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Abstract

This paper introduces underground activities and tax evasion into a one sector dynamic general equi-
librium model with external effects. The model presents a novel mechanism driving the self-fulfilling
prophecies, which is triggered by the reallocation of resources to the underground sector to avoid the
excess tax burden. This mechanism differs from the customary one, and it is complementary to it. In
addition, the explicit introduction of an (even tiny) underground sector allows to reduce aggregate degree
of increasing returns required for indeterminacy, and for having well behaved input demand schedules (in
the sense they slope down).
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1 Introduction

Self-fulfilling beliefs due to aggregate production externalities are a viable hypothesis to explain economic

fluctuations (see e.g. Farmer and Guo [8]; Benhabib and Farmer [3]; Farmer [9]). This class of one-sector

models, however, is affected by several undesirable features: e.g. a “too high” degree of aggregate increasing

returns to scale for having indeterminacy, and an upward sloping labor demand schedule.1

∗We are grateful to Torben M. Andersen, John B. Donaldson, Marco Maffezzoli, Luca Stanca, Claus Vastrup for many con-
versations and to the participants at Seminars at University of Aarhus, University of Rome “La Sapienza”, at the III Workshop on
Macroeconomic Dynamics at Bocconi University, at XIII Annual Symposium of the Society of Non Linear Dynamics and Econo-
metrics at City University, London, and at the XLV Conference of the Italian Economic Association for comments on earlier drafts
of the paper. Of course all errors are ours. Enrico Marchettigratefully acknowledges the financial support of University of Rome “La
Sapienza” and MIUR.

†Corresponding Author. Department of Economics, School of Economics and Management, Building 322, University of Aarhus,
DK-8000 Aarhus C. Phone: +45 8942 1507; Fax: +45 8613 6334; Email: fbusato@econ.au.dk.

‡Department of Economics, University of Naples Parthenope,Naples, Italy.
§Department of Public Economics, University of Rome “La Sapienza”, Rome, Italy.
1Specifically, this class of one sector models requires returns to scale greater that 1.6, while recent estimates suggestthat the

United States economy returns to scale are no larger than 1.2(see, among the others, Basu and Fernald [2], Sbordone [19],Jimenez
and Marchetti [14]).
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The literature proposes several solutions to overcome thisdifficulty: Wen [23] introduce endogenous

variable capacity utilization of capital stock and/or labor hoarding, Benhabib and Farmer [4] use a multi-sector

economy, Guo and Lansing [12] bring in capital maintenance,and Perli [17] explicitly introduces household

production. The general spirit behind these contributionsis to add at least one additional dimension to the

baseline model.

This paper introduces underground activities and tax evasion into a one sector dynamic general equilib-

rium model with external effects, and shows that these phenomena are a possible source of local indeterminacy

of the equilibrium path.2

We presents a one-sector dynamic general equilibrium modelin which there are three agents: firms,

households and a government; furthermore, there is one homogeneous consumption good and three production

factors: regular labor, underground labor, and a capital stock. Government levies income taxes on regularly

produced income flows, and labor taxes on regular labor services, and balances its budget (in expected terms)

for each period. Firms and households, being subject to distortionary taxation, use the underground labor

input to evade taxes. Government faces tax evasion originating from the underground sector, and coordinates

strategy to address abusive tax evasion schemes.3

The model presents a novel mechanism driving the self-fulfilling prophecies, which is triggered by the

reallocation of resources to the underground sector to avoid the excess tax burden. This mechanism differs

from the customary one, and it is complementary to it. It turns out that prophecies of a higher expected in-

come, triggered by a sunspot shock, are self fulfilled through a resource reallocation toward the underground

labor services, which allows to evade taxes, and therefore to have additional resources (the tax wedge) for

satisfying the higher desired consumption profile. In addition, the explicit introduction of distortionary taxa-

tion combined with these phenomena into a one-sector general equilibrium model allows to reduce aggregate

degree of increasing returns required for indeterminacy, and for having well behaved demand schedules for

production inputs (in the sense that slope down).

The model is calibrated for the United States economy, wherethe size of underground economy ranges

2There is no universal agreement on what defines the underground economy. Most recent studies use one of more of the following
definitions: (a) unrecorded economy (failing to fully or properly record economic activity, such as hiring workers off-the-book);
(b) unreported economy (legal activity meant to evade the tax code); (c) illegal economy (trading in illegal goods and services).
Obviously, the difficulty in defining the sector extends to the estimation of its size. We are concerned with the size of theunderground
economy as encompassing activities which are otherwise legal but go unreported or unrecorded.

3Violations of the Internal Revenue Service Codes may resultin civil penalties and/or criminal prosecution, which we model as a
surcharge factor over customary tax rates (more details to come).
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between 5 percent of GNP (Tanzi, [21]) and 9 percent of GDP (Schenider and Enste, [20]; Paglin [16]). Even

though these figures are below the OECD countries average (17percent, according to Schneider and Enste

[20]), they still represent a significant amount of resources absconded from tax collection.4 Notice, more

importantly, that even a tiny underground sector matters for inducing local indeterminacy of the equilibrium

path; and the United States underground sector’s size is above this threshold.

The paper is organized as follows. Section 2 details the model; Section 3 presents the topological proper-

ties of stationary state, discusses conditions for indeterminacy and describes the theoretical mechanism. Next

Section 4, presents the model’s implication for the overalllevel of returns to scale and Section 5 checks the

results’ robustness through a sensitivity analysis. Finally Section 6 concludes, while proofs and derivations

are included in the Appendix.

2 The Model

2.1 Firms

Assume that there exist a continuum of firms, uniformly distributed over the unit interval. Production tech-

nology for the homogenous good uses three inputs: physical capital, regular labor services, and underground

labor services. The production function of firmj ∈ [0, 1] reads:

y
j
t = At(k

j
t )
α(njM,t)

1−α−ρ(njU,t)
ρ, α, ρ ∈ ]0, 1[ , (1)

wherekjt denotes capital stock,njM,t is regular labor andnjU,t represents underground labor, and the quantity

At is an aggregate production externality (defined below).5 Production function follows a “moonlighting

production scheme”, where underground labor services use the same capital stock that is used by regular

labor.6 We could imagine, for example, that the same firm produces in the regular economy by day, and in the

4Shadow, informal or underground activities are a fact in many countries, and there are significant indications that thisphenomenon
is large and increasing. Schneiner and Enste [20] show that the estimated average size of the underground sector (as a percentage of
total GDP) over 1996-97 in developing countries is 39 percent, in transition countries 23 percent, and in OECD countriesabout 17
percent.

5The model implicitly assumes that firms always use some underground labor services. In this regards this model applies to
economy where there exist at least one firm hiring at least oneworker on the underground labor market. We think, however, that this
is still a general formulation, because it would be difficultto find economies without any form of tax evasion. In addition, official GDP
estimates incorporate an estimate of the contribution produced by underground sector. This is a useful information forparameterizing
the model (more details to come).

6Bajada [1] defines moonlighting as failure to report income from a second job; or profit-businesses that are paid in cash and do
not report this additional income i.e. hair dressers may report fewer clients than they really service; expenditures over–reporting to
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underground economy by night.

The aggregate production externalityAt is defined below:

At =
{

(Kα
t N

1−α−ρ
M,t

}η

︸ ︷︷ ︸
Marshallian Ext.

{
N
ρ
U,t

}ζ

︸ ︷︷ ︸
Underground Labor Ext.

ζ, η ≥ 0, ζ ≷ η, (2)

where capital letters denote aggregate quantities (in a perfect foresight symmetric equilibrium; details be-

low).7 We distinguish between the “regular” externality
{
(Kα

t N
1−α−ρ
M,t

}η
that is related to the well known

Marshallian effect, and the underground labor input specific external effect
{
N
ρ
U,t

}ζ
.8 Once we allow for

labor heterogeneity at the firm and individuals’ level, it isa natural to do the same at the aggregate one.9

Section 4.2 discusses in more details how to pin down values for η andζ.

As firms are homogeneous, overall level of output for a given (and equal for all firms) level of inputs

utilization is given by:

Yt = At

∫

j

{
(kjt )

α(njM,t)
1−α−ρ(njU,t)

ρ
}
dj = K

α(1+η)
t N

(1−α−ρ)(1+η)
M,t N

ρ(1+ζ)
U,t .

Increasing returns to scale are a pure aggregate phenomenon(as equation (1) suggests), and returns to

scale are constant at the firms’ level, as each firm takesKt, NM,t andNU,t as given for allt = 1, 2, ..., T, ....

Firms try to evade taxes on labor services, by allocating labor demand to underground labor market. Firms,

however, may be detected evading, with probabilityp ∈ (0, 1), and forced to pay the statutory tax rates on

labor (τN ), increased by a surcharge factor,s > 1, applied to the standard tax rate.10

decrease the amount of taxable income; the failure to reportinterest earnings and barter; and the exchange of goods and services for
each other. Cowell [7] offers additional details.

7The aggregate value of a variablezj is defined as:Z =
R 1

0
(zj)dj.

8In the standard one-sector model with aggregate increasingreturns, the externality is specified as

At =
�
K
α
t N

1−α
t

	η
while our model explicitly distinguishes between externality associated to the economy regular side, with those generated in the
underground. It represents a input-specific external effect. It differs from a sector-specific externality because ourmodel has just one
homogenous good, which is produced, however, with multiplelabor inputs.

9The characteristics of irregular labor are different form those of the regular one, giving place to a different aggregate impact of
the former. Notice, moreover, that this formulation adds generality to the analysis: whenη = ζ and there are neither tax evasion nor
distortionary taxation, the model reduces to Farmer and Guo’s one.

10The model implicitly assumes that firms always try to evade taxes by reallocating some labor demand to the underground labor.
It is a consequence of the production technology: in order tohave nonzero production,Nj

U,t must be positive in equilibrium. In other
words, this model would not be suited to study and economy without tax evasion, unless we imposeρ = 0. But in this case, the model
would reduce to a standard one sector economy without labor market segmentation, which is one of the distinctive characteristics of
our contribution.

4



When a firm isnot detectedevading (with probability1 − p), its profit are denoted withπjND,t.
11 If de-

tectedevading (with probabilityp), we denote firm’s profits asπjD,t; both are defined below, after normalizing

the the output price to unity:

π
j
t → Detected

(∼p)
π

j
D,t = y

j
t − (1 + τN )wM,tn

j
M,t − (1 + sτN )wU,tn

j
U,t − rtk

j
t

ց

Not Detected
∼(1−p)

π
j
ND,t = y

j
t − (1 + τN )wM,tn

j
M,t − wU,tn

j
U,t − rtk

j
t ,

wherewM,t andwU,t denote the regular and the underground sector wages,rt is capital remuneration rate.

Finally, expected profit are computed by taking linear projection, i.e.Eπjt = (1 − p)πjND,t + pπ
j
D,t:

Eπ
j
t = y

j
t − (1 + τN )wM,tn

j
M,t − (1 + psτN)wU,tn

j
U,t − rtk

j
t , (3)

whereE denotes an expectation operator.

Here the parameters > 1 represents the surcharge on the statutory tax rate that a firm, detected employing

workers in the underground labor market, must pay.

As markets are competitive, firm’s behavior is described by the first order conditions for the (expected)

profit maximization, with respect tokjt , n
j
M,t andnjU,t :






∂y
j
t (At)

∂k
j
t

= rt

∂y
j
t (At)

∂n
j
M,t

= (1 + τN )wM,t

∂y
j
t (At)

∂n
j
U,t

= (1 + spτN)wU,t






. (4)

Concavity of the production function (recall that firms takeAt as a constant) ensures the existence of a

unique solution.

11We assume that the probability being detected is exogenous;this assumption is meant to reflect the fact the actual probability
to be controlled by the Internal Revenue Service is exogenous, because it follows a random extraction process. From a theoretical
perspective, however, it would be interesting endogenize this probability. A natural way would be to assume that is depends on the
evasion rate and/or on the amount of taxes evaded, for example. We leave, however, these developments to future investigation.
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2.2 Households

Suppose that there exist a continuum of households, uniformly distributed over the unit interval. Theh−th

household’s preference are represented by the following momentary utility function:

Vht = log(cht ) −B0

(nhM,t + nhU,t)
1+ξ

1 + ξ
−B1

(nhU,t)
1+ψ

1 + ψ
, B0, B1 ≥ 0,

wherecht denotes household’s consumption flow,nhM,t andnhU,t denote regular and underground labor sup-

plies; the quantityB0
(nhM,t+n

h
U,t)

1+ξ

1+ξ , represents the overall disutility of working, while the last term,B1
(nhU,t)

1+ψ

1+ψ ,

reflects the idiosyncratic cost of working in the underground labor market. Specifically, this cost may be asso-

ciated with the lack of any social and health insurance in theunderground sector. Finally, the parametersξ and

ψ represent the inverse labor supply elasticities of aggregate and underground labor supplies, respectively.

The representative household evades income taxes by reallocating labor services from regular to under-

ground labor markets. Underground-produced income flowswU,tn
h
U,t are, therefore, not subject to distor-

tionary income tax rateτY , as the budget constraint below suggests:12

cht + kht+1 = (1 − τY ) (wM,tn
h
M,t + rtk

h
t ) + wUn

h
U,t + (1 − δ)kht , (5)

wherekht+1 is next period capital stock, andδ denotes a quarterly capital stock depreciation rate.

Imposing a constant subjective discount rate0 < β < 1, and definingµht as the costate variable, the

representative households maximizes the LagrangianLh0

max
{cht ,nhM,t,n

h
U,t
,kht+1}

∞

t=0

Lh0 = E0

∞∑

t=0

βtVht +

+E0

∞∑

t=0

µht

{
(1 − τY )

(
wM,tn

h
M,t + rtk

h
t

)
+ wUn

h
U,t − kht+1 + (1 − δ)kht

}
,

subject to the budget constraint (5). Optimal households’ choice is characterized by the following first order

conditions:
12Tax rateτY is not a legitimate income tax, because part of produced income is not taxed. Specifically, it is an income tax applies

to declared income flows. In addition, a value added tax wouldbe part of an optimal tax policy in the presence of underground
activities (although this tax also can be evaded). We abstract, however, from this tax and we leave it for further investigations.

6








βt(cht )
−1 = µht

βtB0(n
h
M,t + nhU,t)

ξ = µht (1 − τY )wM,t

βtB0(n
h
M,t + nhU,t)

ξ + βtB1(n
h
U,t)

ψ = µhtwU,t

Et
{
µht+1 [(1 − δ) + (1 − τY ) rt+1]

}
= µht

lim
T→∞

E0µ
h
Tk

h
T = 0.






(6)

2.3 Government

The government budget reads

τY (wM,tNM,t + rtKt) + spτNwU,tNU,t + τNwM,tNM,t = Gt, (7)

where the left hand side denotes expected government revenues that are allocated to aggregate government

expenditureGt, which is is assumed to be wasteful. Capital letters denote aggregate equilibrium quantities

(defined below). Government balances its budget in expectedterms since tax revenues collected from the

underground side corporate sector depend on the probability of being detectedp.

2.4 Perfect Foresight Equilibrium

We focus on a perfect foresight equilibrium in which households maximize utility and firms make zero profits.

In equilibrium the aggregate consistency requires thatyt = Yt, kt = Kt, nM,t = NM,t, nU,t = NU,t, ct =

Ct, where lower capital letters denote individual equilibrium quantities, and capital letters denote aggregate

equilibrium quantities13. As a result, the first order conditions characterizing the equilibrium are given by:

13Note that the aggregate resource constraint holds:Ct + It + Gt = Yt. Substitute first the expression ofGt from (7) into the
resource constraintCt + It +Gt = Yt ; then, by manipulating the resulting expression, the aggregate version of households’ budget
(5) obtains.
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B0(NM,t +NU,t)
ξ = (Ct)

−1(1 − τY )
(1 − α− ρ)

(1 + τN )

Yt

NM,t
(8)

B0(NM,t +NU,t)
ξ +B1(NU,t)

ψ = (Ct)
−1 ρ

1 + spτN

Yt

NU,t
(9)

(Ct+1)
−1

(
(1 − δ) + (1 − τY )α

Yt+1

Kt+1

)
= (Ct)

−1 (10)

Kt+1 =

(
(1 − τY )

(
(1 − α− ρ)

(1 + τN)
+ α

)
+ ρ

)
K
φ1
t N

φ2

M,tN
φ3

U,t + (1 − δ)Kt − Ct (11)

lim
t→∞

(Ct)
−1Kt = 0 (12)

whereYt = K
φ1
t N

φ2

M,tN
φ3

U,t, φ1 = α (1 + η), φ2 = (1 − α− ρ) (1 + η) andφ3 = (1 + ζ) ρ.

2.5 Stationary State

Proposition 1 shows that the model has a unique stationary state for capital stock, and unique values for

equilibrium regular and underground labor services. The stationary state quantities are derived under perfectly

elastic labor supply schedules (ξ = ψ = 0).14

Proposition 1 For ξ = ψ = 0 there exist a unique stationary capital stockK⋆ > 0, and a unique stationary

equilibrium for regular labor supplyN⋆

M > 0, and unique stationary ratio
(
NU
NM

)⋆

such that:

K⋆ ≃

(
(1 − τY )α

β−1 − 1 + δ

) 1
1−α(1+η)

(
1 + τN

1 + spτN

B0ρ (1 − α− ρ)−1

(B0 +B1) (1 − τY )

) ρ(1+ζ)
1−α(1+η) (

N
⋆

M

) (1−α)(1+η)
1−α(1+η)

;

N
⋆

M ≃
(1 − α− ρ)

B0

(
(1 − τY )

(
Ψ̄M + β−1−1+δ

1−τY

)
+ Ψ̄U − δ

)
(
β−1 − 1 + δ

α (1 + τN )

)
;

(
NU

NM

)⋆

=
B0ρ (1 − α− ρ)−1

(B0 +B1) (1 − τY )

1 + τN

1 + psτN
,

where(1−α−ρ)
(1+τN )

β−1−1+δ
(1−τY )α = ΨM and ρ

(1+spτN )
β−1−1+δ
(1−τY )α = ΨU .

Proof. see Appendix.

14This is a customary assumption, commonly accepted in this literature; see among the many Farmer and Guo [8]. It also allows
to find a closed form for the stationary state. Indeterminacyarises, however, forξ, ψ 6= 0, as well. It can be shown, in addition, that
the larger the aggregate increasing returns to scale, the larger is theξ, ψ parameter region where indeterminacy arises.
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The stationary equilibrium value for capital stock is derived under an approximation, which is necessary

in order to obtain a closed form forK⋆; it can be shown, however, that results would not be significantly

different if we derived its value numerically.

3 Topological Properties and an Original Theoretical Mechanism

3.1 Topological Properties

To study topological properties of the stationary state derived in Proposition 1, we arrange the system of

linearized equations so to obtain a planar dynamical systemin the state vector̂St =
(
K̂t; Ĉt

)
(hat-variables

denote percentage deviations from their steady state values):

EtŜt+1 = WŜt + ΩEt+1,

whereEt+1 is a2× 1 vector of one step ahead forecasting errors satisfyingEtEt+1 = 0 andΩ is a coefficient

matrix. Its first element̂Kt+1 − EtK̂t+1 equals zero, sinceKt+1 is known at periodt; denote the second

element withε̃c = Ĉt+1 − EtĈt+1.

We now introduce the following standard definition.

Definition 1 The stationary stateK⋆ is called locally indeterminate if there existsǫ > 0 such that from

anyK0 belonging to
(
K⋆ + ǫ,K⋆ − ǫ

)
there are infinitely many equilibrium paths converging to the steady

state.

Now, when the model has a unique equilibrium (i.e., one of theeigenvalues ofW lies outside the unit

circle), the optimal decision rule for consumption does notdepend on the forecasting error,ε̃c.15 If both

eigenvalues ofW lie inside the unit circle, however, the model is indeterminate in the sense that any value of

Ĉt is consistent with equilibrium given̂Kt. Hence, the forecasting errorε̃c can play a role in determining the

equilibrium level of consumption. Under indeterminacy thedecision rule for consumption at timet take the

special form

Ĉt = w21K̂t−1 + w22Ĉt−1 + ω2ε̃c,t,

15Specifically, in that casebCt can be solved forward under the expectation operatorEt to eliminate any forecasting errors associated
with future consumption. Then the optimal decision rules attime t depend only on the current capital stockbKt.
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wherew21 andw22 are the second row elements of the matricesW andΩ. The conditionEtε̃c,t+1 = 0 ensures

that rational agents do not make systematic mistakes in forecasting future based on current information. Since

ε̃c,t can reflect a purely extraneous shock, it can be interpreted as shock to autonomous consumption.

3.2 Conditions for Indeterminacy

Theorem1 derive necessary and Sufficient conditions for local indeterminacy of the equilibrium path (that is

for both eigenvalues of theW matrix lying inside the unit circle) under the assumption ofperfectly elastic

labor supply schedules (ξ = ψ = 0).16

Theorem 1 For ξ = ψ = 0 the model equilibrium is locally indeterminate when the following necessary

(NC) and sufficient (SC) conditions hold:

NC : β < (1 + η)

{(
1 − (1 − α− ρ)

τN

1 + τN

)
+ ρ

(
1

(1 − τY ) (1 + spτN )
− 1

)}

SC :
R

R− 1
< ρ (1 + ζ) + (1 − α− ρ) (1 + η) < max

{
1

β (1 − δ)
,

R

R− 1

}
,

where;R, andR are two quantities (defined in the appendix) such that1 < R < R.

Proof. see Appendix.

To present a neat economic interpretation it is convenient to rewrite the necessary condition in terms of

the steady state share of disposable income, and the sufficient conditions in terms of elasticities and cross-

elasticities of the demand schedules for capital, regular and underground labor with respect to the three pro-

duction inputs.

3.2.1 The Necessary Condition.

The necessary condition suggests that distortionary taxation and tax evasion, combined together, allow to

reduce the degree of increasing returns to scale (the parameter η) required for having indeterminacy.17 It is

here necessary to distinguish betweenτN andτY .

16See footnote 14.
17When there is no tax evasion (and therefore no underground labor: whenτN = τY = ρ = 0) the necessary conditions reduces to

β < (η + 1). The condition for indeterminacy in the standard Farmer andGuo model is 1
1−α

< 1+η, which is, however, a necessary
and sufficient condition. We would get it by combining together our necessary and sufficient conditions for no-evasion scenario.
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Taking τY as given, that the higher the probability of being detected evadingp (and/or the penalty sur-

charge factors), the more difficult becomes to allocate resources to the underground sector, and the smaller

the quantity
(

1
(1−τY )(1+spτN ) − 1

)
gets. Consider the extreme case where tax evaders are punished with an

infinitely large penalty (that iss → ∞). The NC reads:β < (1 + η)
{(

1 − (1 − α− ρ) τN
1+τN

)
− ρ
}

, sug-

gesting that parameter region for indeterminacy shrinks when tax evasion becomes extremely costly, and it

fails if labor taxes are too high (τN >
β−(1+η)(1−ρ)
α(1+η)−β , for example).18 Indeed, when tax evasion is extremely

costly/risky and when taxes are higher than a certain threshold, they “tax away” the externality, in the spirit

of Guo and Lansing [11].

The picture is different if we takeτN as given. An increase in income tax rateτY monotonically increases

the quantity
(

1
(1−τY )(1+spτN ) − 1

)
, easing, by this hand, the necessary condition. That happensbecause there

is no probability of being detected evading income taxation(on the households’ side). Therefore, the higher

income tax rate, the higher would be underground labor supply; in this sense, resources would be reallocated

toward an input that ensures a tax-free externality. In thiscase we cannot claim that higher income tax rates

tax away the externality.

In summary, this analysis suggests that underground economy and tax evasion can be considered as addi-

tional economic phenomena inducing local indeterminacy ofthe equilibrium path.

3.2.2 The Sufficient Condition

The sufficient conditions can be re-written in terms of the cross-elasticity of regular (underground) labor

demand with respect underground (regular) labor services (ε
bLDMbNU = ρ (1 + ζ) andε

bLDUbNM = (1 − α− ρ) (1 + η),

respectively).

R

R− 1
< ε

bLDMbNU + ε
bLDUbNM < max

{
1

β (1 − δ)
,

R

R− 1

}

This condition suggests that the labor demand schedules should have a sufficiently large response to

changes in equilibrium employment (that is the lower bound inequality R
R−1

< ε
bLDMbNU + ε

bLDUbNM ), but, at the

same time, that this response should not be too large (that isthe upper bound inequalityε
bLDMbNU + ε

bLDUbNM <

max
{

1
β(1−δ) ,

R
R−1

}
). This condition represents a building block of the theoretical mechanism described

18The NC condition fails whenβ > (1 + η)
n�

1 − (1 − α− ρ) τN

1+τN

�
− ρ

o
. This inequality can be recast in terms ofτN

obtainingτN >
β−(1−ρ)(1+η)
α(1+η)−β

. Notice, moreover, that the quantityβ−(1−ρ)(1+η)
α(1+η)−β

is quite small for reasonable parameters’ value.
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below (see Section 3.3).

To better appreciate the economic intuition behind this sufficient condition, then, it can be rewritten in

terms of elasticity of labor demand schedules to changes in capital stock (ε
bLDMbK andε

bLDUbK ); it yields:

ε
bLDMbK andε

bLDUbK >
sI

sI + sC

{
1 +

(1 − δ)(1 − β)

δ

(
ε
bLDMbNU + ε

bLDUbNM)} ,
suggesting that regular and underground labor demands should reacts more to changes in capital stocks rather

than changes in labor services,ceteris paribus. 19 In other words, the shifts of labor demands driven by

changes in capital stock should be “larger” than those driven by changes in labor services. Again, this result

is important for understanding model’s mechanism presented below.

3.3 The Theoretical Mechanism

The theoretical mechanism driving the economy under self-fulfilling beliefs differs from the customary one,

and this section describes it by focusing on the labor markets.

Suppose a sunspot shock hits the economy.20 Agents, then, formulate a conjecture on future income and

consumption, according to which they believe to be more wealthy. Hence, they would like to consume more

and - at the beginning - to work less. The household first orderconditions suggest that both labor supply

schedules would shift up (Figure 1).

Now comes the key difference compared with customary one sector model where labor demand slopes

upward. In our model both labor demand schedules are slopingdown for our parameterization, and therefore

the economy would begin plummeting into a recession.21 But, in a perfect foresight equilibrium agents are

aware that they could reduce their tax burden, increase their disposable income, and therefore could afford the

higher conjectured consumption, by allocating resources to the underground input. Notice that this is possible

only when the necessary condition is satisfied.22

19Technically speakingε
bLD

MbK and ε
bLD

UbK should be larger thanε
bLD

MbNU
+ ε

bLD
UbNM

, which is also reduced by quantitiessI

sI+sC
and

(1−δ)(1−β)
δ

.
20In a discrete time model like this, however, everything happens simultaneously, and the following description has justan ex-

planatory purpose.
21When labor demand schedule is upward sloping, as in the benchmark one sector model with indeterminacy, an upward shift of

labor supply schedules increases equilibrium labor services; this supports an increase in income flow, and generates anexpansion.
This would be consistent with the households’ conjectures,and would lead the economy into a self-fulfilled expansion.

22The necessary condition suggests that “distortionary taxation should not drain too much resourcesaway from the private sector,
in order to allow the latter to form self-fulfilling beliefs”.

12



6

-

6

-

�∆N̂U < 0

∆K̂ > 0

�∆N̂M < 0

∆K̂ > 0 --

k o

L̂SM (0)

L̂SM (1)

N̂M N̂U
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Figure 1: Theoretical Mechanism. Regular
(
LSM
)

and underground
(
LSU
)

labor supply schedules shift
upward (toLSM,S(1)) after a positive sunspot shock; economy would enter into a recession (∆NM < 0 and

∆NU < 0), as labor demandsLDM (0) andLDU (0) are negatively sloped. The cross-interaction between labor
markets would further strengthen the inward shifts of labordemands. But, in a perfect foresight equilibrium,
the labor input reallocation toward underground labor input would increase households’ disposable income,
who can consume and invest more. This triggers the capital accumulation (∆K > 0) that shifts out both labor
demand schedules toLDM (2) andLDU (2).
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The resource reallocation toward underground labor would then trigger an expansionary mechanism, be-

cause it increases returns to capital, regular wage, and therefore equilibrium capital stock and equilibrium

regular labor. This in turn, would raise underground labor wage rate, inducing a further expansion in the

economy.23 The sufficient condition ensures that the expansionary shifts of labor demand schedules due to

capital stock dominates.24 This mechanism, eventually, would push the economy into an expansion, which

fulfills the initial prophecy of higher consumption.

4 Numerical Results

The introduction of underground economy ensures that labordemand schedules are well behaved (in the sense

that slope down in the wage-employment plane). To have a complete understanding of the model, we then

calibrate it for the United States economy and compare the impulse response functions to a positive sunspot

shock with those generated with the benchmark one sector model. Finally a sensitivity analysis exercise

shows the results’ robustness, and underlines that even a tiny underground sector (in terms of GDP percentage

points) matters for inducing local indeterminacy of the equilibrium.

4.1 Well behaved labor demand schedules

Both labor demand schedules are well behaved (in the sense that they slope down), compared to standard one-

sector economy models where the necessary and sufficient condition for indeterminacy requires that labor

demand is upward sloping. Just observe that in our model
∂bLDM
∂ bNM = (1 + η)(1 − α − ρ) − 1 < 0 and

∂bLDU
∂ bNU = (1 + ζ)ρ− 1 < 0 are both negative, as long as the following condition holds:

Condition 1 Linearized labor demand schedules slope in the planes
(
N̂M , ŵM

)
and

(
N̂U , ŵU

)
down if

η∗ < α+ρ
1−α−ρ andζ∗ < 1−ρ

ρ
.

Condition 1 is satisfied for our parameterizations n.1 and n.2 (Table II): forα = 0.23 andρ = 0.088,

the regular externality parameter should be less thanη∗ = 0.46 and the underground specific externality

23To better appreciate this claim, observe that the regular and underground labor demand schedules can be written as follows from

firm’s first order conditions (4):wM = LDM (
−

NM ;
+

NU ,
+

K) andwU = LDU (
−

NU ;
+

NM ,
+

K) respectively. The labels denote the sign of
corresponding partial derivatives.

24Recall that the second sufficient condition suggests that “the shifts of labor demands driven by changes in capital stock should be
larger than those driven by changes in labor services.” Hence the increases in capital stock pushes the economy toward the expansion.
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parameter should be less thanζ∗ = 11.50.25 Notice that in a model with no underground labor input (that

is for ρ = 0), this condition would be much more restrictive and not compatible with the stationary state

being indeterminate. Indeed, forρ = 0 regular labor demand schedule slopes down ifη∗ < 0.2987, and

for this figure the model stationary state is saddle path stable. Hence the introduction of underground labor

input eases the conditions for having a sloping down labor demand schedule. A similar argument applies for

underground labor demand schedule.

4.2 Parameterization and Impulse Response Functions

Parameterization. The model is parameterized for the U.S. economy; calibration is based on seasonally

adjusted series from 1970 to 2001, expressed in constant 1995 prices. Actual data for the United States

economy are drawn from Farmer [9]. The system of equations weuse to compute the dynamic equilibria of

the model depends on a set of 14 parameters.Five pertain to household preferences, (B0, B1, ξ, ψ, β), four

to the institutional context (the probability of a firm beingdetected evadingp, and the surcharge factors, the

two tax ratesτY andτN ), and the remainingfive parameters to technology (the factor sharesα, ρ, the capital

depreciation rateδ, the “regular” externality parameterη and the one associated to the underground labor

ζ). A starred parameter denotes the precise calibrated value. Table I below includes calibrated values of all

parameters.

Table I

The calibration of parameters that are more closely relatedto tax evasion and the underground economy

deserve more attention.26 For theprobability of being detectedp, we rely on Joulfaian and Ride [15], which

estimate that the probability of auditing in the US ranges between 4.6% and 5.7%. We choose the higher

value,p∗ = 0.057, but results do not significantly change if we consider the lower value 4.7%.

To stop tax evasion schemes, the Internal Revenue Service has recently undertaken a national coordinated

strategy to address abusive tax evasion schemes.27 Violations of the Internal Revenue Code may result in civil

penalties, which includes a fraud penalty up to 75% of the underpayment of tax attributable to the fraud in

25This result is robust to a large set of parameters, as long as the regular externalityη is sufficiently small. The quantity(1−α−ρ)
is in fact positive and small. Ifη gets too big, the slope of regular labor demand schedule(1 + η)(1− α− ρ) − 1 becomes positive.

26Busato and Chiarini [5] calibrate a model for the Italian Economy, and Conesa, Diaz-Moreno and Galdon-Sanchez [6] calibrate
a model for the Spanish economy.

27For more details about the Internal Revenue Service policy regarding abusive schemes, refer to Internal Revenue Service Public
Announcement Notice 97-24, which warns taxpayers to avoid abusive tax evasion schemes that advertise bogus tax benefits.

15



addition to the taxes owed. Therefore we set thesurcharge factors∗ = 1.75.28

The calibration of the externality parametersη andζ little more attention, as well. They are calibrated

by using the regular labor demand schedule and the aggregateproduction function. More precisely, rewrite

these two equations in terms of the empirically-known macroeconomic ratiosK
NM

, NU
NM

, take a logarithmic

transformation, and then solve forη andζ. We obtainη∗ = 0.62 andζ∗ = 0.15.29

Table II compares the baseline and two alternative model’s parameterization with the benchmark model

(Farmer and Guo [8]) and with actual data.

η
∗

=
− ln

(1−α−ρ)
1+τN

− α ln
�

K
NM

�
− ρ ln

�
NU
NM

�
+ lnwM�

α ln
�

K
NM

�
+ lnNM + ρ ln

�
NU
NM

�� andζ∗ =
lnY − α

�
1 + η∗

�
ln

�
K

NM

�
− ρ ln

�
NU
NM

�
−

�
1 + η∗

�
lnNM

ρ ln
�

NU
NM

�
Table II

This parameterization, however, presents a quite large degree of aggregate increasing returns to scale. It is

reasonable to consider it as an upper bound for the calibrated values and as a useful indication for the relative

sizes of the two parameters. The baseline parameterizationand the alternative parameterization in Table II

show that the degree of increasing returns can be lowered even more. Section 5 offers additional details30.

Impulse Response Functions. It is then interesting to compare the model’s impulse response function

(solid line) to an i.i.d. positive sunspot of shock with those of the benchmark one (dashed line, inFigure 3

below).

A sunspot shock increases consumption, equilibrium total employment and production output. Invest-

ment falls on the impact (to accommodate the higher consumption profile), but then recovers. All dynamic

responses follow a non-monotone pattern, and revert back tothe stationary state.

28Violations may also result in criminal prosecution; in thiscase there are penalties up to five years in prison for each offense.
29More precisely, rewrite these the regular labor demand schedule and the aggregate production function in terms ofK

NM
, NU

NM
,

take a logarithmic transformation, and then solve forη andζ. The final expressions read:

η
∗

=
− ln

(1−α−ρ)
1+τN

− α ln
�

K
NM

�
− ρ ln

�
NU
NM

�
+ lnwM�

α ln
�

K
NM

�
+ lnNM + ρ ln

�
NU
NM

�� andζ∗ =
lnY − α

�
1 + η∗

�
ln

�
K

NM

�
− ρ ln

�
NU
NM

�
−

�
1 + η∗

�
lnNM

ρ ln
�

NU
NM

�
Data Source:Y : NIPA Table 1.4.1 (revised Feb 2004);NM : NIPA Table 6.4B (revised Feb 2004); GDP Deflator: NIPA Table 1.5.1
(revised Feb 2004); Capital labor ratioK

NM
: Ghosal [10].

30The computations show here and in section 5 have been done nottaking into account the approximation in the derivation of the
steady state values discussed in section 2.5. Anyway the error is sufficiently small.
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Figure 2:Impulse Response Functions. The figure shows the first 32 quarter response of main endogenous
variables to a positive sunspot shock, for the baseline parameterization in Table II (η = 0.44; ζ = 0.28).
The response patterns would not be qualitatively differentfor the other parameterizations under which the
stationary state is indeterminate. Notice that the response functions in the bottom-left panel are plotted in
dual scale.The curves are the quarterly percentage deviations from a baseline scenario where there is no
uncertainty.
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The qualitative response patterns of aggregate quantitiesare comparable with those of the benchmark one

sector model, as the Figure suggests.31 Notice, however, that the mechanism underlining a class of model

with labor heterogeneity (i.e. regular and underground labor) is completely different from the customary one,

as Section 3.3 suggests. In addition, a distinctive characteristic of our model is the much stronger responses

of capital interest rate(r) and aggregate labor productivity(w). This is the consequence of the propagation

mechanism operating in our model.

In other words, the model predicts that a positive sunspot shock under indeterminacy should make invest-

ment more appealing (in order to self-fulfill the expansionary expectations). A natural way to verify this issue

is to rewrite the Euler equation, isolating the covariance term between marginal utility of consumption and

investment returnsCov
(
C−1
t+1, Rt+1

)
, i.e.

Et
(
C−1
t

)
= βEt

(
C−1
t+1Rt+1

)
⇒ Et

(
C−1
t

)
= βEt

(
C−1
t+1

)
Et (Rt+1) + βCov

(
C−1
t+1, Rt+1

)
.

Now, investment becomes more appealing when the returns to saving is high in times when marginal utility

of consumption is low. Hence, the lower the covarianceCov
(
C−1
t+1, Rt+1

)
, the more appealing investment

is. We should expect, therefore, that the stronger the self-fulfilling prophecies, the higher the correlation

between consumption and returns. A numerical exercise confirms this claim. When self fulfilling prophecies

are low (degree of returns to scale equal to1.37) thenCov
(
C−1
t+1, Rt+1

)
= 0.63; consistently with our claim,

when self fulfilling prophecies get stronger (degree of returns to scale equal to0.41) thenCov
(
C−1
t+1, Rt+1

)

monotonically decrease to0.19.

5 Sensitivity analysis

For the baseline parametrization (Section 4.2, Table II), the model’s attractor is a sink; the matrixW of the

linearized systemEtŜt+1 = WŜt + ΩEt+1, (previously defined) has two complex conjugated eigenvalues:

the two roots equals0.8297 + 0.2185i and0.8897 − 0.2185i. This sensitivity analysis restricts its attention

to the externality parametersη andζ. Table III shows that the value ofζ can be significantly lowered and

that ofη increased with a little subsequent increase in the degree ofreturns to scale - which however remains

31Such a comparison would be reasonable, because the official GDP estimates for the United States incorporate an estimate of
underground sector contribution
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below the benchmark one-sector model. In this sense the Table suggests that there exist a trade-off betweenζ

andη.

Table III

It is then important to underline that the equilibrium path is still locally indeterminate even when the

underground sector does not contribute to the externality effect at all, i.e. whenζ is equal to zero - as can

be seen from the two last rows of the table. The model still presents indeterminacy for an even smaller (as a

percentage of the GDP) underground economy sector (
(
NU
N

)∗
lowered from0.088 to 0.04), as the last two

rows of the Table show.

6 Conclusions

This paper proposes a one-sector dynamic general equilibrium model augmented with tax evasion and under-

ground activities; it includes an additional kind of labor services along with the standard capital and regular

labor, and a proper taxation structure. The model displays increasing returns to scale due to externalities in

both regular and underground inputs, capable to induce local indeterminacy of the equilibrium path.

The theoretical mechanism driving such a model departs fromthe customary one. It turns out that prophe-

cies of a higher expected income are self fulfilled through a resource reallocation toward the underground

labor services, which allows to evade taxes, and therefore to have additional resources (the tax wedge) for

satisfying the higher desired consumption profile. The explicit introduction of these phenomena into a one-

sector general equilibrium model allows to to have well behaved demand schedules for production inputs (in

the sense that slope down).
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Tables

Table I:Parameterization.

Institutional Setting p∗ = 0.057 s∗ = 1.75

Disutility of Working B∗
0 = 2.50 B∗

1 = 2.00

Preferences ξ∗ = 0.00 ψ∗ = 0.00 β∗ = 0.984

Technology α∗ = 0.23 ρ∗ = 0.088 δ∗ = 0.025

Effective Tax Rates τ∗N = 0.153 τ∗Y = 0.1186

Notes: The parametersξ∗, β∗, ψ∗, α∗, δ∗ are from Farmer and Guo [8];B∗
0 andB∗

1 are set to match

the labor share of regular and underground labor services
(
NU
N

)∗
= 0.088 and

(
NM
N

)∗
= 0.912,

following Schneider and Enste [20], whereN∗ is calibrated to 0.33;p∗ and s∗ are from Joulfaian

and Ride [15]; the effective income tax rateτ∗Y is computed from the “Effective Tax Rates, 1979-

1997”, Table H-1a, prepared by the Congressional Budget Office; social security tax rate is taken from

www.socialsecurity.com; we choose the value applying for the 1990 and later, which equalsτ∗N = 0.153

(http://www.ssa.gov/OACT/ProgData/taxRates.html).
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Table II: Externality parameters.

η∗ ζ∗
Aggregate degree of

increasing returns to scale

Baseline Parameterization 0.44 0.28 1.43

Alternative Parameterization 0.39 0.28 1.38

Benchmark (Farmer and Guo [8]) 0.60 − 1.60

Actual Data (Farmer and Guo [8]) ≤ 1.20

Notes:η∗ : calibrated regular externality parameter;ζ∗ : calibrated underground externality parameter; overall

degree of returns to scale reads:(1 + η)(1 − ρ) + (1 + ζ)ρ.
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Table III: Sensitivity Analysis.
(

NU

N

)
∗

η∗ ζ eigenvalues Attractor
Topological Properties

Aggregate degree of
increasing returns to scale

0.088 0.29 1.5 0.9629± 0.2428i sink 1.396

0.088 0.29 1.3 0.9292± 0.2912i sink 1.378

0.088 0.29 1.0 0.7115± 0.4421i sink 1.352

0.088 0.29 0.9 −0.01; 0.19 stable node 1.343

0.088 0.29 0.7 0.7; 2.0 saddle 1.326

0.088 0.45 0.28 0.8437± 0.2097i sink 1.435

0.088 0.4 0.28 0.666 ± 0.2263i sink 1.389

0.088 0.39 0.28 0.5509 + 0.1487i sink 1.38

0.088 0.38 0.28 −0.06; 0.66 stable node 1.371

0.088 0.3 0.28 0.8; 1.5 saddle 1.298

0.04 0.40 1 0.8911± 0.2278i sink 1.424

0.04 0.35 1.2 0.8238± 0.3020i sink 1.384

0.04 0.30 1.5 0.3481± 0.3781i sink 1.348

0.04 0.29 1.5 0.56; 15.1 saddle 1.338

0.088 0.44 0.0 0.6304± 0.1254i sink 1.401

0.04 0.40 0.0 0.5833± 0.1801i sink 1.384

Notes:
(
NU
N

)∗
: underground labor labor share;η : regular externality parameter;ζ : underground-specific

externality parameter. Labor demand schedules are well behaved (sloping down) for all parameterizations
included in the table.
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Appendix

Proof of Proposition 1.
Evaluating at the stationary state the firms’ and householdsfirst order conditions yields:

B0 = C−1 (1 − τY )wM (1)

C−1wU = B0 +B1 (2)

r =
β−1 − 1 + δ

1 − τY
(3)

C = (1 − τY ) (wMNM + rK) + wUNU − δK (4)

w̃M = (1 + τN )wM = (1 − α− ρ)Kα(1+η)N
(1−α−ρ)(1+η)−1
M N

ρ(1+ζ)
U

w̃U = (1 + τ̃N )wU = ρKα(1+η)N
(1−α−ρ)(1+η)
M N

ρ(1+ζ)−1
U

whereτ̃N = spτN . Rewrite the Euler Equation (3) as

β−1 − 1 + δ

1 − τY
= αKα(1+η)−1N

(1−α−ρ)(1+η)
M N

ρ(1+ζ)
U = αKα(1+η)−1N

(1−α)(1+η)
M

(
NU

NM

)ρ(1+ζ)
(5)

where the quantity
(
NU
NM

)ρ Nρζ
U

N
ρη
M

is approximated as
(
NU
NM

)ρ(1+ζ)
.

Claim 1 Ratio NU
NM

is stationary.
Proof. Combining (1) with (2), yields

B0

(B0 +B1) (1 − τY )

(
ρ

1 − α− ρ

)(
1 + τN

1 + τ̃N

)
=

(
NU

NM

)⋆

(6)

Notice that the stationary labor ratio
(
NU
NM

)⋆

is independent of any input-specific externality.

Claim 2 The quantityKα(1+η)−1N
(1−α)(1+η)
M is stationary

Proof. Combining (5) with (6), we obtain:

β−1 − 1 + δ

(1 − τY )α

[
B0

(B0 +B1) (1 − τY )

(
ρ

1 − α− ρ

)(
1 + τN

1 + τ̃N

)]−ρ(1+ζ)
= Kα(1+η)−1N

(1−α)(1+η)
M (7)

which establish our claim, since the left hand side is constant.

Claim 3 There exists a unique stationary equilibrium for aggregatelabor supplyN
⋆

M > 0.
Proof. Now consider the feasibility constraint (4):

C = K

(
(1 − τY )

(
wMNM

K
+ r

)
+
wUNU

K
− δ

)
(8)

24



and observe that the quantitieswMNM
K

and wUNU
K

are stationary, too:

wMNM

K
=

1 − α− ρ

1 + τN

β−1 − 1 + δ

(1 − τY )α
= Ψ̄M (9)

wUNU

K
=

ρ

1 + τ̃N

β−1 − 1 + δ

(1 − τY )α
= Ψ̄U (10)

Substituting then (9), (10) into feasibility constraint (8), yields:

C = K

(
(1 − τY )

(
Ψ̄M +

β−1 − 1 + δ

1 − τY

)
+ Ψ̄U − δ

)
(11)

To derive the stationary equilibrium for total labor supply, substitute (11) into (1) to obtain:

B0

(
(1 − τY )

(
Ψ̄M + β−1−1+δ

1−τY

)
+ Ψ̄U − δ

)

(1 − τY ) (1 − α− ρ)
= Kα(1+η)−1N

(1−α)(1+η)
M

(
NU

NM

)ρ(1+ζ)
N−1
M

Now, sinceKα(1+η)−1N
(1−α)(1+η)
M and NU

NM
are constant, the above equation gives the stationary valueof

N
⋆

M in proposition 1.

The final step is to compute the stationary equilibrium valuefor K⋆. Combining (7) with the value of
N

⋆

M it turns out thatK⋆ is stationary, and it reads

K⋆ ≃

(
(1 − τY )α

β−1 − 1 + δ

) 1
1−α(1+η)

(
1 + τN

1 + τ̃N

B0

(B0 +B1) (1 − τY )

ρ

1 − α− ρ

) ρ(1+ζ)
1−α(1+η) (

N
⋆

M

) (1−α)(1+η)
1−α(1+η)

.

Proof of Theorem 1. Preliminaries. Linearize equilibrium conditions, and rearrange them into the following
2 × 2 dynamic system in the variableŝKt andĈt:

[
K̂t+1

Ĉt+1

]
=

[
1
sI
J3 − 1

sI
J4

J1
J2sI

J3
1
J2

− J1
J2sI

J4

][
K̂t

Ĉt

]
, (12)

where theJ ′s are defined below. Define the set of our model parameters byP, and a functionϕ(P) such that:
ϕ(P) : P 7−→R.

J1 =
[1 − β(1 − δ)]

γ
{α(1 + η) [1 + ϕ (P)] − 1} ;

J2 = {1 + [1 − β(1 − δ)] [ϕ (P)]} ;

J3 = δα(1 + η)M (1 + ϕ (P)) + (1 − δ)sI ;

J4 = δγM (ϕ (P)) + δsC ,

whereϕ (P) = ϕ1(P)
ϕ2(P) (ϕ1(P) : P 7−→R andϕ2(P) : P 7−→R are defined below) is a continuous function

mapping theP-parameter space into the reals such that: ϕ (P) : P 7−→R; sC = C⋆

Y ⋆ andsI = αβδ(1−τY )
1−β(1−δ) =

I⋆

Y ⋆ denote the steady state investment and consumption ratios;the quantityM is equal to the (steady state)
share of income net of taxes, and it is defined asM = 1 − sG, wheresG = sC + sI , andsG = τY + (1 −
τY )(1 − α − ρ) τN

(1+τN ) + {spτN (1 − τY ) − τY } ρ
1

(1+spτN ) . The functionϕ1(P) andϕ2(P) are precisely
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defined below:

ϕ1(P) = (1 + η)(1 − α− ρ) {1 + [ψ − (1 − q)ξ]W} + (1 + ζ) ρ(1 + ξqW );

ϕ2(P) = ξ + 1 − (1 + η)(1 − α− ρ) − (1 + ζ)ρ+

+ξW {ψq − (1 − q) [1 − (1 + η)(1 − α− ρ)] − q(1 + ζ)ρ} +

+Wψ [1 − (1 + η)(1 − α− ρ)] ,

whereW is equal to1 −
w

⋆

M (1−τY )

w
⋆

U

, andq =
N

⋆

M

N⋆ .

Gandolfo [13] (ch. 5) states necessary and sufficient conditions for a discrete dynamical system (like
system (12)) to display local indeterminacy of the equilibrium path. In terms of our notation, they read:

(J3 − sI)(1 − J2) + J1J4

sIJ2
> 0 (13)

(J3 + sI)(1 + J2) − J1J4

sIJ2
> 0 (14)

sIJ2 − J3

sIJ2
> 0. (15)

Strategy. To derive indeterminacy conditions in terms of the parameters of our interest (those belonging
to setP) we use a constructive argument, which is made of the following four steps.

• Step 1. Rewrite (13)-(15) in terms ofϕ(P) : P 7−→R, and therefore in terms of parametersP;

• Step 2. Define two subsets of the realsS1 ⊂ R andS2 ⊂ R (S1 ∩ S2 = ∅) in which the model display
(S1) and does not display(S2) indeterminacy, respectively;

• Step 3. Show that the subsetS1 has a non-empty interior, and therefore that there exist parameters’
values for which the stationary state is indeterminate;

• Step 4. Invert the functionϕ(P) on the subsetS1, and derive, by this hand, conditions on the parameters
P for the stationary state being indeterminate.

Step 1. Rewrite equations (13)-(15) in terms ofϕ(P) : P 7−→R. Algebraic manipulations yield:

(I.) δ(M−sI )[β(1−δ)−1]{[1−α(1+η)](1+ϕ(P))}
sI+sI(1−β(1−δ))(ϕ(P)) > 0.

(II.) {δ(M−sI )[1−β(1−δ)][1−α(1+η)]+2[δα(1+η)M+sI (1−β(1−δ))]}(ϕ(P))

sI+sI (1−β(1−δ))(ϕ(P))
+

δ(M−sI )[1−β(1−δ)][1−α(1+η)]+2[δα(1+η)M+sI (2−δ)]
sI+sI (1−β(1−δ))(ϕ(P))

> 0.

(III.) [sI(1−β(1−δ))−δMα(1+η)](ϕ(P))+δ[sI−Mα(1+η)]
sI+sI(1−β(1−δ))(ϕ(P)) > 0.

Conditions(I.)-(III.) are necessary and sufficient for the equilibrium capital accumulation being local
indeterminate.

Step 2. Conditions(I.)-(III.) define a system of inequalities, which, in turns, defines two subsets of the
realsS1 ⊂ R andS2 ⊂ R (S1 ∩ S2 = ∅) defined as follows:

• S1 ⊂ R: model displays indeterminacy (all inequalities(I.)-(III.) are satisfied);

• S2 ⊂ R model does not displays indeterminacy (at least one inequality among(I.)-(III.) is not satisfied).
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In other words, ifϕ (P) ∈ S1 the equilibrium is indeterminate, and ifϕ (P) ∈ S2 the equilibrium is not
indeterminate.

Step 3. Notice that the conditions(I.)-(III.) share the same denumerator, and they are all functions of
ϕ (P). Hence they are functionsCi : R 7−→graph (ϕ (P)) ⊆ R. The zeros of these functions are the values
delimiting the intervals over which the conditions are (arenot) simultaneously satisfied. They are:

R0
13 = −1

R0
14 = −

δ(M − sI) [1 − β(1 − δ)] (1 − α(1 + η)) + 2 [δα(1 + η)M + sI(2 − δ)]

δ(M − sI) [1 − β(1 − δ)] (1 − α(1 + η)) + 2 [δα(1 + η)M + sI(1 − β(1 − δ))]

R0
15 = −

δsI − δMα(1 + η)

sI(1 − β(1 − δ)) − δMα(1 + η)

R0
D = −

1

1 − β(1 − δ)
,

whereR0
D denotes the zero of the common denumerator. It is convenientto rewrite the conditions(I.)-(III.)

in terms of the values delimiting the intervalsS1 andS2. Algebraic manipulations yield to the following
necessary and sufficient condition for indeterminacy:

max
(
R0
D, R

0
14

)
< R0

15 < R0
13 (⋆)

The following theorem, together with Step 4, show that thereexist a set of parameters for which condition
(⋆) is satisfied.

Theorem 2 (Non Empty Parameter Space for Indeterminacy)The model equilibrium is locally indeter-
minateiff the following inequalities hold:

max
(
R0
D, R

0
14

)
< R0

15 < R0
13

Proof. We prove the theorem by proving the following preliminary claims.

Claim 1 R0
D < R0

13 andR0
14 < R0

13.
Proof. R0

D < R0
13 directly follows from1 − β(1 − δ) < 1. Furthermore,R0

14 is negative for all parameters’
values and its denumerator is always smaller than its numerator, as2−δ > 1−β(1−δ) (in absolute values).
So it must beR0

14 < R0
13.

Claim 2 R0
15 < R0

13.

Proof. R0
15 < R0

13 implies that δsI−δMα(1+η)
sI(1−β(1−δ))−δMα(1+η) > 1, and we first show that this can happeniff

sI(1 − β(1 − δ)) < δMα(1 + η); in fact, if this is true, then it will beδsI < δMα(1 + η), as it is
1 − β(1 − δ) > δ. In this case the numerator ofR0

15 is always negative and greater (in absolute value)

than the denominator (which is also negative); then δsI−δMα(1+η)
sI(1−β(1−δ))−δMα(1+η) > 1. We then show that the

inequalitysI(1 − β(1 − δ)) > δMα(1 + η) is incompatible with conditions (13)- (15), so that the opposite
must hold. Suppose (by contradiction) that it issI(1 − β(1 − δ)) > δMα(1 + η); then it would be either
δsI > δMα(1 + η) or δsI < δMα(1 + η). In the first case the line Numerator(III.) has a positive
slope and a negative intersectionR15, which is greater thanR13; the situations is shown in figure 3.A). It is
easy to check that for all values ofϕ1

ϕ2
inside the interval(RD;R15) indeterminacy never occurs, asRD is

positive andR15 is negative; but also forϕ1

ϕ2
outside the interval indeterminacy never occurs, as condition

(13) (for ϕ1

ϕ2
> R15) and condition (15) (forϕ1

ϕ2
< RD) are not satisfied. Now consider the case in which

sI(1 − β(1 − δ)) > δMα(1 + η) but δsI < δMα(1 + η); then Numerator(III.) has still a positive slope
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butR15 is positive. By shifting the line Numerator(III.) in Figure 3.A), the same above argument applies and
indeterminacy disappears. So, it must besI(1 − β(1 − δ)) < δMα(1 + η), and thenR0

15 < R0
13.

Claim 3 R0
D < R0

15

Proof. The inequalityR0
D < R0

15 can be recast as i.e. that δsI−δMα(1+η)
sI(1−β(1−δ))−δMα(1+η) < 1

1−β(1−δ) . Note

that when the termδMα(1 + η) (which is always≧ 0) is zero, the first fraction reduces to 1
1−β(1−δ)δ

< 1
1−β(1−δ) . We show that when the termδMα(1 + η) increases, passing from zero to positive num-

bers, the fraction δsI−δMα(1+η)
sI(1−β(1−δ))−δMα(1+η) monotonically decreases, so that it must always beR0

D < R0
15.

ConsiderδMα(1 + η) as a function ofη: whenη is equal to32 −1, the fraction collapses to 1
1−β(1−δ)δ;

whenη increases, the termδM1α(1 + η) monotonically increases. Nowd(−R15)
dη

= −δMα
sI(1−β(1−δ))−δMα(1+η)[

1 − δsI−δMα(1+η)
sI(1−β(1−δ))−δMα(1+η)

]
. We have seen before that− δsI−δMα(1+η)

sI(1−β(1−δ))−δMα(1+η) < −1; but then it is
d(−R15)

dη
< 0 for all the parameters’ values. ThusR0

D < R0
15.

Claim 4 R0
14 < R0

15.
Proof. We demonstrate this inequality by contradiction. Assume that R0

15 < R0
14; given the inequalities

demonstrated above, two cases are possible: eitherR0
14 < R0

D, or R0
D < R0

14; the first one is clearly
impossible, as it would imply thatR0

15 < R0
14 < R0

D and we have seen that it isR0
D < R0

15. Let’s consider
the second one:R0

D < R0
15 < R0

14; in this case the situation would be the one depicted in Figure 3.B) (recall
that the slope of Numerator(II.) is always positive). In the interval(R14;R13) indeterminacy is impossible,
as Numerator(III.) < 0 and Denumerator> 0; this is also true in the interval(RD;R14), as Numerator(II.)
< 0, Denumerator> 0, and in the regions outside the two intervals. Then the only ordering compatible with
indeterminacy isR0

14 < R0
15.

Claim 5 R0
14 < R0

D andR0
D < R0

14 are possible and compatible with an interval forS1 being non-empty..
Proof. The order betweenR0

14 andR0
D does not affect the existence of a non empty parameter space for

indeterminacy of equilibrium, as Figure 3.C) illustrates.

0 R15 R13 RD 

Den 

NumIII  

ϕ1/ϕ2 

NumI 

A) 

0 R13 R15 RD 

Den 

R14 

NumI 

ϕ1/ϕ2 

NumIII  

NumII  

B) 

0 R13 RD R14 R15 

NumI 

ϕ1/ϕ2 

Den 

NumIII  

C ) 

NumII  

Figure 3:Auxiliary intervals : dotted lines represent negative values of the corresponding function ofϕ1

ϕ2
, (i.e.

the the three numerators of Conditions (I.) - (III. ) and the common denumerator) while solid lines represent
positive values.

The interval
(
max

{
R0
D, R

0
14

}
;R15

)
is thus a viable region for indeterminacy, as for all the values of

ϕ(P) falling in this region, the necessary and sufficient conditions for indeterminacy (I.)-(III. )) are satisfied.

32Obviouslyη < 0 is not an interesting case in our model (it could be interpreted as anegativeexternality at system level), but for
the sake of the argument it can be accepted just to see what is the effect on the fraction of the termδα(1 + η)M when the latter is
arbitrary small.
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In summary, we have demonstrated that:R0
D < R0

13, R0
14 < R0

13, R0
15 < R0

13, R0
D < R0

15, R0
14 < R0

15,
R0

14 < R0
D or R0

D < R0
14. By merging all these inequalities together, the orderingscompatible with an

indeterminacy region turn out to beR0
D < R0

14 < R0
15 < R0

13 and/orR0
14 < R0

D < R0
15 < R0

13. This
completes the proof of Theorem 2.

Step 4. So we have two possible orderings defining the indeterminacy region; one is given by the interval
(R0

14;R
0
15), or

−R <
ϕ1 (P)

ϕ2 (P)
< −R (16)

where:

R =
δ(M − sI) [1 − β(1 − δ)] (1 − α(1 + η)) +2 [δα(1 + η)M + sI(2 − δ)]

δ(M − sI) [1 − β(1 − δ)] (1 − α(1 + η)) +2 [δα(1 + η)M + sI(1 − β(1 − δ))]

R =
δsI − δMα(1 + η)

sI(1 − β(1 − δ)) − δMα(1 + η)

The other one is given by
(
R0
D, R

0
15

)
, or:

−
1

1 − β(1 − δ)
<
ϕ1 (P)

ϕ2 (P)
< −R (17)

Both the previous conditions suggest that in order to have indeterminacy, the ratioϕ1

ϕ2
must be negative,

greater (in modulus) than one and finally included between two specific values. From the above theorem, we
can see that the necessary condition for indeterminacy is given by:

sI(1 − β(1 − δ)) < δMα(1 + η),

which, after some algebraic manipulation, turns out to be necessary condition (NC). As for the sufficient
condition (SC), we can first write the termϕ1

ϕ2
, assuming, for simplicity, thatξ andψ are equal to zero:

ϕ1 = (1 + ζ) ρ+ (1 + η)(1 − α− ρ)

ϕ2 = 1 − (1 + ζ)ρ− (1 + η)(1 − α− ρ) = 1 − ϕ1

Note thatϕ (P) = ϕ1(P)
ϕ2(P) = (1+ζ)ρ+(1+η)(1−α−ρ)

1−(1+ζ)ρ−(1+η)(1−α−ρ) < −1 (= R0
13).33 Putting together (16) and (17) and

explicitating with respect toϕ1, the sufficient condition (SC) in the main text can be obtained. This completes
the proof of Theorem 1.

33Note also that the termϕ1 is equal to sum of the cross elasticities of the two labor demands:ε
bLD

MbK andε
bLD

UbK , as shown in the main
text
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