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Abstract

This paper introduces underground activities and tax enasito a one sector dynamic general equi-
librium model with external effects. The model presents sehonechanism driving the self-fulfilling
prophecies, which is triggered by the reallocation of reses to the underground sector to avoid the
excess tax burden. This mechanism differs from the custpimae, and it is complementary to it. In
addition, the explicit introduction of an (even tiny) ungesund sector allows to reduce aggregate degree
of increasing returns required for indeterminacy, and fihg well behaved input demand schedules (in
the sense they slope down).
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1 Introduction

Self-fulfilling beliefs due to aggregate production extdities are a viable hypothesis to explain economic
fluctuations (see e.g. Farmer and Guo [8]; Benhabib and FdB8hd-armer [9]). This class of one-sector
models, however, is affected by several undesirable fesitdr.g. a “too high” degree of aggregate increasing

returns to scale for having indeterminacy, and an upwarngirsiolabor demand schedule.
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'Specifically, this class of one sector models requires mettw scale greater that 1.6, while recent estimates sugjusisthe
United States economy returns to scale are no larger tha(sde2 among the others, Basu and Fernald [2], SbordoneJib®nez
and Marchetti [14]).



The literature proposes several solutions to overcomedifffisulty: Wen [23] introduce endogenous
variable capacity utilization of capital stock and/or lahoarding, Benhabib and Farmer [4] use a multi-sector
economy, Guo and Lansing [12] bring in capital maintenaaoé, Perli [17] explicitly introduces household
production. The general spirit behind these contributisn® add at least one additional dimension to the

baseline model.

This paper introduces underground activities and tax emasito a one sector dynamic general equilib-
rium model with external effects, and shows that these phena are a possible source of local indeterminacy

of the equilibrium patf?.

We presents a one-sector dynamic general equilibrium miodehich there are three agents: firms,
households and a government; furthermore, there is onedemeous consumption good and three production
factors: regular labor, underground labor, and a capitalkst Government levies income taxes on regularly
produced income flows, and labor taxes on regular laborasyand balances its budget (in expected terms)
for each period. Firms and households, being subject tortimhary taxation, use the underground labor
input to evade taxes. Government faces tax evasion originftom the underground sector, and coordinates

strategy to address abusive tax evasion schémes.

The model presents a novel mechanism driving the selfifatfilprophecies, which is triggered by the
reallocation of resources to the underground sector tadab@ excess tax burden. This mechanism differs
from the customary one, and it is complementary to it. It $upnt that prophecies of a higher expected in-
come, triggered by a sunspot shock, are self fulfilled thhoagesource reallocation toward the underground
labor services, which allows to evade taxes, and therefoleve additional resources (the tax wedge) for
satisfying the higher desired consumption profile. In addjtthe explicit introduction of distortionary taxa-
tion combined with these phenomena into a one-sector gezguidibrium model allows to reduce aggregate
degree of increasing returns required for indeterminacg, far having well behaved demand schedules for

production inputs (in the sense that slope down).

The model is calibrated for the United States economy, wiieresize of underground economy ranges

There is no universal agreement on what defines the undememonomy. Most recent studies use one of more of the faligwi
definitions: (a) unrecorded economy (failing to fully or pesly record economic activity, such as hiring workers tbf-book);
(b) unreported economy (legal activity meant to evade tRectale); (c) illegal economy (trading in illegal goods andvgees).
Obviously, the difficulty in defining the sector extends te #stimation of its size. We are concerned with the size dfititkerground
economy as encompassing activities which are otherwisg ey go unreported or unrecorded.

3Violations of the Internal Revenue Service Codes may résuivil penalties and/or criminal prosecution, which wedebas a
surcharge factor over customary tax rates (more detailsrteey.



between 5 percent of GNP (Tanzi, [2Hnd 9 percent of GDP (Schenider and Enste, [20]; Paglin [Ejgn
though these figures are below the OECD countries averagpgitént, according to Schneider and Enste
[20]), they still represent a significant amount of resosrabsconded from tax collectidnNotice, more
importantly, that even a tiny underground sector mattersniducing local indeterminacy of the equilibrium

path; and the United States underground sector’s size isah threshold.

The paper is organized as follows. Section 2 details the m8eetion 3 presents the topological proper-
ties of stationary state, discusses conditions for inddtercy and describes the theoretical mechanism. Next
Section 4, presents the model’s implication for the ovdes#! of returns to scale and Section 5 checks the
results’ robustness through a sensitivity analysis. Biraéction 6 concludes, while proofs and derivations

are included in the Appendix.

2 The Model

2.1 Firms

Assume that there exist a continuum of firms, uniformly distied over the unit interval. Production tech-
nology for the homogenous good uses three inputs: physigédat, regular labor services, and underground

labor services. The production function of firire [0, 1] reads:

yl = Ak (0 ) O (nd))F s a,p €]10,1] (1)

wherek; denotes capital stocky), , is regular labor ana?, , represents underground labor, and the quantity
A, is an aggregate production externality (defined befowBroduction function follows arfioonlighting
production schenie where underground labor services use the same capitek shat is used by regular

labor® We could imagine, for example, that the same firm producdseimegular economy by day, and in the

4Shadow, informal or underground activities are a fact inyrauntries, and there are significant indications thatghi&nomenon
is large and increasing. Schneiner and Enste [20] showlibaggtimated average size of the underground sector (asenpege of
total GDP) over 1996-97 in developing countries is 39 perdartransition countries 23 percent, and in OECD countaiesut 17
percent.

5The model implicitly assumes that firms always use some gnodend labor services. In this regards this model applies to
economy where there exist at least one firm hiring at leastamker on the underground labor market. We think, howevet, this
is still a general formulation, because it would be diffi¢alfind economies without any form of tax evasion. In additifficial GDP
estimates incorporate an estimate of the contributionymed by underground sector. This is a useful informatiopésameterizing
the model (more details to come).

®Bajada [1] defines moonlighting as failure to report incommerf a second job; or profit-businesses that are paid in caskan
not report this additional income i.e. hair dressers mapntefewer clients than they really service; expendituresrereporting to



underground economy by night.

The aggregate production externalidy is defined below:

a={uengerl (v} cnzocza @

——
Marshallian Ext. Underground Labor Ext.

where capital letters denote aggregate quantities (in fegeforesight symmetric equilibrium; details be-
low).” We distinguish between the “regular” externali{YKfNjZf‘_p}n that is related to the well known
Marshallian effect, and the underground labor input speeititernal eﬁect{N{}’t}c.B Once we allow for
labor heterogeneity at the firm and individuals’ level, itais\atural to do the same at the aggregateone.

Section 4.2 discusses in more details how to pin down valwesdnd(.

As firms are homogeneous, overall level of output for a giveamd(equal for all firms) level of inputs

utilization is given by:

s i Nea—ps g . a1 l—a—p)(1 1
Vo= e [ {7y )17 )0} i = BN N,
J

Increasing returns to scale are a pure aggregate phenonf@s@guation (1) suggests), and returns to

scale are constant at the firms’ level, as each firm tékesV,, . and Ny, as given for alk = 1,2,..., T, ....

Firms try to evade taxes on labor services, by allocatingrldemand to underground labor market. Firms,
however, may be detected evading, with probabilitg (0, 1), and forced to pay the statutory tax rates on

labor (ry), increased by a surcharge facteor; 1, applied to the standard tax rafé.

decrease the amount of taxable income; the failure to rép@mest earnings and barter; and the exchange of goodseavides for
each other. Cowell [7] offers additional details.

"The aggregate value of a variaklgis defined asZ = fol (2;)dj.

8In the standard one-sector model with aggregate increastnms, the externality is specified as

At — {K?Nt17(¥}71

while our model explicitly distinguishes between exteityahssociated to the economy regular side, with those g#eerin the
underground. It represents a input-specific external effediffers from a sector-specific externality because madel has just one
homogenous good, which is produced, however, with multgdber inputs.

The characteristics of irregular labor are different fohrage of the regular one, giving place to a different aggeeapact of
the former. Notice, moreover, that this formulation addsagality to the analysis: whein = ¢ and there are neither tax evasion nor
distortionary taxation, the model reduces to Farmer andGare.

°The model implicitly assumes that firms always try to evadeszay reallocating some labor demand to the undergrour. lab
Itis a consequence of the production technology: in ordeai® nonzero productiorzwg,’t must be positive in equilibrium. In other
words, this model would not be suited to study and economiyawmittax evasion, unless we impgse- 0. But in this case, the model
would reduce to a standard one sector economy without labdkehsegmentation, which is one of the distinctive chawréstics of
our contribution.



When a firm isnot detectedevading (with probabilityl — p), its profit are denoted with{vm.“ If de-
tectedevading (with probabilityp), we denote firm’s profits azs}) .» both are defined below, after normalizing

the the output price to unity:

77{ — De(te(gted ﬂ'Jb’t = yg - (14 TN)wMytngw’t -1+ STN)watTL{J’t - rtkg
~p
N
Not I(Dlete)cted 7T?VD_¢ = yi -1+ TN)“’M-,t”gw,t - wyytnjU_’t — rtk{,
~(1—p

wherews; andwy,; denote the regular and the underground sector wages,capital remuneration rate.

Finally, expected profit are computed by taking linear prtim, i.e. Ex} = (1 — p)mhp, , + ph ,:
Eﬂ'g = yi -1+ TN)wM,tnngt -1+ pSTN)inng]’t — rtkg, 3

whereE’ denotes an expectation operator.
Here the parameter> 1 represents the surcharge on the statutory tax rate that adiétected employing

workers in the underground labor market, must pay.

As markets are competitive, firm’s behavior is describedHeyfirst order conditions for the (expected)

profit maximization, with respect &/, n},, , andny, , :

dy] (Ar) _
‘ okl 't
Ayl (A
—gzng) =1+ 78)wnre . 4)
dyl (A+)

= (1 + sprn)wy e

an]U’t
Concavity of the production function (recall that firms takeas a constant) ensures the existence of a

unique solution.

we assume that the probability being detected is exogernbissassumption is meant to reflect the fact the actual pitityab
to be controlled by the Internal Revenue Service is exoggnoecause it follows a random extraction process. Fromadtieal
perspective, however, it would be interesting endogertizegdrobability. A natural way would be to assume that is deigeon the
evasion rate and/or on the amount of taxes evaded, for eekamfd leave, however, these developments to future initig



2.2 Households

Suppose that there exist a continuum of households, unifjadistributed over the unit interval. Thie—th

household’s preference are represented by the following@mbary utility function:

h h \14¢ h \1+v
n +n n
( M’tHg’t) —Bl( fjr)w , Bo,B1 >0,

Vth = log(ch) — By

wherec} denotes household’s consumption flovl,,, and =}, , denote regular and underground labor sup-

. . (”?ut‘*‘”,f] Dite . - . . (n’{]t)Hw
plies; the quantityBy—= v , represents the overall disutility of working, while theﬂaerm,Bll’Jriw,

reflects the idiosyncratic cost of working in the undergmblabor market. Specifically, this cost may be asso-
ciated with the lack of any social and health insurance iutigerground sector. Finally, the parameteasid

1) represent the inverse labor supply elasticities of agdeegad underground labor supplies, respectively.

The representative household evades income taxes byaaiahig labor services from regular to under-
ground labor markets. Underground-produced income ﬂmwmfl},t are, therefore, not subject to distor-

tionary income tax ratey, as the budget constraint below suggésts:
cf + ki = (1= 7v) (wargnly, + rekf') +wonfy, + (1 - S)kE, (5)

wherek{zrl is next period capital stock, addenotes a quarterly capital stock depreciation rate.

Imposing a constant subjective discount ratec 3 < 1, and definingu! as the costate variable, the

representative households maximizes the Lagrang@an

o0
max Ly = Eoy BV +
t=0

hoh ok ph 1%
{Ct 7"A{,t’nU,t’kt+l}t:0

o0
+EOZM? {(1 —Ty) (wM,tn}J\L/[,t + Ttk?th> +wongyy — ki + (1 — 5)]€th} ,
=0

subject to the budget constraint (5). Optimal householtsiae is characterized by the following first order

conditions:

12Tax ratery is not a legitimate income tax, because part of producechieds not taxed. Specifically, it is an income tax applies
to declared income flows. In addition, a value added tax wéelgart of an optimal tax policy in the presence of undergdoun
activities (although this tax also can be evaded). We atistnawever, from this tax and we leave it for further invgations.



Bt =t
B'Bo(nhy, 4+ nis )¢ = pt(1— v )war
B'By (nf](“ + nfllj,t)5 + 3By (nfllj,t)d) = N?wU,t (6)
E{pr [(1=68) + (1 = 7v) rea] } = pif

lim Eoulkh = 0.
T—o0

2.3 Government

The government budget reads

Ty (War, i Nare + reKy) + spivwy Nuye + Tvwar i Nare = Gy, (7)

where the left hand side denotes expected government revehat are allocated to aggregate government
expenditureG;, which is is assumed to be wasteful. Capital letters dengdeegate equilibrium quantities
(defined below). Government balances its budget in expdetaas since tax revenues collected from the

underground side corporate sector depend on the prolyafiiliieing detecteg.

2.4 Perfect Foresight Equilibrium

We focus on a perfect foresight equilibrium in which houddaanaximize utility and firms make zero profits.
In equilibrium the aggregate consistency requires that Y;, k; = Ky, nare = Ny, nuge = Nug, ¢ =
C;, where lower capital letters denote individual equililbniguantities, and capital letters denote aggregate

equilibrium quantitie®. As a result, the first order conditions characterizing tiailérium are given by:

3Note that the aggregate resource constraint haltis+ I; + G; = Y;. Substitute first the expression 6% from (7) into the
resource constrairit; + I; + G = Y; ; then, by manipulating the resulting expression, the agaggeversion of households’ budget
(5) obtains.



(l-a=-p) %

Bo(Nag + Noa) = ()71 = m) ot ©
Y,
Bo(Nast + Nut)® + Bi(Nug)¥ = (Ct)_lﬁl\f—;t ®)
Y,
(Cor)™! <(1 —0)+(1—1y)ags ) = (Cy)™ (10)
t+1
1—a—

Kiy1 = ((1 ~7v) (M + a> + p) KNz N+ (1= 8) K, - C, (11)

(1 + TN) ) y
Jlim (C)™'K, =0 (12)

whereY; = K" N2 NJ%, é1 = a(1+1n), ¢2 = (1 — a — p) (1+n) andgs = (1+¢) p.

2.5 Stationary State

Proposition 1 shows that the model has a unique stationatg &br capital stock, and unique values for
equilibrium regular and underground labor services. Thtigtary state quantities are derived under perfectly

elastic labor supply schedules£ ) = 0).14

Proposition 1 For ¢ = v = 0 there exist a unique stationary capital stk > 0, and a unique stationary

*
equilibrium for regular labor supplwﬁ > 0, and unique stationary rati ﬁ—f{) such that:

L p(1+¢)
* (1—mv)a Y=o [ 147y Bop(l—a—p) ' \ 727 o\ St
K* ~ (-1 (NM :

Bl —-1+96 1+ spry (Bo+ B1) (1 —1v) ’
N]\*/} N _(l—a:p) ] <5_1 — 1+5>;
BQ((l-Ty)(WM—l-ﬁl_;T;M)—F\I’U—&) CY(1+TN)
<&>* B Bop(l—a—p)™' 147y
Ny (Bo—i—Bl) (1 —Ty) 1—|—pSTN’

G

(l—a—p) p71-146 _ 5
where = WU, and (1+s€nm) —)a

(1+7n) (I—-7v)a

Proof. see Appendix.m

This is a customary assumption, commonly accepted in tieisature; see among the many Farmer and Guo [8]. It also sillow
to find a closed form for the stationary state. Indetermiretses, however, fof, ¢ # 0, as well. It can be shown, in addition, that
the larger the aggregate increasing returns to scale, riperles theg, ) parameter region where indeterminacy arises.



The stationary equilibrium value for capital stock is dedwnder an approximation, which is necessary
in order to obtain a closed form fdg*; it can be shown, however, that results would not be sigmifiga

different if we derived its value numerically.

3 Topological Properties and an Original Theoretical Mechaism

3.1 Topological Properties

To study topological properties of the stationary statévedrin Proposition 1, we arrange the system of
linearized equations so to obtain a planar dynamical systdhe state vectoﬁt = (I?t; @) (hat-variables

denote percentage deviations from their steady statesjalue

EiSi1 = WS, + Q11,

whereé,; 1 is a2 x 1 vector of one step ahead forecasting errors satistyiyj,; = 0 and(2 is a coefficient
matrix. Its first elememf(tﬂ — Etf(tﬂ equals zero, sinc&y, 1 is known at period; denote the second
element withe, = 6t+1 — Etat+1.

We now introduce the following standard definition.

Definition 1 The stationary statd* is called locally indeterminate if there exists> 0 such that from
any K, belonging to( K* + ¢, K* — ¢) there are infinitely many equilibrium paths converging te tteady

state.

Now, when the model has a unique equilibrium (i.e., one ofdigenvalues o#V lies outside the unit
circle), the optimal decision rule for consumption does a@epend on the forecasting erray,.'® If both
eigenvalues oV lie inside the unit circle, however, the model is indeteragnin the sense that any value of
@ is consistent with equilibrium givef?t. Hence, the forecasting erréf can play a role in determining the
equilibrium level of consumption. Under indeterminacy theision rule for consumption at tintgake the

special form

Cy = wa K1 +wCi—1 + waey,

Bgpecifically, in that cas€'; can be solved forward under the expectation opertdo eliminate any forecasting errors associated
with future consumption. Then the optimal decision rulerae ¢ depend only on the current capital stakk.



wherew,; andw,, are the second row elements of the matridéand(2. The conditionE,é. ;1 = 0 ensures
that rational agents do not make systematic mistakes iodsting future based on current information. Since

€.t can reflect a purely extraneous shock, it can be interpretasti@ck to autonomous consumption.

3.2 Conditions for Indeterminacy

Theoreml1 derive necessary and Sufficient conditions fal limcleterminacy of the equilibrium path (that is
for both eigenvalues of thiy matrix lying inside the unit circle) under the assumptiorpeffectly elastic

labor supply scheduleg & v = 0).16

Theorem 1 For £ = ¢ = 0 the model equilibrium is locally indeterminate when thddi@ing necessary

(NC) and sufficient (SC) conditions hold:

i(1+n){<l_(l_a_p)1erTN>+p<(1—TY)(11+3PTN) _1>}
C _7: <p(1—|—()—|—(1—a—p)(1—|—77)<max{6(11_5),EE_1},

NC

=

a

where; R, andR are two quantities (defined in the appendix) such that R < R.

Proof. see Appendix.m

To present a neat economic interpretation it is convenignéwrite the necessary condition in terms of
the steady state share of disposable income, and the soiffeneditions in terms of elasticities and cross-
elasticities of the demand schedules for capital, reguidrumderground labor with respect to the three pro-

duction inputs.

3.2.1 The Necessary Condition.

The necessary condition suggests that distortionary itaxaind tax evasion, combined together, allow to
reduce the degree of increasing returns to scale (the ptameequired for having indeterminagy. It is

here necessary to distinguish betwegnandry.

8see footnote 14.

"When there is no tax evasion (and therefore no undergrotmd:lvhenry = v = p = 0) the necessary conditions reduces to
B < (n+ 1). The condition for indeterminacy in the standard Farmer@nd model islf—a < 14n, which is, however, a necessary
and sufficient condition. We would get it by combining togatbur necessary and sufficient conditions for no-evasienao.

10



Taking 7y as given, that the higher the probability of being detectetimgp (and/or the penalty sur-
charge factor), the more difficult becomes to allocate resources to thergndund sector, and the smaller

the quantity( 1> gets. Consider the extreme case where tax evaders are @dimsth an

1
(I—7y)(I+sprn)

infinitely large penalty (that is — oc). The NC readsg < (1 + n) {(1 —(1—a-p) 1;%) — p}, sug-
gesting that parameter region for indeterminacy shrinkentax evasion becomes extremely costly, and it
fails if labor taxes are too highr§; > % for example):® Indeed, when tax evasion is extremely
costly/risky and when taxes are higher than a certain tbtdskhey ‘tax away the externality, in the spirit
of Guo and Lansing [11].

The picture is different if we takey as given. An increase in income tax raiemonotonically increases

the quantity<( easing, by this hand, the necessary condition. That hajfizasise there

. 1)
1=7y)(1+spTn) ’
is no probability of being detected evading income taxafmmthe households’ side). Therefore, the higher
income tax rate, the higher would be underground labor suppthis sense, resources would be reallocated
toward an input that ensures a tax-free externality. In¢hise we cannot claim that higher income tax rates
tax away the externality.

In summary, this analysis suggests that underground ecpaarhtax evasion can be considered as addi-

tional economic phenomena inducing local indeterminaghefequilibrium path.

3.2.2 The Sufficient Condition

The sufficient conditions can be re-written in terms of theserelasticity of regular (underground) labor
TD 7D
demand with respect underground (regular) labor servh‘f]gé Ep(l1+Q) ands]L\AfU =1—-a—p A+n),
U M

respectively).

R < Lﬁ+EED<max ! R
R—1 v R B(1-0)R-1

This condition suggests that the labor demand scheduleddsihave a sufficiently Iarge response to

changes in equilibrium employment (that is the lower boumnualltyﬁ < ELM + fs ) but, at the

D
same time, that this response should not be too large (ththeisipper bound mequalltguM + sA <

max{ﬁ, @}). This condition represents a building block of the theoettmechanism descrlbed

8The NC condition fails whers > (1 + ) { (1 —l-—a—-p) X ) } . This inequality can be recast in terms o

1+7N

obtainingry > £-=2021) Notice, moreover, that the quantiéz =211 is quite small for reasonable parameters’ value.

11



below (see Section 3.3).

To better appreciate the economic intuition behind thisicgaht condition, then, it can be rewritten in

terms of elasticity of labor demand schedules to changeapitat stock é{ﬁ ands?); it yields:

EZJ[V)f andsiff) > 51 {1 + (=01 =5 <e§1€’ —I—sifj) > } )

K K s1+ sc )
suggesting that regular and underground labor demandddsteacts more to changes in capital stocks rather
than changes in labor servicasteris paribus 1° In other words, the shifts of labor demands driven by
changes in capital stock should be “larger” than those drivechanges in labor services. Again, this result

is important for understanding model’s mechanism preseogdow.

3.3 The Theoretical Mechanism

The theoretical mechanism driving the economy under séfifing beliefs differs from the customary one,

and this section describes it by focusing on the labor market

Suppose a sunspot shock hits the econinggents, then, formulate a conjecture on future income and
consumption, according to which they believe to be more thhgaHence, they would like to consume more
and - at the beginning - to work less. The household first ocdeditions suggest that both labor supply
schedules would shift up (Figure 1).

Now comes the key difference compared with customary on@isewdel where labor demand slopes
upward. In our model both labor demand schedules are slajmng for our parameterization, and therefore
the economy would begin plummeting into a recessfanBut, in a perfect foresight equilibrium agents are
aware that they could reduce their tax burden, increasedtsgiosable income, and therefore could afford the
higher conjectured consumption, by allocating resourcéiseé underground input. Notice that this is possible

only when the necessary condition is satisfiéd.

7D
LZ\/I

7D
L , which is also reduced by quantities*Z— and
Ny Nt

¥Technically speaking;iﬁ and <2U should be larger tham
K K N ST+sc

1-8)(1A-p)

20I(rSI a discrete time model like this, however, everything reapsimultaneously, and the following description has gusex-
planatory purpose.

2When labor demand schedule is upward sloping, as in the bearkhone sector model with indeterminacy, an upward shift of
labor supply schedules increases equilibrium labor sesyithis supports an increase in income flow, and generatespamsion.
This would be consistent with the households’ conjectuaad,would lead the economy into a self-fulfilled expansion.

22The necessary condition suggests thistortionary taxation should not drain too much resoureesy from the private sector,
in order to allow the latter to form self-fulfilling beliets

12
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Figure 1: Theoretical Mechanism Regular(L3,) and undergroundZy}) labor supply schedules shift
upward (toL]S%S(l)) after a positive sunspot shock; economy would enter inecassion AN,; < 0 and
ANy < 0), as labor demands)(0) and LY (0) are negatively sloped. The cross-interaction betweern labo
markets would further strengthen the inward shifts of lademands. But, in a perfect foresight equilibrium,
the labor input reallocation toward underground labor tnpauld increase households’ disposable income,
who can consume and invest more. This triggers the capitahaglation A K’ > 0) that shifts out both labor

demand schedules 10}, (2) and L2 (2).

13



The resource reallocation toward underground labor wddd trigger an expansionary mechanism, be-
cause it increases returns to capital, regular wage, amdftine equilibrium capital stock and equilibrium
regular labor. This in turn, would raise underground labag® rate, inducing a further expansion in the
economy?® The sufficient condition ensures that the expansionaryssbfflabor demand schedules due to
capital stock dominated. This mechanism, eventually, would push the economy intoxparesion, which

fulfills the initial prophecy of higher consumption.

4 Numerical Results

The introduction of underground economy ensures that ldboorand schedules are well behaved (in the sense
that slope down in the wage-employment plane). To have a ldenpnderstanding of the model, we then
calibrate it for the United States economy and compare tipeilise response functions to a positive sunspot
shock with those generated with the benchmark one sectoelmddnally a sensitivity analysis exercise
shows the results’ robustness, and underlines that evay artderground sector (in terms of GDP percentage

points) matters for inducing local indeterminacy of theiloum.

4.1 Well behaved labor demand schedules

Both labor demand schedules are well behaved (in the seaisthéy slope down), compared to standard one-

sector economy models where the necessary and sufficieditioonfor indeterminacy requires that labor

demand is upward sloping. Just observe that in our m o — I1+n1l-a—-p) —1< 0and

R M
oL

R (1+¢)p —1 < 0 are both negative, as long as the following condition holds:
U

Condition 1 Linearized labor demand schedules slope in the pla(nzgy,@M> and (]VU,@U> down if

* a+p x  1=p
N < 1o and¢r < —E.

Condition 1 is satisfied for our parameterizations n.1 a2d(fhable 1): fora = 0.23 andp = 0.088,

the regular externality parameter should be less #ftan= 0.46 and the underground specific externality

23To better appreciate this claim, observe that the reguldwuaderground labor demand schedules can be written as/&ffom

firm's first order conditions (4ywn = LY (Nar; ]\7[;, l+{) andwy = LB (Ny; J\Em l+() respectively. The labels denote the sign of
corresponding partial derivatives.

ZRecall that the second sufficient condition suggests thatshifts of labor demands driven by changes in capitakssbould be
larger than those driven by changes in labor servitetence the increases in capital stock pushes the econonarddive expansion.

14



parameter should be less théh = 11.50.2°> Notice that in a model with no underground labor input (that
is for p = 0), this condition would be much more restrictive and not cotibfEa with the stationary state
being indeterminate. Indeed, fpr= 0 regular labor demand schedule slopes down*if< 0.2987, and
for this figure the model stationary state is saddle pathestdtbence the introduction of underground labor
input eases the conditions for having a sloping down laboratel schedule. A similar argument applies for

underground labor demand schedule.

4.2 Parameterization and Impulse Response Functions

Parameterization. The model is parameterized for the U.S. economy; calitmais based on seasonally
adjusted series from 1970 to 2001, expressed in constarit i8es. Actual data for the United States
economy are drawn from Farmer [9]. The system of equationssego compute the dynamic equilibria of
the model depends on a set of 14 parametEige pertain to household preferencesy( B4, &, ¢, 3), four

to the institutional context (the probability of a firm beidgtected evading, and the surcharge factey the

two tax ratesry andry), and the remaininfive parameters to technology (the factor shares, the capital
depreciation raté, the “regular” externality parameter and the one associated to the underground labor
¢). A starred parameter denotes the precise calibrated.vallde | below includes calibrated values of all

parameters.
Table |

The calibration of parameters that are more closely relatedx evasion and the underground economy
deserve more attentidfi. For theprobability of being detecteg, we rely on Joulfaian and Ride [15], which
estimate that the probability of auditing in the US rangetsvben 4.6% and 5.7%. We choose the higher
value,p* = 0.057, but results do not significantly change if we consider theciovalue 4.7%.

To stop tax evasion schemes, the Internal Revenue Sensaetently undertaken a national coordinated
strategy to address abusive tax evasion schémémlations of the Internal Revenue Code may result in civil

penalties, which includes a fraud penalty up to 75% of thesymayment of tax attributable to the fraud in

ZThis result is robust to a large set of parameters, as lorigeaggular externality is sufficiently small. The quantityl —a — p)
is in fact positive and small. lf gets too big, the slope of regular labor demand schedulen)(1 — o — p) — 1 becomes positive.

ZBusato and Chiarini [5] calibrate a model for the Italian Bomy, and Conesa, Diaz-Moreno and Galdon-Sanchez [6]ratgib
a model for the Spanish economy.

*’For more details about the Internal Revenue Service potiganding abusive schemes, refer to Internal Revenue ®dPuiblic
Announcement Notice 97-24, which warns taxpayers to avoiisie tax evasion schemes that advertise bogus tax benefits
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addition to the taxes owed. Therefore we setdheeharge factos* = 1.75.28

The calibration of the externality parameteraind little more attention, as well. They are calibrated
by using the regular labor demand schedule and the aggrpgataction function. More precisely, rewrite
these two equations in terms of the empirically-known macomomic ratiosNiM . %—ZI take a logarithmic
transformation, and then solve fgrand¢. We obtaing* = 0.62 and¢* = 0.15.2°

Table Il compares the baseline and two alternative model’'s paraizetion with the benchmark model

(Farmer and Guo [8]) and with actual data.

. —In (1110:_;\7’3) — aln (NIX/[) —pln (N&J\?) + Inwps . InyY —a (1 +71*)111(NI§/[) *Pln(JLIJ\YM) —(14+n")In Ny
n = x Ny and¢™ = NG
(et (f37) + 1 Nar + om0 (L)) pin ()
Table Il

This parameterization, however, presents a quite largeederf aggregate increasing returns to scale. Itis
reasonable to consider it as an upper bound for the calibrvateies and as a useful indication for the relative
sizes of the two parameters. The baseline parameterizatidrthe alternative parameterization in Table Il

show that the degree of increasing returns can be loweredrevee. Section 5 offers additional detédfls

Impulse Response Functionslt is then interesting to compare the model's impulse raspdunction
(solid line) to an i.i.d. positive sunspot of shock with thasf the benchmark one (dashed lineFigure 3
below).

A sunspot shock increases consumption, equilibrium tatghleyment and production output. Invest-
ment falls on the impact (to accommodate the higher consomptofile), but then recovers. All dynamic

responses follow a non-monotone pattern, and revert baitletstationary state.

Zy/iolations may also result in criminal prosecution; in thisse there are penalties up to five years in prison for eaehs#t
More precisely, rewrite these the regular labor demanddidbeand the aggregate production function in termgékélf , g—;’[
take a logarithmic transformation, and then solverfand(. The final expressions read:

. 71n(117+0:_;vp)7aln(%)fpln(ljvv—1€[)+lnwkl *7lana(1+n*)ln(ﬁ)7pln(N—U)7(1+n*)lnN1w

"= (aln(Nij)+111NM+pln(1]\\;g])) and - pln(NU)

Data SourceY: NIPA Table 1.4.1 (revised Feb 2004y, : NIPA Table 6.4B (revised Feb 2004); GDP Deflator: NIPA Tahlke 1
(revised Feb 2004); Capital labor ratjég: Ghosal [10].

%0The computations show here and in section 5 have been donakitg into account the approximation in the derivationta t
steady state values discussed in section 2.5. Anyway theiersufficiently small.
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Figure 2:Impulse Response FunctionsThe figure shows the first 32 quarter response of main endogen
variables to a positive sunspot shock, for the baselinenpetexization in Table I+ = 0.44; ( = 0.28).
The response patterns would not be qualitatively diffefenthe other parameterizations under which the
stationary state is indeterminate. Notice that the regpdmsctions in the bottom-left panel are plotted in
dual scale.The curves are the quarterly percentage dmsafiom a baseline scenario where there is no
uncertainty.
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The qualitative response patterns of aggregate quardittesomparable with those of the benchmark one
sector model, as the Figure suggestdNotice, however, that the mechanism underlining a class adeh
with labor heterogeneity (i.e. regular and undergroundipis completely different from the customary one,
as Section 3.3 suggests. In addition, a distinctive charatt of our model is the much stronger responses
of capital interest ratér) and aggregate labor productivityw). This is the consequence of the propagation
mechanism operating in our model.

In other words, the model predicts that a positive sunspatishnder indeterminacy should make invest-
ment more appealing (in order to self-fulfill the expansigrexpectations). A natural way to verify this issue
is to rewrite the Euler equation, isolating the covariarexentbetween marginal utility of consumption and

investment return€’ov (C.Y, Ryy1), i.€.

E, (C;1) = BE, (CL Ris1) = Ey (C;Y) = BE (CY) Et (Rys1) + BCov (Cry, Rysr) -

Now, investment becomes more appealing when the returasitagsis high in times when marginal utility
of consumption is low. Hence, the lower the covariadés (C;rll, Rt+1), the more appealing investment
is. We should expect, therefore, that the stronger thefsiilfing prophecies, the higher the correlation
between consumption and returns. A numerical exerciseramnthis claim. When self fulfilling prophecies
are low (degree of returns to scale equal &&v) thenCov (C;rll, Rt+1) = 0.63; consistently with our claim,
when self fulfilling prophecies get stronger (degree ofnreduio scale equal 1@.41) thenCov (C’;rll, Rt+1)

monotonically decrease ®19.

5 Sensitivity analysis

For the baseline parametrization (Section 4.2, Tablehg,rmodel’s attractor is a sink; the matd¥ of the
linearized systenEt§t+1 = WS, + Q&:.1, (previously defined) has two complex conjugated eigengalue
the two roots equal8.8297 + 0.2185: and0.8897 — 0.2185:. This sensitivity analysis restricts its attention
to the externality parametersand(. Table Il shows that the value df can be significantly lowered and

that ofy increased with a little subsequent increase in the degresturhs to scale - which however remains

31Such a comparison would be reasonable, because the offibill &timates for the United States incorporate an estinfate o
underground sector contribution
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below the benchmark one-sector model. In this sense the Sablgests that there exist a trade-off betwgen

andn.
Table Il

It is then important to underline that the equilibrium paghstill locally indeterminate even when the
underground sector does not contribute to the externdiigcteat all, i.e. when( is equal to zero - as can
be seen from the two last rows of the table. The model stibgmeés indeterminacy for an even smaller (as a
percentage of the GDP) underground economy seaét%ié* lowered from0.088 to 0.04), as the last two

rows of the Table show.

6 Conclusions

This paper proposes a one-sector dynamic general equititmodel augmented with tax evasion and under-
ground activities; it includes an additional kind of labengces along with the standard capital and regular
labor, and a proper taxation structure. The model displagseasing returns to scale due to externalities in

both regular and underground inputs, capable to induce iledaterminacy of the equilibrium path.

The theoretical mechanism driving such a model departs fr@naustomary one. It turns out that prophe-
cies of a higher expected income are self fulfilled througlesource reallocation toward the underground
labor services, which allows to evade taxes, and therefofeve additional resources (the tax wedge) for
satisfying the higher desired consumption profile. Theieitphtroduction of these phenomena into a one-
sector general equilibrium model allows to to have well eldademand schedules for production inputs (in

the sense that slope down).
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Tables

Table |I: Parameterization.

Institutional Setting | p* = 0.057 s*=1.75
Disutility of Working | Bj = 2.50 B =2.00
Preferences & =0.00 P*=0.00 [*=0.984
Technology o =023 p"=0.088 4" =0.025

Effective Tax Rates | 73, = 0.153 73 = 0.1186

Notes: The paramete&’, 3*, ¢*, o*, ¢* are from Farmer and Guo [8]3; and B} are set to match
the labor share of regular and underground labor serv(c%%)k = 0.088 and (%)* = 0.912,
following Schneider and Enste [20], whem®* is calibrated to 0.33;p* and s* are from Joulfaian
and Ride [15]; the effective income tax ratg: is computed from the “Effective Tax Rates, 1979-
1997”7, Table H-1a, prepared by the Congressional Budget@®ffsocial security tax rate is taken from
www.socialsecurity.com; we choose the value applying fer 1990 and later, which equatg, = 0.153

(http://lwww.ssa.gov/OACT/ProgData/taxRates.html).
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Table II: Externality parameters.

M " ioressing retuims fo scale
Baseline Parameterization 0.44 0.28 1.43
Alternative Parameterization 0.39 0.28 1.38
Benchmark (Farmer and Guo [8]) 0.60  — 1.60
Actual Data (Farmer and Guo [8]) <1.20

Notes:n* : calibrated regular externality parametgf;: calibrated underground externality parameter; overall

degree of returns to scale reads+ 1) (1 — p) + (1 + )p.
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Table lll: Sensitivity Analysis

Notes: (%)*

() < eigenvalues ol aS . rerenting retum fo scle
0.088 0.29 1.5 | 0.9629 4 0.2428: sink 1.396
0.088 0.29 1.3 | 0.92924+0.2912¢ sink 1.378
0.088 0.29 1.0 | 0.711540.4421¢ sink 1.352
0.088 0.29 0.9 —0.01;0.19 stable node 1.343
0.088 0.29 0.7 0.7;2.0 saddle 1.326
0.088 0.45 0.28 | 0.8437 £ 0.2097¢ sink 1.435
0.088 0.4 0.28 | 0.666 £ 0.22631 sink 1.389
0.088 0.39 0.28 | 0.5509 + 0.14873 sink 1.38
0.088 0.38 0.28 —0.06; 0.66 stable node 1.371
0.088 0.3 0.28 0.8; 1.5 saddle 1.298
0.04 0.40 1 0.8911 £ 0.2278: sink 1.424
0.04 0.35 1.2 | 0.8238 + 0.3020% sink 1.384
0.04 0.30 1.5 | 0.3481+0.3781% sink 1.348
0.04 0.29 1.5 0.56; 15.1 saddle 1.338
0.088 0.44 0.0 | 0.6304 £0.1254¢ sink 1.401
0.04 0.40 0.0 | 0.5833£0.1801% sink 1.384

: underground labor labor sharg;: regular externality parametef;: underground-specific
externality parameter. Labor demand schedules are wetivieeh(sloping down) for all parameterizations

included in the table.
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Appendix

Proof of Proposition 1.
Evaluating at the stationary state the firms’ and houseHoktsorder conditions yields:

By = c! (1 —71y)wn (1)
C_le = Bo + Bl (2)
-1 _
S T .
1—7y
C = (1—1y)(wyNy+rK)+wyNy — 0K (4)
Wy = (1+78)wy =(1—a—p) Ka(1+n)N](V1[—a—p)(1+n)—1N5(1+C)

whereTy = spry. Rewrite the Euler Equation (3) as

-1 _ p(1+C)
BT 140 galien=1 y=a=p)in) no(1+0) _  pea(ien =1 py(1-a)(1+n) <NU > 5)

1—7y M U Nus
. P NPS . . p(14+¢)
where the quantm(]]\\,f—;’!) % is approximated a ﬁ—f{) ,
M

Claim 1 Ratio{/L- is stationary.
Proof. Combining (1) with (2), yields

By < p ><1+TN>_<NU>* 6)
(Bo+B)(1—7my)\1l—a—-p) \1+7n/) \ Ny

*
Notice that the stationary labor rati ]]VV—Z) is independent of any input-specific externalisy.

Claim 2 The quantityi(1+m -1 N =)0+ s stationary
Proof. Combining (5) with (6), we obtain:

Br—1+96 By P I+7n —p(1+() — feo(i4m)—1 p(t=a)(1+m) @)
I-mv)a [(Bo+B)(I—1y) \1—a—p) \1+7n - M

which establish our claim, since the left hand side is cantsta

Claim 3 There exists a unique stationary equilibrium for aggredatsor suppIyNX} > 0.
Proof. Now consider the feasibility constraint (4):

C:K<(1—Ty) (wM[éVM+r>+w[fréVU—5> (8)
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and observe that the quantitiég?Y and “Xv are stationary, too:

war Nps l—a—pBt—146 -

K 1+7v (1—7y)a M ©
wy Ny p Br—1+0 -
= =V 10
K I+7v I—my)a v (10)
Substituting then (9), (10) into feasibility constrain),(gields:

_ “1_1496 _

C:K<(1—TY) <‘IJM‘|‘517T+> +‘I’U—5> (11)
— Ty

To derive the stationary equilibrium for total labor suppdubstitute (11) into (1) to obtain:

By <(1 — Ty) (\i’M + ﬁ117_1/+5) + \i’U — 5)
T (a7

_ gol+n -1 y{1-a)(+0) (_ N

Now, sincek@(1+m -1 U=+ gng V< are constant, the above equation gives the stationary value
NX in proposition 1. m

The final step is to compute the stationary equilibrium vdtreK*. Combining (7) with the value of
NX it turns out thatk * is stationary, and it reads

(1+¢)
KX ~ ( (1-71v)a >1“<11+"> <1+TN By p >1p“‘1+") (N* %
Bl—146 1+7ny (Bo+B1)(1—1y)l—a—p M

[ ]
Proof of Theorem 1. Preliminaries Linearize equilibrium conditions, and rearrange thera the following
2 x 2 dynamic system in the variabld§; andC;:

e I (12)
Cita J231J3 T2 J231J4 Ct

where the//s are defined below. Define the set of our model parameteB, layd a functionp(P) such that:
o(P): P —R.

no= BN en i+ e @) - 1

Jp = {1+[1-81=08)][pP)};
J3 = da(l+nM(1+¢(P))+(1-105)sr;
Ji = 6vM (¢ (P)) + dsc,

wherey (P) = “01 (gp (P) : P——R andys(P) : P ——R are defined below) is a continuous function

mapping thelP- parameter space into the reals such thatP) : P —R; s¢ = g: ands; = % =

Y* denote the steady state investment and consumption rét®suantity/ is equal to the (steady state)
share of income net of taxeand it is defined a3/ = 1 — s, wheresg = s¢ + sy, andsg = 7v + (1 —

v)(1 —a— p)(1+T + {sprn(1 —1v) — Ty}pm. The functiony; (P) and ¢, (P) are precisely
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defined below:

p1(P) = 14+l —-a-p){l+[—(1-g&W}+ (1+)p(1+EW);
pP) = E+1-(1+nl-a-p)—(1+p+
+EW{hg— (1 -q)[1 = (1 +n)(1 —a—p)—q(l+)p}+
WY1 —(1+n)1 —a-p)],
whereW is equal tol — w andg = N—E

Gandolfo [13] (ch. 5) states necessary and sufficient cimmditfor a discrete dynamical system (like
system (12)) to display local indeterminacy of the equillibr path. In terms of our notation, they read:

(J3 —sp)(1—J2) +J1Jy

0 (13)
sy Jo
(J3+$[)(1+J2)—J1J4 0 (14)
S[J2
s1J2 — J3 0. (15)
S[JQ

Strategy. To derive indeterminacy conditions in terms of the paramsedf our interest (those belonging
to setP) we use a constructive argument, which is made of the foligWour steps.

e Step 1 Rewrite (13)-(15) in terms ap(P) : P —R, and therefore in terms of paramet&s

e Step 2 Define two subsets of the readfls C R and.S; C R (51 N Se = @) in which the model display
(S1) and does not displafS2) indeterminacy, respectively;

e Step 3 Show that the subséf; has a non-empty interior, and therefore that there exigtirpaters’
values for which the stationary state is indeterminate;

e Step 4 Invert the functionp(P) on the subset, and derive, by this hand, conditions on the parameters
P for the stationary state being indeterminate.

Step 1 Rewrite equations (13)-(15) in termsofP) : P ——R. Algebraic manipulations yield:
S(M—sp)[B(1=08)—1]{[1—a(l+n)](1+p(P))}
@) R =800 (e P)) > 0.

(II ){6<M spPR=BA=IA—al+ml+2[batm)Mts A=A} (e®) | IM-s)[-BA-DI1—altn]+20aldtn)Mts(2-8)]
STTs (I—A=8)(2(P)) STHs (I—AI—0)(#(P))

(s (1—B(1—8))— 5 Ma(1-47)] (o(P))+3[s1 —Ma(11n)
(IIT.) = e A-(2(P)) > 0.

Conditions(l.)-(lll.) are necessary and sufficient for the equilibrium capitauaadation being local
indeterminate.

Step 2 Conditions(l.)-(111.) define a system of inequalities, which, in turns, defines tusets of the
realsS; € RandS; C R (51 N .Se = @) defined as follows:

e 51 C R: model displays indeterminacy (all inequaliti@g-(l1l.) are satisfied);

¢ S5 C Rmodel does not displays indeterminacy (at least one inggaahong(l.)-(Ill.) is not satisfied).
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In other words, ifp (P) € S; the equilibrium is indeterminate, andgf(P) € S, the equilibrium is not
indeterminate.

Step 3 Notice that the conditiond.)-(lll.) share the same denumerator, and they are all functions of

¢ (P). Hence they are functior : R——graph (¢ (P)) C R. The zeros of these functions are the values
delimiting the intervals over which the conditions are (aof) simultaneously satisfied. They are:

R(l)S — —1
O(M —s7)[1 = B(1=0)] (1 —a(l+n)) +2[6a(l +n)M + 57(2 = 0)]

6(M —sp)[1 =61 =0)] (1 —al+n)+2[6a(l+n)M+si(1 - (1 —46))]
R - _ ds; —dMa(l+n)

15 s7(1—B(1 —6)) —dMa(l +n)

1
0 — - @@
Fo = 1= j5a—sy

where R, denotes the zero of the common denumerator. It is convetoentvrite the conditiongl.)-(11.)

in terms of the values delimiting the intervals and S,. Algebraic manipulations yield to the following
necessary and sufficient condition for indeterminacy:

0 —
R14__

max (Rp, Riy) < Ri5 < Ry (%)

The following theorem, together with Step 4, show that tlexist a set of parameters for which condition
(%) is satisfied.

Theorem 2 (Non Empty Parameter Space for Indeterminacy)The model equilibrium is locally indeter-
minateiff the following inequalities hold:

max (R%, R(1]4) < R(1)5 < R(1]3
Proof. We prove the theorem by proving the following preliminargiois.

Claim1 RY < R}y and R}, < RY;.

Proof. R}, < RY, directly follows froml — 3(1 — &) < 1. Furthermore,RY, is negative for all parameters’
values and its denumerator is always smaller than its numeras2 —§ > 1 — (1 — ) (in absolute values).
So it must be?y, < RY;. m

Claim 2 R); < RY,.

Proof. R}, < RY; implies thatSI(l._‘sg(fl__éggo_‘.%lﬁg)(l T > 1, and. we first show that this can happéfh
si(1 — B(1 —90)) < dMa(l + n); in fact, if this is true, then it will beds; < IMa(l + 7n), as it is

1 —B(1 —46) > §. Inthis case the numerator dt, is always negative and greater (in absolute value)

than the denominator (which is also negative); thse,ﬁ_65(11__651)3(511\52)(1%) > 1. We then show that the
inequalitys;(1 — 5(1 — §)) > dMa(1 + n) is incompatible with conditions (13)- (15), so that the ogip®
must hold. Suppose (by contradiction) that itsi§1 — 5(1 — d)) > dMa(1 + n); then it would be either
ds; > dMa(l +n) or és; < dMa(l + n). In the first case the line Numeratgfll.) has a positive
slope and a negative intersectidty 5, which is greater tharR,3; the situations is shown in figure 3.A). It is
easy to check that for all values éﬁ inside the interval Rp; R15) indeterminacy never occurs, d#p is
positive andR;5 is negative; but also fof;—; outside the interval indeterminacy never occurs, as coomit
(13) (for £> > Ry5) and condition (15) (forZ: < Rp) are not satisfied. Now consider the case in which
sr(1 — ﬁﬁ —9)) > 6Ma(l +n) butds; < 0Ma(l + n); then Numeratoi(1.) has still a positive slope
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but R,5 is positive. By shifting the line Numeratbir(.) in Figure 3.A), the same above argument applies and
indeterminacy disappears. So, it musthél — 3(1 — §)) < SMa(1 +n), and thenR); < R);. =

Claim 3 RY, < RY;

. . : t Ss;—6Ma(1+n) 1
Proof. The inequalityR?, < RY; can be recast as i.e. th“stI(1_5(11_5))_5MZ(1+77) < =50y Note
that when the termdMa(1 + n) (which is always= 0) is zero, the first fraction reduces t?_ﬁ(lli_é)é
< —2+—~. We show that when the teréd/a(1 + n) increases, passing from zero to positive num-

T—B(1-3)"
bers, the fraction_- (1—558(11__5%3(511;52)(1%) monotonically decreases, so that it must alwaysitje < RY;.

ConsidersMa(1 + n) as a function ofy: whenn is equal td? —1, the fraction collapses tqﬁé;

. : . d=Ris) _ —5M

whenn increases, the termiM; «(1 + 1) monotonically increases. No dnl5 = ST=A0=0))-Ma(isn)
8s1—0Ma(14n) ds;—0Ma(l+n) . it i

[1 — ST eaierityy |- We have seen before that "5y < —L but then it is

d(_di};“") < 0 for all the parameters’ values. Thug), < RY;. =

Claim4 R{, < RY..

Proof. We demonstrate this inequality by contradiction. Assuna¢ By, < RY,; given the inequalities
demonstrated above, two cases are possible: eifffyr < R, or RY, < RY,; the first one is clearly
impossible, as it would imply tha®?; < RY, < RY, and we have seen that it B), < RY;. Let's consider
the second oneRY, < R, < RY,; in this case the situation would be the one depicted in EgiB) (recall
that the slope of Numeratdi() is always positive). In the intervdlR,4; R13) indeterminacy is impossible,
as Numeratoii(1.) < 0 and Denumerator> 0; this is also true in the interval Rp; R14), as Numeratoi( .)
< 0, Denumerator> 0, and in the regions outside the two intervals. Then the ordgring compatible with
indeterminacy ik}, < RY;. m

Claim5 R, < RY and R}, < RY, are possible and compatible with an interval {8y being non-empty..
Proof. The order betweerk}, and ROD does not affect the existence of a non empty parameter space f
indeterminacy of equilibrium, as Figure 3.C) illustratem.

Ro Ri3 Ris Ris Ris Ris N Ro Ris Ris 0
Pl P2 > P/ > /¢ —>
NUM)| == e e e e e e e — Num b Num @ —fo -
Num ——F————————— e - Num -—--fecmmcdoeeaood - Numy ——F———————— e
NUMmM) ———————— e e Den ---i------
Den ... My
Den --- Num, ---
A) B) C)

Figure 3:Auxiliary intervals : dotted lines represent negative values of the correspgrfdinction of%, (i.e.
the the three numerators of Conditiong € (Ill. ) and the common denumerator) while solid lines represent
positive values.

The interval (max { RY,, RY, } ; R15) is thus a viable region for indeterminacy, as for all the ealof
»(P) falling in this region, the necessary and sufficient coodgi for indeterminacyl)-(lll. )) are satisfied.

%20bviouslyn < 0 is not an interesting case in our model (it could be intequtets anegativeexternality at system level), but for
the sake of the argument it can be accepted just to see wlie effect on the fraction of the terdax(1 + 1) M when the latter is
arbitrary small.
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In summary, we have demonstrated th&f, < R;, R}, < RY;, R}, < RY%, R}, < RY., R{, < RY;,
Ry, < RY or RY, < RY,. By merging all these inequalities together, the orderiogspatible with an
indeterminacy region turn out to b&?%, < RY, < R}, < RY; and/orR{, < R% < RY, < RY,. This
completes the proof of Theorem &

Step 4 So we have two possible orderings defining the indeternginegion; one is given by the interval
(Riy; RYs), or

1 (P)

AS)

-R < () < -R (16)
where:
R o_ M —s)[1— B0 =0 (1—a(l +n) +2[a(l + )M + 52— )
- (M —s;)[1=p5(1=0)] (1 —a(l+mn)+2[6a(l +n)M +s7(1—p(1—9))]
T 0sy —0Ma(l +n)

s;(1—=p(1 —9)) —dMa(l+n)

The other one is given byRY,, RY;), or:

0 S an

Both the previous conditions suggest that in order to hasteterminacy, the rati% must be negative,
greater (in modulus) than one and finally included betweeangpecific values. From the above theorem, we
can see that the necessary condition for indeterminacyéndy:

si(1—=pB(1—9)) < dMa(l +n),

which, after some algebraic manipulation, turns out to beessary condition (NC). As for the sufficient
condition (SC), we can first write the terﬁg}, assuming, for simplicity, that and are equal to zero:

1 = (1+Qp+A+n)(1—-a—p)
po = 1-(1+Qp—T+n)(l-a—-p)=1-¢
_ ei(P) _ (1+Qpt+(A+n)(1—a— _ :
Note thaty (P) = i;EPg = 1£(1+)Cp)p£_(1:i7-)77()(1—af)p_)_ <-1(= R(fg)?_3 Putting together (16) and (17) and
explicitating with respect tg,, the sufficient condition§C) in the main text can be obtained. This completes
the proof of Theorem 1m

7D 7D
*Note also that the term, is equal to sum of the cross elasticities of the two labor d&in&?{” anda%” , as shown in the main
text
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