdqglgdwh wr jdlq uhqwv lq htxloleulxp1
Hyhq wkrxjk frpshwlwlrq lv lqwhqvh lq wklv hqylurqphqw/ uhqwv duh qrw frp0
sohwho| glvvlsdwhg/ gxh wr wkh fdqglgdwh*v dgydqwdjh zklfk fdqqrw eh holp0
lqdwhg= lq wklv vhqvh yrwhuv* eldv ghwhuplqhv wkh hphujhqfh ri %Ulfdugldq%
ru fodvvlfdo uhqwv1 Pruhryhu/ qrwlfh wkdw wkh htxloleulxp sodwirupv zkhq
�& A �� frqyhujh wr wkh rqhv zkhq yrwhuv* suhihuhqfhv duh xqeldvhg dv
�& $ ��1 Zlwk txdvl0olqhdu xwlolwlhv wkh h�flhqw surylvlrq ri wkh sxeolf
jrrg vwloo krogv dqg doo wkh uhqwv duh rewdlqhg wkurxjk dq lqfuhdvh lq wkh wd{
udwh= lw lv lq idfw frqyhqlhqw wr vhw wkh sxeolf jrrg dw wkh ohyho zklfk pd{0
lpl}hv vrfldo zhoiduh/ lqfuhdvlqj wkh vkduh ri vxusoxv dssursuldwhg wkurxjk
d kljkhu wd{ udwh1 Zh vkdoo frqvlghu odwhu rq zkhwkhu/ zlwk qrq vhsdudeoh
xwlolw|/ wkh glvwruwlrq lq wkh wd{ udwh jrhv dorqj zlwk d glvwruwlrq lq wkh
vxsso| ri wkh sxeolf jrrg1

Zh pryh qrz wr wkh fdvh zkhq fdqglgdwhv kdyh djjuhjdwh xqfhuwdlqw|1

e �L_i* WWG A�i U@?_�_@|it _L?<| LMtih�i |�i 4i@?

Lu |�i _�t|h�M�|�L?

Zh kdyh vhhq lq wkh suhylrxv vhfwlrq wkdw li wkh fdqglgdwhv nqrz wkh uhohydqw
sdudphwhuv ri wkh glvwulexwlrq ri yrwhuv* khwhurjhqhlw| 0 phdq dqg yduldqfh
lq rxu v|pphwulf vhwwlqj 0 hohfwrudo frpshwlwlrq lqgxfhv wkh glvshuvlrq ri
srolwlfdo uhqwv= srvlwlyh uhqwv duh suhvhuyhg rqo| li wkhuh h{lvwv d srvlwlyh eldv
lq idyrxu ri d fdqglgdwh1 Zh frqvlghu qrz wkh fdvh lq zklfk wkh fdqglgdwhv
gr qrw revhuyh wkh phdq +dqg phgldq, ri yrwhuv* glvwulexwlrq/ l1h1 d vlwxdwlrq
lq zklfk wkh fdqglgdwhv duh xqfhuwdlq rq wkh uhdol}dwlrq ri wkh � whupv1 Lq
wklv fdvh wkh suredelolw| ri zlqqlqj wkh hohfwlrqv lv qr orqjhu d glvfrqwlqxrxv
vwhs ixqfwlrq1

Pruh suhflvho|/ zh dvvxph wkdw zkloh wkh wzr whupv duh qrw revhuyhg/
wkh wzr fdqglgdwhv nqrz wkh glvwulexwlrq ri wkh gl�huhqfh �& � ��/ zklfk
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fdq eh lqwhusuhwhg dv wkh qhw eldv lq idyrxu ri fdqglgdwh n1 Ohw K+{, eh wkh
dvvrfldwhg fxpxodwlyh glvwulexwlrq ixqfwlrq= zh dvvxph lw wr eh v|pphwulf
durxqg }hur dqg frqwlqxrxv/ zlwk K+{, @ 4 � K+�{,/ frqyh{ iru { � 3
dqg frqfdyh iru { � 31 Pruhryhu/ zh dvvxph wkdw zkhq wkh glvwulexwlrq ri
�&��� lv pruh glvshuvhg/ wklv ixqfwlrq ehfrphv �dwwhu dw { @ 3/ d surshuw|
vkduhg e| prvw ri wkh v|pphwulf glvwulexwlrqv dv wkh qrupdo ru wkh orjlvwlf
ixqfwlrqv1 Khqfh wkh ghulydwlyh K �+3, lv qhjdwlyho| olqnhg wr wkh yduldqfh
ri wkh glvwulexwlrq/ dqg lq wkh olplw whqgv wr lq�qlw| dv wkh glvwulexwlrq
ehfrphv ghjhqhudwh1

Fdqglgdwhv nqrz wkdw k zloo zlq wkh hohfwlrqv li y+w�> j�,� y+w& > j&,, A
�& ���1 Krzhyhu/ vlqfh wkh odvw whupv duh qrw revhuyhg wkh| fdq rqo| dvvhv
wkh suredelolw| ri k zlqqlqj wkh hohfwlrqv/ J�/ dv=

J� @ K+y+w�> j�,� y+w&> j&,, +45,

Fdqglgdwh k xwlolw| lv wkhq/ dv ehiruh/ X� @ J�+Lzw� � f+j�,, @ J�U�/
exw lw lv qrz d vprrwk ixqfwlrq1 Ehiruh surfhhglqj zlwk wkh htxloleulxp
dqdo|vlv/ ohw xv gh�qh U @ zL � f+j�, dv wkh pd{lpxp vxusoxv wkdw d
fdqglgdwh fdq dssursuldwh zkhq r�hulqj wkh sxeolf jrrg dw wkh h�flhqw
ohyho dqg vhwwlqj d wd{ udwh w� @ 41

Wkh htxloleulxp lq wkh hohfwrudo jdph lv dqdo|}hg lq wkh iroorzlqj sursr0
vlwlrq1

Sursrvlwlrq 7 Wkh htxloleulxp uhqwv U� olh lq wkh lqwhuydo ^3>U`> wkh| duh

lqfuhdvlqj lq wkh yduldqfh ri wkh glvwulexwlrq ri yrwhuv* eldv/ dqg whqg wr }hur

dv wkh yduldqfh whqgv wr }hur1 Lq htxloleulxp wkh fdqglgdwhv r�hu lghqwlfdo

sodwirupv fkdudfwhul}hg e| wkh h�flhqw surylvlrq ri wkh sxeolf jrrg/ dqg zlq

wkh hohfwlrqv zlwk suredelolw| 4@51

Surri= Li wkh frqvwudlqw rq wkh wd{ udwh w� � 4 grhv qrw elqg/ wkh �uvw
rughu frqglwlrq iru d Qdvk htxloleulxp duh=

CX�

Cw�
@

CK

Cw�
U� .zLK @ �zK �U� . zLK @ 3 +46,

CX�

Cj�
@

CK

Cj�
U�
� f�K @ d�K �U�

� f�K @ 3 +47,

Dw d v|pphwulf htxloleulxp/ wkh iruphu lpsolhv U� @ L@5K �+3, zklfk lv
srvlwlyh dqg lqfuhdvhv dv wkh yduldqfh ri wkh glvwulexwlrq lqfuhdvhv/ uhgxflqj
K �+3,1 Vxevwlwxwlqj lq wkh odwwhu ghulydwlyh zh rewdlq K+3,+d�L � f�, @ 3
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zklfk lv wkh xvxdo Vdpxhovrq frqglwlrq iru wkh h�flhqw surylvlrq ri d sxeolf
jrrg1 Wkh vhfrqg sduwldo ghulydwlyhv duh=

C2X�

Cw�2
@ z2LD ? 3 +48,

C2X�

Cj�2
@ +d��L � f��,K . d�f�D ? 3 +49,

zkhuh D @ +K ��KL@K �
� 5LK �, ? 3 dqg wkh ghwhuplqdqw ri wkh Khvvldq

pdwul{ lv z2LD+d��L � f��,K A 31 Khqfh wkh vhfrqg rughu frqglwlrqv krog1
Zkhq wkh yduldqfh lqfuhdvhv pruh dqg pruh +dqg K �+3, idoov frqvhtxhqwo|/
zh uhdfk d srlqw dw zklfk U� @ U> wkh ihdvlelolw| frqvwudlqw rq wkh wd{
udwh ehfrphv elqglqj dqg wkh vdph fruqhu vroxwlrq rffxuv iru hyhq pruh
glvshuvhg glvwulexwlrqv1 �

Wkh lqwxlwlrq iru wkh uhvxow mxvw suryhg fdq eh h{sodlqhg dv iroorzv=
zkhq wkh eldv ehfrphv pruh glvshuvhg/ r�hulqj d sodwirup pdujlqdoo| pruh
idyrxudeoh wr wkh yrwhuv lqfuhdvhv rqo| voljkwo| wkh suredelolw| ri zlqqlqj/
zkloh lw uhgxfhv wkh uhqwv nhsw li hohfwhg= dv d uhvxow/ wkh lqfhqwlyh wr frpshwh
vwurqjo| zlwk wkh ulydo lv uhgxfhg/ dqg lq htxloleulxp wkh srolwlfdo uhqwv
lqfuhdvh1

Wklv uhvxow pd| vhhp vxusulvlqj/ vlqfh zh duh dvvxplqj wkdw wkh glvwul0
exwlrq lq yrwhuv* eldv �& � �� lv v|pphwulf durxqg }hur1 Wkdw phdqv wkdw
wkh fdqglgdwhv h{shfw d eldv lq idyrxu ri hlwkhu ri wkhp wr rffxu/ dffruglqj
wr wkh glvwulexwlrq K+�,1 Wkh fuxfldo srlqw lv wkdw zkloh d srvlwlyh ru qhj0
dwlyh eldv rffxu zlwk wkh vdph suredelolw|/ wkh| duh qrw htxlydohqw dqg gr
qrw fdqfho rxw lq whupv ri �qdo sd|r�v= zlwk d srvlwlyh eldv wkh fdqglgdwh
pd| zlq wkh hohfwlrqv hyhq zlwk d sodwirup hqwdlolqj srvlwlyh uhqwv/ zkloh
zlwk d qhjdwlyh uhdol}dwlrq kh orrvhv dqg jhwv qrwklqj1 Lq rwkhu zrugv/ wkh
h{shfwhg sd|r�v ri d fdqglgdwh ghshqg rqo| rq wkh srvlwlyh uhdol}dwlrqv ri
wkh eldv lq idyrxu ri klp1 D sodwirup ohvv idyrxudeoh wr wkh yrwhuv uhtxluhv d
kljkhu +srvlwlyh, eldv wr zlq wkh hohfwlrqv1 Vlqfh wkrvh +srvlwlyh, uhdol}dwlrqv
rffxu zlwk d kljkhu suredelolw| zkhq wkh glvwulexwlrq ri �& � �� ehfrphv
pruh glvshuvhg/ zkloh wkh fruuhvsrqglqj qhjdwlyh eldvhv sd| dozd|v }hur/ wkh
pdujlqdo lqfhqwlyh wr r�hu dq hohfwrudo sodwirup zlwk odujh srolwlfdo uhqwv
lqfuhdvhv1

Wkhuh lv d qdwxudo lqwhusuhwdwlrq ri fdqglgdwhv* xqfhuwdlqw| lq rxu prgho1
Fdqglgdwhv idfh d khwhurjhqhrxv hohfwrudwh dffruglqj wr wkh � whupv1 Li wkh|
revhuyh wkh �*v/ wkh| nqrz wkh phdq ri wklv glvwulexwlrq dqg duh deoh wr
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frpsxwh wkh sodwirup dvvrfldwhg zlwk J� @ 4@5/ l1h1 wkh phgldq sodwirup1
Li wkh �*v duh qrw revhuyhg/ wkh fdqglgdwhv grq*w nqrz wkh phdq ri wkh
yrwhuv* glvwulexwlrq/ l1h wkh| duh xqfhuwdlq rq zklfk lv wkh phgldq sodwirup1

Zh ihho wkdw wklv nlqg ri djjuhjdwh xqfhuwdlqw| lv txlwh qdwxudo dqg uhdolv0
wlf lq srolwlfdo frpshwlwlrq/ dqg pdnhv wkh uhvxow rewdlqhg udwkhu jhqhudo dqg
glvwxuelqj= hyhq dgrswlqj d frpshwlwlrq0lqgxflqj lqvwlwxwlrqdo iudphzrun/
dv d pdmrulw| soxv zlqqhu0wdnhv0doo uxoh/ zh duh xqdeoh wr rewdlq frpsohwh
uhqw glvvlsdwlrq zkhq wkhuh lv djjuhjdwh xqfhuwdlqw| rq yrwhuv* ehkdylrxu1

Zh kdyh frqvlghuhg vr idu d v|pphwulf glvwulexwlrq ri yrwhuv* eldv durxqg
}hur/ lpso|lqj wkdw qr fdqglgdwh kdv d qhw srvlwlyh dgydqwdjh lq h{shfwhg
whupv1 Lw lv lqwhuhvwlqj wr h{whqg wkh prgho wr wkh fdvh lq zklfk/ dowkrxjk
xqfhuwdlq derxqw wkh uhdo dwwlwxgh ri wkh hohfwrudwh/ wkh fdqglgdwhv h{shfw
rqh ri wkhp wr kdyh d ohdg lq wkh fdpsdlq1 Ohw { eh wkh qhw h{shfwhg
eldv iru fdqglgdwh k/ zklfk fdq eh srvlwlyh ru qhjdwlyh1 Wkhq/ k h{shfwv
wr zlq wkh hohfwlrqv li y+w�> j�,� y+w& > j&, . { � �& � ��1 Wkh glvwulexwlrq
ri �& � �� lv dvvxphg/ dv ehiruh/ wr eh v|ppwulfdoo| glvwulexwhg durxqg 3/
zlwk fxpxodwlyh glvwulexwlrq K+�,1 Wkh suredelolw| ri zlqqlqj wkh hohfwlrq
iru fdqglgdwh k lv wkhuhiruh

J� @ K+y+w�> j�,� y+w& > j&, . {, +4:,

Lq wkh iroorzlqj sursrvlwlrq zh hvwdeolvk wkh h{lvwhqfh dqg fkdudfwhul}h
wkh htxloleulxp lq fdvh ri dq h{shfwhg eldv lq idyrxu ri d fdqglgdwh1

Sursrvlwlrq 8 Zkhq wkhuh lv dq h{shfwhg eldv lq idyrxu ri rqh ri wkh fdq0

glgdwhv/ l1h1 { 9@ 3/ dq htxloleulxp h{lvwv surylghg wkdw wkh wzr sodwirup gr

qrw glyhujh wrr pxfk1 Wkh idyrxulwh fdqglgdwh fkrrvhv d sodwirup dvvrfldwhg

zlwk kljkhu uhqwv dqg zlqv wkh hohfwlrqv zlwk d kljkhu suredelolw|1

Surri= Zh �uvw fkdudfwhul}h wkh htxloleuld dqg wkhq pryh edfn wr
wkh lvvxh ri h{lvwhqfh1 Wkh htxloleulxp frqglwlrqv fdq eh rewdlqhg dv lq
wkh suhylrxv sursrvlwlrq1 Iurp wkh �uvw rughu frqglwlrqv zh rewdlq wkh
h{suhvvlrqv=

U� @
LK+y+w�> j�,� y+w&> j&, . {,

K �+y+w�> j�,� y+w& > j&, . {,
+4;,

K+�,+d�L � f�, @ 3 +4<,
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Wkh odwwhu htxdwlrq lpsolhv j� @ j& dw wkh h�flhqw ohyho1 Frqvlghu wkh fdvh
y+w�> j�,�y+w&> j&,.{ A y+w&> j&,> y+w�> j�,�{1 Lw lpphgldwho| iroorzv wkdw
J� A J&1 Pruhryhu/ vlqfh K+�, lv v|pphwulf/ K �+y+w�> j�,�y+w&> j&,.{, @
K �+y+w&> j&, � y+w�> j�, � {, dqg U� A U&1 Vlqfh j� @ j& / w� A w&1 Wkh
deryh lqhtxdolw| fdq eh uhzulwwhq dv w� ? w& . {@z> sxwwlqj wrjkhwkhu wkh
wzr uhvwulfwlrqv rq wkh wd{ udwh/ zh frqfoxgh wkdw { A 3/ l1h1 wkdw k lv wkh
idyrxulwh fdqglgdwh1 Khqfh/ zkhq { A 3/ U� A U& dqg J� A 4@51

Frqvlghu wkhq wkh lvvxh ri h{lvwhqfh1 Wkh vhfrqg rughu frqglwlrqv kdyh
wkh vdph jhqhudo h{suhvvlrq frqvlghuhg lq wkh suhylrxv sursrvlwlrq1 Exw qrz
wkh fdqglgdwh zlwk d qhjdwlyh h{shfwhg eldv r�huv d sodwirup lq wkh uhjlrq
zkhuh K lv frqyh{/ dqg wkhuhiruh K �� A 31 Vlqfh zh qhhg +K ��K@K �

�5K �, ?
3/ K �� fdqqrw eh wrr odujh/ l1h1 wkh wzr sodwirupv fdqqrw glyhujh wrr pxfk1
K �� ghshqgv rq wkh yduldqfh ri wkh glvwulexwlrq dqg rq wkh glyhujhqfh ri wkh
sodwirupv/ zklfk lv hqgrjhqrxv> khqfh/ zkhwkhu wkh vhfrqg rughu frqglwlrqv
duh phw ghshqgv rq wkh eldv { dqg rq wkh vshfl�f glvwulexwlrq K+�, �21 �

Wkh uhvxow rewdlqhg zlwk d srvlwlyh h{shfwhg eldv whoov xv wkdw jdlqlqj
wkh ohdg lq d fdpsdlq uhod{hv hyhq pruh hohfwrudo frpshwlwlrq1 Pruhryhu/
wklv uhvxow vxjjhvwv dq lqwhuhvwlqj h�hfw ri lqfxpehqf|= li wkh lqfxpehqw lv
pruh dssuhfldwhg/ rq dyhudjh/ e| wkh hohfwrudwh/ gxh iru lqvwdqfh wr d ehwwhu
nqrzohgjh/ kh kdv dq dgydqwdjh lq wkh fdpsdlq dqg zlqv wkh hohfwlrq zlwk
d kljkhu suredelolw| dqg kljkhu uhqwv1 Khqfh/ zh pljkw revhuyh d uhodwlyh
shuvlvwhqfh ri wkh srolwlfldqv dqg dq lqfuhdvlqj glvwruwlrq ri wkh srolflhv ryhu
wlph1

Vr idu zh kdyh rewdlqhg wkdw lq dq| htxloleulxp wkh sxeolf jrrg lv ri0
ihuhg dw wkh h�flhqw ohyho zklfk htxdwhv wkh vxp ri wkh pdujlqdo udwhv ri
vxevwlwxwlrq dqg wkh pdujlqdo frvw1 Wklv uhvxow ghshqgv hqwluho| rq wkh dv0
vxpswlrq ri txdvl0olqhdulw| ri yrwhuv* suhihuhqfhv1 Zh eulh�| frqvlghu li/
zlwk qrq vhsdudeoh xwlolw|/ dq lqfuhdvh lq wd{hv jrhv dorqj zlwk d glvwruwlrq
lq wkh surylvlrq ri wkh sxeolf jrrg1 Dvvxph wkdw y+|> j�, lv qr pruh vhsdud0
eoh lq sulydwh frqvxpswlrq | @ z+4� w�, dqg wkh sxeolf jrrg/ zlwk srvlwlyh
dqg ghfuhdvlqj pdujlqdo xwlolwlhv y+ dqg y}1 Wkh suredelolw| ri zlqqlqj wkh
hohfwlrq iru fdqglgdwh k iroorzv wkh xvxdo h{suhvvlrq1 Zh fdq qrz hdvlo|
suryh wkh iroorzlqj uhvxow1

�2W| U@? Mi t�L�? |�@|c �u MEu� �t @ *L}�t|�U _�t|h�M�|�L?c |�i tiUL?_ Lh_ih UL?_�|�L?t
@*�@)t �L*_c ��i� uLh @?) % @?_ uLh }��i? �@h�@?Uic |�i i^��*�Mh��4 �t @*�@)t @ttLU�@|i_ ��|�
@ _i}hii Lu _��ih}i?Ui UL?t�t|i?| ��|� |�i i �t|i?Ui Lu |�i i^��*�Mh��4� 5ii ThLTLt�|�L? H
uLh @ ThLLu�

49



Sursrvlwlrq 9 Zkhq yrwhuv* suhihuhqfhv duh qrw vhsdudeoh lq prqh| +sul0
ydwh frqvxpswlrq, dqg wkh sxeolf jrrg/ srvlwlyh srolwlfdo uhqwv duh dvvrfldwhg
zlwk ryhuwd{dwlrq dqg xqghusurylvlrq ri wkh sxeolf jrrg1

Surri= Iroorzlqj wkh olqhv ri wkh suhylrxv sursrvlwlrq*v surri/ iurp
wkh �uvw rughu frqglwlrqv lq d v|pphwulf htxloleulxp zh rewdlq

U� @
LK+3,

K �y+
+53,

Ly}@y+ @ f� +54,

Wkh vhfrqg frqglwlrq dozd|v krogv/ exw qrz wkh pdujlqdo xwlolw| ri prqh|
lv qr pruh frqvwdqw dqg wkh hphujhqfh ri uhqwv pd| fdxvh d glvwruwlrq lq
wkh vxsso| ri wkh sxeolf jrrg1 Zlwk srvlwlyh uhqwv zh kdyh d yduldwlrq lq
erwk wkh wd{ udwh dqg wkh vxsso| ri wkh sxeolf jrrg zlwk uhvshfw wr wkh
edodqfhg exgjhw ehqfkpdun1 Iluvw zh vkrz wkdw wkh dgmxvwphqwv lq w� dqg
j� pxvw eh lq rssrvlwh gluhfwlrqv1 Vxssrvh wkdw zlwk srvlwlyh uhqwv w� lq0
fuhdvhv/ uhgxflqj sulydwh frqvxpswlrq dqg lqfuhdvlqj wkh pdujlqdo xwlolw|
y+ > li dovr j� lqfuhdvhv/ wkh pdujlqdo frvw f� lv kljkhu dqg wkh pdujlqdo udwh
ri vxevwlwxwlrq pxvw lqfuhdvh dv zhoo1 Vlqfh wkh qxphudwru y+ lv kljkhu/ zh
qhhg dq hyhq odujhu lqfuhdvh lq y}/ zklfk lv frqvlvwhqw rqo| zlwk d idoo lq
j�/ d frqwudglfwlrq1 Dsso|lqj wkh vdph dujxphqw zh fdq vkrz dovr wkdw
d frqwhpsrudqhrxv idoo lq wkh wd{ udwh dqg wkh sxeolf jrrg lv lqfrqvlvwhqw
zlwk wkh htxloleulxp frqglwlrqv1 Zh duh ohiw zlwk wzr srvvleoh dgmxvwphqwv/
dq lqfuhdvh lq wkh wd{ udwh frxsohg zlwk d idoo lq j� ru wkh rssrvlwh= erwk
duh frqvlvwhqw zlwk wkh dujxphqw zh dssolhg deryh/ exw rqo| wkh iruphu fdvh
doorz wkh fdqglgdwh wr rewdlq kljkhu uhqwv lq htxloleulxp1 Khqfh/ zkhq sr0
olwlfdo uhqwv duh srvlwlyh lq htxloleulxp/ wkh| duh dvvrfldwhg zlwk dq lqfuhdvh
lq wd{hv dqg d frqwudfwlrq lq wkh sxeolf jrrg vxssolhg1 �

Wkh sursrvlwlrq mxvw suryhg doorzv wr hydoxdwh doo wkh frqvhtxhqfhv ri
lpshuihfw hohfwrudo frpshwlwlrq gxh wr fdqglgdwhv* lpshuihfw lqirupdwlrq=
srvlwlyh uhqwv dulvh lq htxloleulxp wkurxjk dq lqfuhdvh lq wd{dwlrq dqg d
frqwudfwlrq lq wkh sxeolf jrrg surylghg1

D , |i?t�L?t

Rqfh glvfxvvhg rxu pdlq uhvxow/ zh h{soruh vrph h{whqvlrqv ri wkh prgho1
Iluvw/ zh dgg dq lghrorjlfdo yduldeoh lq wkh sodwirupv/ doorzlqj wkh fdq0
glgdwhv wr sduwldoo| lq�xhqfh dovr wkh lglrv|qfudwlf frpsrqhqw ri yrwhuv*
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suhihuhqfhv1 Wkhq zh frqvlghu wkh h�hfw rq htxloleulxp uhqwv ri dq lqfuhdvh
lq wkh qxphu ri fdqglgdwhv1 Ilqdoo|/ zh gurs wkh dvvxpswlrq ri shuihfw frp0
plwphqw wr wkh dqqrxfhg sodwirupv/ dqdo|}lqj d vhfrqg vrxufh ri srolwlfdo
uhqwv/ dvvrfldwhg zlwk h{0srvw prudo kd}dug ri wkh hohfwhg fdqglgdwh1

D�� W_iL*L}�U@* T*@|uLh4t

Lq wkh edvlf prgho/ wkh sursrvhg sodwirupv lq�xhqfh doo wkh yrwhuv lq wkh
vdph zd| wkurxjk wkh frpprq frpsrqhqw y+w�> j�,1 Wkh ryhudoo xwlolw|
gl�huv dfurvv yrwhuv wkurxjk wkh whupv ��

�
. ��/ exw wklv khwhurjhqhrxv hi0

ihfw fdq qrw eh lq�xhqfhg e| wkh fdqglgdwh dqg lv h{rjhqhrxv zlwk uhvshfw
wr wkh srolf| yduldeohv1 Dv d frqvhtxhqfh/ dowkrxjk xqfhuwdlqw| lv fuxfldo
lq wkh zrunlqj ri hohfwrudo frpshwlwlrq/ wkh xqrevhuyhg frpsrqhqw lv frp0
sohwho| rxw ri wkh frqwuro ri wkh fdqglgdwhv1 Lq wklv vhfwlrq zh uhpryh wklv
dvvxpswlrq/ h{sorulqj wkh fdvh lq zklfk fdqglgdwhv duh deoh wr fkrrvh wkh
gl�huhqwldwhg h�hfwv ri wkhlu sodwirupv dfurvv yrwhuv1

Lq rughu wr pdlqwdlq wkh prgho dv vlplodu dv srvvleoh wr wkh ehqfkpdun
fdvh/ zh dvvxph wkdw wkh frpsrqhqw ��

�
lv uhihuuhg wr dq lghrorjlfdo glphq0

vlrq/ ryhu zklfk wkh fdqglgdwhv fdq wdnh d srvlwlrq1 Khqfh/ d sodwirup lv
qrz d wulsoh +w�> j�> {�,/ zkdw zh fdoo dq lghrorjlfdo sodwirup1

Ohw l 5 ? eh wkh vshfwuxp ri lghrorjlfdo srvlwlrqv ri wkh hohfwrudwh/ zlwk
frqwlqxrxv fxpxodwlyh glvwulexwlrq I+�, v|pphwulf durxqg 3/ dqg {� � 3 �
{& wkh lghrorjlfdo srvlwlrqv wdnhq e| wkh wzr fdqglgdwhv1 Qrwlfh wkdw wkh
phgldq yrwhu ryhu wkh lghrorjlfdo glphqvlrq lv orfdwhg dw l @ 31 Yrwhu l*v
xwlolw| dvvrfldwhg wr fdqglgdwh k*v sodwirup lv=

X�

�
@ y+w�> j�,.��

� +l�{�,2 @ z+4� w�,.d+j�,.��
� +l�{�,2 @ +55,

zkhuh wkh txdgudwlf h{suhvvlrq fruuhvsrqgv wr dq lqfuhdvlqj pdujlqdo glvx0
wlolw| ri yrwlqj d fdqglgdwh idu iurp wkh lghrorjlfdo srvlwlrqv ri wkh yrwhu1 Lw
lv hdv| wr vhh wkdw/ jlyhq wkh sodwirupv ri wkh fdqglgdwhv dqg wkh uhdol}dwlrqv
ri wkh �*v/ wkh h{shfwhg yrwh vkduh ri fdqglgdwh k/ zklfk lqfoxghv doo wkh
yrwhuv wr wkh ohiw ri wkh pdujlqdo yrwhu al/ lv=

�� @ I +al, @ I

#
y+w�> j�,� y+w&> j&, . �� � �& . {&2 � {�2

5+{& � {�,

$
+56,

Zkhq wkh fdqglgdwhv gr qrw revhuyh wkh uhdol}dwlrq ri wkh �*v/ wkh h{shfwhg
yrwh vkduh ehfrphv d udqgrp yduldeoh/ h{dfwo| dv lq wkh prgho douhdg|
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dqdo|}hg/ dqg wkh vdph krogv wuxh iru wkh suredelolw| ri zlqqlqj wkh hohfwlrq
J�=

J� @ K+y+w�> j�,� y+w&> j&, . {&2 � {�2, +57,

Qrwlfh wkdw wkh suredelolw| ri zlqqlqj lqfuhdvhv/ iru jlyhq sodwirup/ dv wkh
fdqglgdwh pryhv wrzdug wkh phgldq yrwhu l @ 31 Pruhryhu/ wkh prgho zlwk
lghrorjlfdo sodwirupv lv vlplodu wr wkh dv|pphwulf eldv fdvh frqvlghuhg lq wkh
suhylrxv vhfwlrq/ dowkrxjk qrz wkh eldv fdq eh lq�xhqfhg e| wkh fdqglgdwhv1
Zh fdq vwdwh d suholplqdu| uhvxow zklfk looxvwudwhv wkh h�hfwv ri fdqglgdwhv*
lghrorjlfdo srvlwlrqlqj1

Ohppd : Fdqglgdwhv* glyhujhqfh {&2 � {�2 ryhu wkh lghrorjlfdo vshfwuxp

lv luuhohydqw lq htxloleulxp li wkh| r�hu v|pphwulf sodwirupv/ l1h1 li m {� m@m
{& m1

Surri= Lw lpphgldwo| iroorzv iurp wkh lqvshfwlrq ri J�1 �

Zh �qg khuh dqrwkhu wlph d uhohydqw gl�huhqfh ehwzhhq d srolf| jdph
dqg dq dqdorjrxv prgho uhihuuhg wr surgxfw gl�huhqwldwlrq1 Li �upv r�hu gli0
ihuhqw ydulhwlhv/ wkh prelolw| ri frqvxphuv ghfuhdvhv zkhq wkh ghjuhh ri gli0
ihuhqwldwlrq lv kljkhu/ hyhq zlwk v|pphwulf %orfdwlrqv%/ dqg wkh htxloleulxp
sulfhv jr xs1 Lq d srolf| jdph/ rq wkh frqwudu|/ gl�huhqw ghjuhhv ri v|p0
phwulf %orfdwlrqv% ryhu wkh lghrorjlfdo vshfwuxp/ dowkrxjk uhgxflqj yrwhuv*
prelolw|/ jlyh ulvh wr wkh vdph htxloleuld/ fruuhvsrqglqj wr wkh rqh dqdol}hg
lq wkh suhylrxv vhfwlrq zkhuh lghrorj| zdv qrw sduw ri wkh sodwirupv1 Wkh
lqwxlwlrq ri wklv uhvxow fdq eh irxqg lq wkh idfw wkdw/ zlwk pdmrulw| yrwlqj
dqg zlqqhu0wdnhv0doo/ wkh pdjqlwxgh ri wkh pdujlqdo lqfuhdvh lq yrwhv lq0
gxfhg e| d pruh idyrxudeoh sodwirup/ zklfk lv lq�xhqfhg e| wkh lghrorjlfdo
gl�huhqwldwlrq ri wkh fdqglgdwhv/ sod|v qr uroh1

Lq rughu wr vlpsoli| rxu dqdo|vlv/ dqg wr r�hu dq h{dpsoh lq zklfk wkh
htxloleulxp dozd|v h{lvwv/ zh fkrrvh d vshfl�f irup iru wkh ixqfwlrq K+�,= li
wkh �*v iroorz wkh grxeoh h{srqhqwldo glvwulexwlrq/ wkh glvwulexwlrq ri �&���

lv orjlvwlf=

J� @ K+�, @
h{s++d+j�,� zw� � {�2,@�,

h{s++d+j�,� zw� � {�2,@�, . h{s+d+j&,� zw& � {&2,@�,
+58,

zkhuh � lv d sdudphwhu srvlylwho| fruuhodwhg zlwk wkh yduldqfh ri wkh glvwul0
exwlrq1 Qrwlfh wkdw CK@Cw� @ +K+4�K,@�,Cy@Cw� dqg vlplodu h{suhvvlrqv
krog iru j�1
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Wkh fdqglgdwhv gh�qh wkhlu hohfwrudo sodwirup lq d wzr vwdjh vhtxhqfh/
zklfk lv lqwhqghg wr fdswxuh wkh lghd wkdw fkrrvlqj dq lghrorjlfdo fkdudf0
whul}dwlrq lv d orqj whup ghflvlrq gl�fxow wr prgli|/ zkloh ghvljqlqj wkh wd{
udwh dqg wkh vxsso| ri wkh sxeolf jrrg lv pruh frqwlqjhqw dqg vkruw whup
lq qdwxuh1 Khqfh/ wkh wlplqj ri wkh jdph lv prgl�hg dv iroorzv1 Dw w @ 3
Qdwxuh gudzv wkh l*v dqg �*v/ zklfk duh revhuyhg e| wkh yrwhuv exw qrw e|
wkh fdqglgdwhv> Dw w @ 4 wkh wzr fdqglgdwhv vlpxowdqhrxvo| vshfli| wkhlu
lghrorjlfdo srvlwlrq {� dqg {& 1 Dw w @ 5/ rqfh revhuyhg wkh {*v/ wkh fdqgl0
gdwhv vhw wkh wd{ udwh dqg wkh vxsso| ri wkh sxeolf jrrg1 Ilqdoo|/ wkh yrwhuv
fdvw wkhlu yrwh jlyhq wkh fdqglgdwhv* hohfwrudo sodwirupv1 Wkh fdqglgdwh zkr
rewdlqv wkh pdmrulw| ri yrwhv lv hohfwhg dqg klv sodwirup lv uhdol}hg1

Zh fdq qrz frqvlghu wkh vxejdph shuihfw htxloleulxp lq wkh jdph zlwk
lghrorjlfdo sodwirupv1

Sursrvlwlrq ; Lq htxloleulxp erwk fdqglgdwhv frqyhujh wr wkh lghrorjlfdo

srvlwlrq ri wkh phgldq yrwhu1 Wkh srolwlfdo uhqwv duh lghqwlfdo wr wkrvh re0

wdlqhg lq Sursrvlwlrq 71

Surri= Frqvlghu �uvw wkh Qdvk htxloleuld lq wkh vxejdphv lghqwl�hg
e| d sdlu ri lghrorjlfdo srvlwlrqv1 Gh�qh { @ {& � {�1 Wkhq zh fdq dsso|
doo wkh uhvxowv suryhg lq Sursrvlwlrq 8 wr wkh suhvhqw fdvh1 Pruhryhu/ zkhq
K+�, lv d orjlvwlf/ wkh vhfrqg sduwldov �� duh=

C2X�

Cw�2
@ �Kz2L@� ? 3

C2X�

Cj�2
@ �K+f��

� d��L . d�f�@�, ? 3

C2X�

Cj�Cw�
@ �Kzd�L@� ? 3

zklfk hqvxuh wkdw wkh vhfrqg rughu frqglwlrqv dozd|v krog1 Zh nqrz iurp
Sursrvlwlrq 8 wkdw wkh fdqglgdwh zlwk d srvlwlyh eldv rewdlqv kljkhu uhqwv
dqg d kljkhu suredelolw| ri zlqqlqj lq htxloleulxp1 Lq rxu prgho/ d srvlwlyh
eldv fdq eh rewdlqhg prylqj wrzdug wkh phgldq yrwhu l @ 31 Khqfh/ lq
wkh �uvw vwdjh jdph erwk fdqglgdwhv frqyhujh wr wklv phgldq lghrorjlfdo
srvlwlrq1 �

��+i4i4Mih |�@| M � ' ME�3M�*> @?_ |�@| -� ' U>*E�3M��
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Lq wklv vhfwlrq zh kdyh dqdo|}hg wkh fdvh lq zklfk wkh fdqglgdwhv* sodw0
irupv hqwdlo erwk dq lghrorjlfdo lvvxh ryhu zklfk wkh yrwhuv duh khwhurjh0
qhrxv/ dqg srolf| sdudphwhuv wkdw lq�xhqfh lq wkh vdph zd| doo wkh yrwhuv1
Zh kdyh vhhq wkdw hdfk fdqglgdwh �qgv lw frqyhqlhqw wr fkrrvh d pruh fhq0
wudo lghrorjlfdo srvlwlrq zklfk sohdvhv d pdmrulw| ri yrwhuv> wkh h{shfwhg ohdg
wkdw lv jdlqhg doorzv wr rewdlq kljkhu uhqwv lq htxloleulxp1 Khqfh/ wkh wzr
glphqvlrqv ri wkh sodwirup duh frpsohphqwdu| rqh wr hdfk rwkhu1 Dowkrxjk
dq lqwhudfwlrq rffxuv ehwzhhq lghrorjlfdo srvlwlrqlqj dqg uhqw h{wudfwlrq/
wkh htxloleulxp doorfdwlrq uhsolfdwhv wkh rxwfrphv wkdw fdq eh rewdlqhg vhs0
dudwho| lq d prgho zlwk qr srolwlfdo uhqwv +frqyhujhqfh wr wkh phgldq yrwhu,
ru lq d prgho zlwk qr lghrorjlfdo lvvxh +srvlwlyh uhqwv,1

Lw lv lpsruwdqw wr vwuhvv wkdw wkh lghrorjlfdo fkdudfwhul}dwlrq lv qrw fkrvhq
lq rughu wr vhjphqw wkh hohfwrudwh dqg wr uhgxfh wkh prelolw| ri d vxevhw
ri yrwhuv/ wkdw zrxog uhtxluh wkh wzr fdqglgdwhv wr glyhujh1 Lqvwhdg/ wkh
sodwirupv duh ghvljqhg zlwk wkh dlp ri jdlqlqj dq h{shfwhg ohdg lq wkh
hohfwrudwh ryhu wkh ulydo/ wkdw fdq eh rewdlqhg prylqj wrzdugv wkh fhqwhu1

Ilqdoo|/ lw lv zruwk qrwlqj wkdw wkh lghrorjlfdo fkrlfh ri wkh fdqglgdwh
lqwurgxfhv lq wkh jdph d uhglwulexwlyh lvvxh/ vlqfh e| srvlwlrqlqj d fdqglgdwh
lv deoh wr lqfuhdvh wkh xwlolw| ri vrph yrwhu zkloh pdnlqj rwkhuv zruvh r�1 Lq
rxu h{dpsoh/ wkhuhiruh/ wkh frq�lfw ri lqwhuhvw ehwzhhq wkh hohfwrudwh dqg wkh
srolwlfldqv +srolwlfdo uhqwv,/ dqg wkdw dprqj yrwhuv +lghrorjlfdo srvlwlrqlqj,
lqwhudfw1

D�2 ,*iU|Lh@* UL4Ti|�|�L? @4L?} ? U@?_�_@|it

D srvvleoh zd| wr uhgxfh srolwlfdo uhqwv pljkw eh wr hqkdqfh frpshwlwlrq
lq wkh srolwlfdo duhqd e| lqfuhdvlqj wkh qxpehu ri fdqglgdwhv= vlqfh xq0
fhuwdlqw| uhod{hv wkh Ehuwudqg0w|sh frpshwlwlrq/ zh zdqw wr fkhfn zkhwkhu
lqfuhdvlqj frpshwlwlrq e| hqodujlqj wkh qxpehu ri frpshwlwruv pljkw vroyh
rxu sureohp1

Xqghu wkh vdph yrwlqj uxoh dv ehiruh/ q fdqglgdwhv sursrvh d sodwirup>
wkh fdqglgdwh zkr rewdlqv wkh uhodwlyh pdmrulw| ri yrwhv zlqv wkh r�fh
dqg uhdol}hv wkh sursrvhg srolf|/ nhhslqj wkh srolwlfdo uhqwv dffruglqj wr klv
hohfwrudo sodwirup1 Fdqglgdwh k zloo zlq wkh hohfwlrqv li y+w�> j�,�y+w� > j�, A
��
��� iru m @ 4> ==> q> m 9@ k1 Vlqfh fdqglgdwhv gr qrw revhuyh wkh uhdol}dwlrqv

ri wkh �v exw nqrz rqo| wkh glvwulexwlrq ri wkhlu gl�huhqfh/ zklfk lv qrz
q� 4 glphqvlrqdo/ wkh suredelolw| wkdw k zlqv wkh hohfwlrq lv=
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Su+�� � �� � y+w�> j�,� y+w�> j�,> ===> �? � �� � y+w�> j�,� y+w?> j?,, @ J�

+59,
Zh jhqhudol}h wkh dvvxpswlrqv xvhg lq wkh wzr fdqglgdwh fdvh e| uhtxlu0
lqj wkh glvwulexwlrq K+y+w�> j�, � y+w�> j�,> ===> y+w�> j�, � y+w?> j?,, wr eh
frqwlqxrxv/ v|pphwulf dqg gl�huhqwldeoh> pruhryhu C2K@Cy2 A +?,3 li
K+�, ? +A,4@5 iru hdfk fdqglgdwh k1 Vlqfh v|pphwulf sodwirupv zloo rf0
fxu lq htxloleulxp/ zh kdyh wr fduhixoo| frqvlghu wkh surshuwlhv ri K+3> ===> 3,
ru/ lq vkruw/ K+3,1 Iluvw/ zh dvvxph wkdw wkh glvwulexwlrq ri fdqglgdwhv*
eldv uhpdlqv v|pphwulf/ zlwk qr lqfxpehqf| h�hfw/ lpso|lqj K+3, @ 4@q
�e1 Lw frphv rxw wkdw lq htxloleulxp wkh fuxfldo surshuw| ri wkh ixqfwlrqK+�,
lv wkh ehkdylrxu ri K+3,@CK+3,@Cy� @ 4@+qCK+3,@Cy�,1 Li wkh pdujlqdo
suredelolw| ri zlqqlqj ghfuhdvhv lq q ohvv udslgo| wkdq K+3, grhv/ wkh udwlr
deryh ghfuhdvhv dv wkh qxpehu ri fdqglgdwhv lqfuhdvhv1 Lqwxlwlyho|/ li wkh
glvwulexwlrq lv vxfk wkdw wkh ghqvlw| lv uhodwlyho| frqfhqwudwhg dqg kdv olwwoh
zhljkw lq wkh wdlov/ wkh idoo lq wkh pdujlqdo suredelolw| lv vorzhu wkdq wkdw
lq wkh suredelolw| lwvhoi1 Zh fdq qrz hdvlo| suryh wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq < Zkhq q fdqglgdwhv frpshwh lq wkh hohfwlrq/ wkh htxloleulxp

uhqwv idoo lq q li K+3,@CK+3,@Cy� ghfuhdvhv lq q1 Li olp?<" K+3,@CK+3,@Cy� @
3 wkh srolwlfdo uhqwv duh frpsohwho| glvvlsdwhg lq wkh olplw1

Surri= Frqvlghu wkh �uvw rughu frqglwlrqv dw d v|pphwulf doorfdwlrq=

CX�
Cw�

@
CK+3,

Cy�
y�

Cw�
U� . zLK+3, @ �

CK+3,

Cy�
zU� .zLK+3, @ 3 +5:,

CX�
Cj�

@
CK+3,

Cy�
y�

Cj�
U�

� f�K+3, @
CK+3,

Cy�
d�U�

� f�K+3, @ 3 +5;,

zh kdyh wkhuhiruh

U� @
LK+3,

CK+3,Cy�
+5<,

zklfk ghshqgv rq wkh ehkdylrxu ri K+3,@CK+3,@Cy�> vxevwlwxwlqj U�/ lq
wkh vhfrqg htxdwlrq/ Ld� @ f� zklfk lghqwl�hv wkh h�flhqw surylvlrq ri wkh
sxeolf jrrg1 Wkh vhfrqg rughu frqglwlrqv fdq eh fkhfnhg lq wkh vdph zd|

�e, @4T*it Lu |��t u�?U|�L? @hi |�i 4�*|�?L4�@* *L}�| @?_ ThLM�|c LM|@�?i_ ��i? |�i

�?_���_�@* q<t @hi _�t|h�M�|i_ @UULh_�?} |L |�i _L�M*i i TL?i?|�@* Lh ?Lh4@* _�t|h�M�|�L?�
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dv lq wkh suhylrxv sursrvlwlrq1 Li K+3,@CK+3,@Cy� jrhv wr }hur lq wkh olplw/
uhqwv duh frpsohwho| glvvlsdwhg lq wkh olplw/ zkloh li wkdw udwlr whqgv wr d
frqvwdqw/ srvlwlyh uhqwv duh nhsw hyhq zkhq lq�qlwh fdqglgdwhv frpshwh1 �

Wkh sursrvlwlrq deryh vxjjhvwv wkdw/ ghshqglqj rq wkh ihdwxuhv ri wkh
glvwulexwlrq K+�,/ lqfuhdvlqj wkh qxpehu ri fdqglgdwhv pd| uhgxfh/ dqg lq
wkh olplw frpsohwho| glvvlsdwh/ srolwlfdo uhqwv1 Iru lqvwdqfh/ li wkh lqglylgxdo
�*v duh qrupdoo| glvwulexwhg/ wkh suredelolw| ri zlqqlqj iroorzv wkh surelw
prgho dqgK+3,@CK+3,@Cy� ghfuhdvhv lq q dqg jrhv wr }hur lq wkh olplw/ lp0
so|lqj frpsohwh uhqw glvvlsdwlrq1 Rq wkh frqwudu|/ li wkh �*v duh glvwulexwhg
dffruglqj wr wkh grxeoh h{srqhqwldo glvwulexwlrq/ K+�, iroorzv wkh pxowlqr0
pldo orjlw dqg K+3,@CK+3,@Cy� idoov dv q lqfuhdvhv exw whqgv wr d frqvwdqw
zklfk lv srvlwlyho| uhodwhg wr wkh yduldqfh lq wkh glvwulexwlrq/ l1h1 wkh pruh
glvshuvhg lv wkh glvwulexwlrq ri wkh eldvhv/ wkh kljkhu wkh uhqwv hyhq lq wkh
olplw�D1

Wkh lqwxlwlrq ri wkh uhvxow deryh fdq eh jlyhq dorqj wkh iroorzlqj olqhv1
Frqvlghulqj wkh �uvw rughu frqglwlrqv dw d v|pphwulf htxloleulxp/ wzr h�hfwv
duh dw zrun= r�hulqj d srolf| ohvv idyrxudeoh wr yrwhuv uhgxfhv wkh sured0
elolw| ri vxffhvv iru jlyhq uhqwv dqg lqfuhdvhv wkh uhqwv iru jlyhq suredelolw|1
Wkh pdjqlwxgh ri wkh �uvw h�hfw ghshqgv rq CK+3,@Cy� zkloh wkdw ri wkh
vhfrqg ghshqgv rq K+3,1 Li wklv odwwhu whup idoov pruh wkdq wkh iruphu dv
q lqfuhdvhv/ wkh lqfhqwlyhv wr r�hu d sodwirup dvvrfldwhg zlwk kljk uhqwv duh
uhgxfhg1 Li wkh uhodwlyh h�hfwv rq wkh wzr whupv frqwlqxhv lq wkh olplw/ frp0
sohwh glvshuvlrq rffxuv> rwkhuzlvh/ wkh wzr h�hfwv edodqfh rxw lq wkh olplw
dqg srvlwlyh uhqwv shuvlvw1

Zh zrxog olnh wr frqfoxgh wklv vhfwlrq vxjjhvwlqj wkdw/ li wkhuh duh hqwu|
frvwv wr sduwlflsdwh lq dq hohfwrudo fdpsdlq/ wkh ghfolqlqj sdwwhuq ri srolwlfdo
uhqwv mxvw vkrzq r�huv d srvvleoh zd| ri ghwhuplqlqj wkh dfwxdo qxpehu ri
fdqglgdwhv wkurxjk d frqglwlrq ri }hur qhw h{shfwhg uhqwv1

D�� A�i ?L�UL44�|4i?| U@ti

Vr idu zh kdyh pdlqwdlqhg wkh dvvxpswlrq wkdw wkh fdqglgdwhv duh deoh
wr frpplw wr wkh sursrvhg srolf| rqfh hohfwhg1 Wklv dvvxpswlrq/ zklfk
lv xvxdoo| grqh lq wkh olwhudwxuh rq yrwlqj jdphv/ doorzv wr frqfhqwudwh
wkh dqdo|vlv rq wkh vwdjh ri hohfwrudo frpshwlwlrq1 Krzhyhu/ dv srlqwhg
rxw dw �uvw e| Ihuhmrkq +4<;9,/ lw fdqqrw eh wdnhq wrr vhulrxvo|/ vlqfh lw lv
gl�fxow wr lpdjlqh zklfk ghylfh frxog eh xvhg wr rewdlq vxfk d frpplwphqw1
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Rqfh dedqgrqhg wklv dvvxpswlrq/ wkhuh duh pdq| gl�huhqw zd|v lq zklfk
fdqglgdwhv* lpshuihfw frpplwphqw fdq eh dqdo|}hg1

Ihuhmrkq +4<;9, dvvxphv wkdw yrwhuv edvh wkhlu ehkdylrxu/ dqg lq sdu0
wlfxodu wkhlu uh0hohfwlrq ghflvlrq/ orrnlqj dw wkh shuirupdqfh ri wkh hohfwhg
srolwlfldq/ zlwk qr frqfhuq rq hohfwrudo surplvhv= wkh yrwhuv vhw d wkuhvkrog
ohyho ri xwlolw|> li wkh srolwlfldq lq r�fh jxdudqwhhv dw ohdvw wkdw xwlolw|/ wkh|
uh0hohfw klp/ rwkhuzlvh wkh| sdwurql}h wkh fkdoohqjhu1 Ihuhmrkq*v dssurdfk
kdv vwulnlqj frqvhtxhqfhv rq wkh zd| zh orrn dw wkh lqwhudfwlrq ehwzhhq yrw0
huv dqg srolwlfldqv= hohfwrudo frpshwlwlrq dqg sodwirupv duh luuhohydqw/ dqg
srolwlfdo uhqwv duh xqltxho| ghwhuplqhg e| wkh lqfhqwlyh frpsdwlelolw| frq0
vwudlqw ri wkh srolwlfldq/ zklfk kdv wr eh lqgxfhg wr jxdudqwhh wkh uhvhuydwlrq
xwlolw| ri wkh yrwhuv udwkhu wkdq h{sorlw wkhp uhqrxflqj wr eh uh0hohfwhg1

Dowkrxjk Ihuhmrkq +4<;9, frqwulexwlrq lv h{wuhpho| lpsruwdqw/ zh ihho
wkdw klv dssurdfk jrhv wrr idu dw wkh rssrvlwh h{wuhph zlwk uhvshfw wr wkh
shuihfw frpplwphqw fdvh1 Lq wklv odwwhu/ wkh fdqglgdwhv fdq ixoo| frpplw
wr wkh surplvhg sodwirupv/ dqg h{0srvw prudo kd}dug lv luuhohydqw1 Lq wkh
iruphu/ yrwhuv duh deoh wr shuihfwo| frpplw wr d wkuhvkrog uh0hohfwlrq uxoh/
dqg h{0dqwh hohfwrudo frpshwlwlrq ehfrphv luuhohydqw1 Rxu ihholqj/ rq wkh
frqwudu|/ lv wkdw erwk hohfwrudo fdpsdlqlqj dqg h{0srvw prudo kd}dug duh
lpsruwdqw slhfhv ri wkh vwru|1 D ixoo wuhdwhphqw ri wklv lvvxh lv eh|rqg wkh
dlp ri wklv sdshu dqg lv ohiw wr ixwxuh uhvhdufk1 Lq wklv vhfwlrq zh zdqw vlpso|
wr h{soruh dqrwkhu zd| ri prgholqj yrwhuv* ehkdylrxu wkdw pd| doorz wr jlyh
d uroh wr erwk prudo kd}dug dqg hohfwrudo frpshwlwlrq lq wkh ghwhuplqdwlrq
ri srolwlfdo uhqwv1

Zh dvvxph wkdw wkh yrwhuv h{shfw wkh fdqglgdwhv wr lpsohphqw wkh
srsrvhg srolf| rqfh lq r�fh rqo| li lw lv frqyhqlhqw wr wkhp/ jlyhq yrw0
huv* ehkdylrxu= yrwhuv* qhyhu yrwh�S iru d fdqglgdwh zklfk kdv fkhdwhg lq
sdvw hohfwlrqv ru wkdw lv h{shfwhg wr fkhdw rqfh lq r�fh1 Li wkh sursrvhg
sodwirup jxdudqwhhv wr fdqglgdwh k d ohyho ri xwlolw| orzhu wkdq d wkuhvkrog
aU +wkdw zloo eh lghqwl�hg ehorz, wkh yrwhuv h{shfw wkdw wkh fdqglgdwh zloo
qrw lpsohphqw wkh sodwirup/ fkrrvlqj lqvwhdg wr h{sorlw klv srvlwlrq lp0
sohphqwlqj d ohvv idyrxudeoh srolf|1 Li wkh sodwirup jlyhv k uhqwv deryh aU/
yrwhuv h{shfw vxfk d srolf| wr eh lpsohphqwhg dqg yrwh iru k li wkh xwlolw|
dvvrfldwhg wr wkh ulydo*v sodwirup lv orzhu/ dv frqvlghuhg lq wkh frpplwphqw
fdvh�.1
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Lw lv qrz hdv| wr �qg wkh wkuhvkrog ohyho ri uhqwv aU1 Frqvlghu lq�qlwho|
olylqj djhqwv dqg ohw Y U

�
eh wkh ydoxh ri wkh jdph li fdqglgdwh k lpsohphqwv

wkh srolf| rqfh lq r�fh1 Lw lv Y U

�
@ U� . +�@q,Y U

�
/ zkhuh � lv wkh glvfrxqw

idfwru dqg 4@q wkh htxloleulxp suredelolw| ri zlqqlqj wkh qh{w hohfwlrq1 Li
fdqglgdwh k/ rqfh lq r�fh/ ghflghv wr h{sorlw wkh yrwhuv dqg uhqrxfhv wr
eh uh0hohfwhg/ wkh ydoxh ri wkh jdph zkhq fkhdwlqj lv Y �

�
@ �U1 �U/ zklfk

lv d sdudphwhu lq rxu dqdo|vlv lv wkh kljkhvw ohyho ri uhqwv doorzhg e| wkh
glvfuhwlrqdu| srzhu ri wkh srolwlfldq lq r�fh1 Lw lv zruwk qrwlqj wkdw wklv
whup lv uhodwhg wr wkh frqvwudlqwv wkdw wkh lqvwlwxwlrqdo vhwwlqj lpsrvhv rq
wkh srzhu ri wkh hohfwhg srolwlfldq/ dqg wkhuhiruh rq wkh fkhfnv dqg edodqfhv
wkdw fdq olplwdwh klv delolw| wr h{sorlw wkh yrwhuv�H

Wkh hohfwhg fdqglgdwh zloo fkrrvh wr lpsohphqw klv sodwirup li Y U

�
� Y �

�
/

ru

U� �
q� �

q
�U @ aU +63,

Vlqfh qr yrwhu zrxog yrwh iru d fdqglgdwh r�hulqj d sodwirup zlwk uhqwv
orzhu wkdq aU/ fdqglgdwh k xwlolw| lv X� @ U�J� li U� � aU dqg 3 rwkhuzlvh1
Zh fdq qrz hdvlo| suryh wkh iroorzlqj uhvxow1

Sursrvlwlrq 43 Zkhq fdqglgdwhv fdqqrw frpplw wr wkh sursrvhg sodwirup/

xqghu wkh yrwlqj uxoh ghvfulehg deryh wkh srolwlfdo uhqwv duh pd{iU�> aUj1
Zkhq wkh qxpehu ri fdqglgdwhv lqfuhdvhv wkh srolwlfdo uhqwv pd| lqlwldoo|

ghfuhdvh exw wkhq lqfuhdvh djdlq xs wr �U lq wkh olplw1

Surri= Vxssrvh wkdw wkh htxloleulxp uhqwv lghqwl�hg lq wkh frpplw0
phqw fdvh duh kljkhu wkdq aU= lq wklv fdvh wkh h{0srvw lqfhqwlyh frpsdwlelolw|
frqvwudlqw grhv qrw elqg dqg wkh hohfwhg fdqglgdwh �qgv lw frqyhqlhqw wr uh0
dol}h wkh surplvhg srolf| dqg frpshwh lq wkh qh{w hohfwlrq1 Li U� ? aU wkh
htxloleulxp vwudwhj| lv jlyhq e| wkh fruqhu vroxwlrq aU1 Zh nqrz iurp wkh
suhylrxv sursrvlwlrq wkdw U� lv ghfuhdvlqj lq q> pruhryhu/ aU lv lqfuhdvlqj
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lq q dqg whqgv wr �U dv q whqgv wr lq�qlw|1 Khqfh/ wkhuh h{lvw vrph qxpehu

aq � 5 vxfk wkdw wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv vwduwv elqglqj1 �

Wkh uhvxow vwdwhg deryh whoov xv wkdw/ zkloh wkh frqvhtxhqfhv ri lpshu0

ihfw hohfwrudo frpshwlwlrq ehfrph ploghu zkhq wkh qxpehu ri fdqglgdwhv
lqfuhdvhv/ wkh h{0srvw frqvwudlqwv qhhghg wr suhyhqw fdqglgdwhv* prudo kd}0

dug ehfrph pruh dqg pruh ghpdqglqj1 Zlwk pruh qxphurxv frpshwlqj
fdqglgdwhv/ lq idfw/ wkh suredelolw| ri ehlqj hohfwhg idoov hyhq zkhq wkh dq0
qrxqfhg sodwirup kdv ehhq lpsohphqwhg gxulqj wkh r�fh1 Wkh lqfhqwlyhv

wr fkhdw/ wkhuhiruh/ ehfrph vwurqjhu dqg vwurqjhu1 Dv d frqvhtxhqfh/ dq lq0
fuhdvh lq wkh qxpehu ri fdqglgdwhv fdqqrw ghwhuplqh d idoo lq srolwlfdo uhqwv

dv lq wkh ixoo frpplwphqw fdvh1

S �L?U*�_�?} hi4@h!t

Zh kdyh dqdo|vhg krz hohfwrudo frpshwlwlrq frqvwudlqwv wkh delolw| ri fdqgl0

gdwhv wr jdlq srolwlfdo uhqwv1 Zh kdyh vkrzq wkdw frpsohwh uhqw glvvlsdwlrq
fdq rffxu hyhq zkhq fdqglgdwhv grq*w revhuyh shuihfwo| yrwhuv* suhihuhqfhv

dqg ehkdylrxu/ dv orqj dv wkh| nqrz wkh phdq ri yrwhuv* khwhurjhqhlw| glv0
wulexwlrq1 Lq wklv fdvh wkh fdqglgdwhv duh deoh wr uhfrqvwuxfw zklfk lv wkh

phgldq sodwirup/ dqg frpshwlwlrq lv Ehuwudqg0w|sh1 Li krzhyhu wkhuh lv
djjuhjdwh xqfhuwdlqw|/ l1h1 wkh phdq ri wkh glvwulexwlrq ri yrwhuv* khwhur0

jhqhlw| lv qrw revhuyhg dqg wkh phgldq sodwirup lv qrw nqrzq/ frpshwlwlrq
lv uhod{hg hyhq xqghu d pdmrulw| yrwlqj dqg zlqqhu0wdnhv0doo uxoh1 Lq wklv

fdvh/ zklfk vhhpv txlwh uhdolvwlf/ hohfwrudo frpshwlwlrq lv qrw deoh wr lqgxfh
uhqw glvvlsdwlrq1

Vlqfh Grzqv* vhplqdo frqwulexwlrq/ prghov ri hohfwrudo frpshwlwlrq duh

urrwhg lq wkh Krwhoolqj wudglwlrq ri vsdwldo frpshwlwlrq2surgxfw gl�huhqwld0
wlrq1 Krzhyhu/ zh kdyh irxqg d pdmru gl�huhqfh ehwzhhq wkhvh wzr sdudooho

sureohpv1 Lq d suredelolvwlf prgho ri surgxfw gl�huhqwldwlrq/ wkh h{lvwhqfh
ri frqvxphuv* khwhurjhqlw| shu vh/ hyhq zkhq wkh phdq ri wkhlu glvwulexwlrq

lv nqrzq/ lv vx�flhqw wr rewdlq srvlwlyh sur�wv lq htxloleulxp/ zklfk lqfuhdvh
lq frqvxphuv* glvshuvlrq durxqg wkh phdq1 Wklv suredelolvwlf prgho fdq eh

uhsolfdwhg lq wkh pruh wudglwlrqdo dgguhvv dssurdfk/ lq zklfk frqvxphuv*
khwhurjhqhlw| fruuhvsrqgv wr d glvwulexwlrq ri %dgguhvvhv% ru lghdo yhuvlrqv

ri wkh surgxfw lq wkh vsdfh ri ydulhwlhv> lq wklv iudphzrun/ lw lv zhoo nqrzq
wkdw wkh �upv whqg wr r�hu gl�huhqwldwhg surgxfwv wr uhod{ sulfh frpshwlwlrq
dqg rewdlq kljkhu sur�wv1

Lq rxu suredelolvwlf yrwlqj prgho/ yrwhuv* khwhurjhqlw| shu vh grhv qrw
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sod| dq| uroh lq htxloleulxp xqghu d pdmrulw| yrwlqj dqg zlqqhu0wdnhv0doo
uxoh> lw lv wkh xqfhuwdlqw| rq wkh phdq ri wklv glvwulexwlrq/ zkdw zh gh0
�qhg djjuhjdwh xqfhuwdlqw|/ wkdw fdq uhod{ hohfwrudo frpshwlwlrq dqg doorzv
srvlwlyh uhqwv1 Khqfh/ hyhq li wkh fdqglgdwhv fdq r�hu glyhujlqj sodwirupv/
iru lqvwdqfh e| dgglqj dq lghrorjlfdo glphqvlrq wr wkhlu srolf|/ wkh| �qg lw
frqyhqlhqw wr frqyhujh wr wkh phgldq yrwhu lq wkh dwwhpsw wr jdlq d ohdg lq
wkh fdpsdlq1

Ilqdoo|/ zh kdyh vkrzq wkdw xqghu fhuwdlq frqglwlrqv rq wkh glvwulexwlrq
ri yrwhuv* khwhurjhqhlw|/ lqfuhdvlqj wkh qxpehu ri fdqglgdwhv pd| uhgxfh
srolwlfdo uhqwv1 Krzhyhu/ dedqgrqlqj wkh ixoo frpplwphqw dvvxpswlrq dqg
frqvlghulqj wkh h{0srvw lqfhqwlyhv wr suhyhqw fdqglgdwhv* prudo kd}dug rqfh
lq r�fh/ dq lqfuhdvh lq wkh qxpehu ri fdqglgdwhv whqgv wr lqfuhdvh srolwlfdo
uhqwv1
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