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Dynamic Dark Pool Trading Strategies
in Limit Order Markets

ABSTRACT

We model a dynamic financial market where traders submit orders either to a limit order
book (LOB) or to a Dark Pool (DP). We show that there is a positive liquidity externality
in the DP, that orders migrate from the LOB to the DP, but that overall trading volume
increases when a DP is introduced. We also demonstrate that DP market share is higher
when LOB depth is high, when LOB spread is narrow, when the tick size is large and when
traders seek protection from price impact. Further, while inside quoted depth in the LOB
always decreases when a DP is introduced, quoted spreads can narrow for liquid stocks and
widen for illiquid ones. We also show that traders’ interaction with both LOB and DP
generates interesting systematic patterns in order flow: differently from Parlour (1998), the
probability of a continuation is greater than that of a reversal only for liquid stocks. In
addition, when depth decreases on one side of LOB, liquidity is drained from DP. When a
DP is added to a LOB, total welfare as well as institutional traders’ welfare increase but
only for liquid stocks; retail traders’ welfare instead always decreases. Finally, when flash
orders provide select traders with information about the state of the DP, we show that more
orders migrate from the LOB to the DP, and DP welfare effects are enhanced.



1 Introduction

According to the U.S. Securities and Exchange Commission (SEC), Dark Pools (DP) are
Alternative Trading Systems (ATS) that do not provide their best-priced orders for inclusion
in the consolidated quotation data. DP offer trading services to institutional investors that
try to trade in size while minimizing adverse price impact. While undisplayed liquidity has
always been a feature of U.S. equity markets, it is only recently that DP have been singled
out for regulatory scrutiny. In 2009, the SEC proposed DP-related rule changes ranging
from a ban of flash orders to increased pre- and post-trade transparency for DP venues.
Moreover, the recent SEC 2010 Concept Release on Equity Market Structure shows concerns
on the effect of undisplayed liquidity on market quality as well as on fair access to sources
of undisplayed liquidity.

Unfortunately, there is to date very limited academic research that sheds light on these
issues. Existing models focus on the comparison between a dealer market and a crossing
network (e.g. Degryse, Van Achter and Wuyts, 2009), thus overlooking the features that
drive the strategic interaction of DP with limit order books (LOB). We extend this literature
by building a theoretical model of a dynamic limit order market where traders can choose
to submit orders either to the fully transparent LOB or to a DP. We derive the optimal
dynamic trading strategies and characterize the resulting market equilibrium. Specifically,
we show how stock liquidity, volatility, tick size and price pressure affect DP market share.
We also demonstrate how the introduction of a DP affects overall trading volume and LOB
measures of market quality. Finally, in an extension of our model, we show how flash orders
affect DP market share. The model generates empirically testable predictions that we plan
to pursue in a separate paper.

There are over thirty active DP in U.S. equity markets according to the SEC. A growing
number of DP also operates in European equity markets. DP are characterized by limited or
no pre-trade transparency, anonymity and derivative (almost exclusively mid-quote) pricing.
However, they differ in terms of whether or not they attract order flow through Indications
Of Interest (IOI)! and whether or not they allow interaction with proprietary and black box
order flow. DP report their executed trades in the consolidated trade data, but the trade
reports were until very recently not required to identify the ATS that executed the trade. As
a result, it is difficult to accurately measure DP trading activity. Recent estimates suggest
that DP represent over 10% of matched volume (Rosenblatt Securities, December 2009).
As illustrated in Figure 1, there are four broad categories of DP, namely Public Crossing
Networks, Internalization Pools, Exchange-Based Pools and Consortium-Based Pools.?

'TOI are sales messages reflecting an indication of interest to either buy or sell securities. They can
contain security names, prices and order size.

?Exchanges offer dark liquidity facilities that represent another 4% of matched volume (Rosenblatt Secu-
rities, December 2009).



[Insert Figure 1 here]

As mentioned above, there are several concerns associated with DP growth. A main
concern relates to the possible migration of volume from transparent to dark markets, and
hence to the effect of DP trading on measures of market quality for retail and institutional
investors. On this issue James Brigagliano, SEC’s Division of Trading and Markets, said on
May 2009 that DP draw valuable order flow away from the public quoting market and that
“[t]o the extent that desirable order flow is diverted from the public markets, it potentially
could adversely affect the execution quality of those market participants who display their
orders in the public markets.” More recently, Frank Hatheway, Chief Economist of NASDAQ
OMX, said that DP “undermine public price discovery by shifting liquidity away from the lit
markets, isolating displayed limit orders, widening public spreads, and decreasing execution
quality.” Another relevant concern of regulatory authorities is the fair access to DP liquidity.
While there are several aspects of the fair access issue, the problem that the SEC has focused
on in their rule making is IOI messages. "Actionable IOI" messages® create a leakage of
privileged information to select investors. On July 14, 2009, SEC Chairman Schapiro stated:
“[w]e have heard concerns that DP may lead to lack of transparency and may result in the
development of significant private markets that exclude public investors, through the use of
‘indications-of-interest’ that function similar to public quotes except with implicit pricing”;
and when on October 21, 2009 she announced a SEC proposal for DP regulatory change?,
she noted that “DP now represent a significant source of liquidity in U.S. stocks”, creating a
“two-tiered market that deprives the public of information about stock prices and liquidity.”

We use our model of a dynamic limit order market with a DP to shed light on the
concerns raised by the SEC. We first determine factors that drive DP market share. We find
that there is a positive liquidity externality in the DP so that DP orders beget more DP
orders. In our model, orders migrate from the LOB to the DP, but overall trading volume
can actually increase when a DP is introduced. We also demonstrate that DP market share
is higher for stocks with higher inside order book depth and for stocks with narrow order
book spreads. Intuitively, this can be explained as follows. Traders optimally trade off the
execution uncertainty and the midquote price in the DP against the trading opportunities in

3 According to the SEC (2009), IOI messages are “actionable” if they explicitly or implicitly convey
information on: the security’s name, the side of the order, a price that is equal or better than the NBBO,
and a size that is at least equal to one round lot. 10T are typically targeted to specific institutional customers
and not broadcasted more widely.

4More precisely, the SEC proposal addresses 3 issues: 1) actionable IOI: amendment of the definition of
“bid” or “offer” in Rule 600(b)(8) of Regulation NMS to apply explicitly to actionable IOI, and exclusion
of “size-discovery IOI”, i.e. actionable who are reasonably believed to represent current contra-side trading
interest of at least $200,000; 2) lower substantially the trading volume threshold (from the current 5% to
0.25%) in Rule 301(b) of Regulation ATS that triggers the obligation for ATS to display their best-priced
orders in the consolidated quotation data; 3) require real-time disclosure of the identity of ATS on the reports
of their executed trades.



the LOB. For stocks with larger depth at the inside or narrower spread, an order submitted
to the LOB has to be more aggressive to gain priority over existing orders in the order book.
As a result, the alternative of a midquote execution in the DP becomes relatively more
attractive. We also demonstrate that DP market share is higher when the tick size is larger.
This follows since a trader would have to make a larger price concession to gain priority in
the order book, which makes the DP a more attractive alternative. Our model shows that
traders use DP orders to reduce the price impact of their large orders. In particular we prove
that when large orders generate price pressure, traders either reduce their order size or they
resort to DP orders.

We also use our model to gain insights on the effect of DP trading activity on LOB
market quality. We find that inside quoted depth and volume in the LOB always decreases
when a DP is introduced because orders migrate from the LOB to the DP. However, total
volume in the LOB and DP combined actually increases. The results also show that the
introduction of a DP is associated with tighter quoted spreads for liquid stocks but wider
quoted spreads for illiquid stocks. The explanation is subtle and takes into account both the
migration of orders to the DP and the switch between limit and market orders in the LOB.
When the initial LOB depth is high, both market and limit orders switch to the DP, leaving
spreads tight in the LOB. By contrast, when the initial LOB depth is low, competition
from DP decreases limit orders execution probability and hence increases the use of market
orders, thus widening the spread. Furthermore, we analyze the dynamic pattern in order
flow: differently from Parlour (1998), only liquid stocks exhibit a probability of continuation
which is higher than that of a reversal, and the opposite holds for illiquid stocks. Also, we
find an externality originating from the interaction of a LOB with a DP, whereby the latter
acts as a liquidity buffer. In terms of traders’ welfare we show that, when a DP is added to a
LOB, total welfare and institutional traders’ welfare increase for liquid stocks, and decrease
for illiquid ones. Retail traders’ welfare instead always decreases.

Finally, we use our model to understand how introducing IOl messages such as flash
orders affects the equilibrium. We model flash orders as a mechanism that provides select
traders with information about the state of the DP before they submit orders. In this setting,
we show that more orders migrate from the LOB to the DP: the reason is that everyone knows
that informed institutions will use the DP. This means that the execution probability of DP
orders increases, which reinforces the already existing liquidity externality for the DP. As a
consequence, flash orders have the overall effect of enhancing DP effects on market quality
and traders’ welfare. Indeed, compared to the market without asymmetric information,
private information on the state of the DP reduces the execution risk of DP trading, thus
making market orders less competitive than DP orders. The result is an improvement of
both order book spread and depth, a reduction of LOB volumes but a further increase of
total trading volume. Noticeably, we find that institutional traders benefit of flash orders
whereas retail traders bear extra losses.

The paper is organized as follows. Section 2 reviews the related literature. Section 3



presents and discusses the general framework of the model, the benchmark cases with both
a Limit Order Book (LOB) and a Dealer Market (DM), as well as the protocol with a DP.
The equilibrium is derived in Section 4. Section 5 reports results on market quality, on the
dynamic pattern in order flow and on traders’ welfare. In Section 6, we extend the model
to include asymmetric information on the state of the DP. Section 7 discusses the model’s
empirical implications and Section 8 summarizes the results. All proofs are in the Appendix.

2 Literature on Dark Pools

Most of the existing theory on undisplayed liquidity focuses on the interaction between
crossing networks (CN) and dealer markets. Hendershott and Mendelson (2000) model the
interaction between a CN and a DM and show costs and benefits of order flow fragmenta-
tion. Donges and Heinemann (2004) model intermarket competition as a coordination game
among traders and investigate when a DM and a CN can coexist; Foster, Gervais and Ra-
maswamy (2007) show that a volume-conditional order-crossing mechanism next to a DM
market Pareto improves the welfare of additional traders. The model we propose differs from
these as it considers the interaction between a LOB and a DP rather than a DM and a CN;
furthermore, it focuses on the dynamic, rather than static, order submission strategies of
traders. More recently, Ye (2009) uses Kyle’s model to find the insider’s optimal strategic
use of a DP and to show that DP harm price discovery especially for stock with high volatil-
ity; however Ye assumes that only the insider can strategically opt to trade in the DP and he
models uninformed traders as noise traders. Kratz and Schoeneborn (2009) prove existence
and uniqueness of optimal trading strategies for a traders who can split orders between an
exchange and a DP, but assume that the price impact and the DP’s liquidity are exogenously
given.

The paper which is closest to ours is that by Degryse, Van Achter, and Wuyts (DVW,
2009), who investigate the interaction of a CN and a DM and show that the composition
and dynamics of the order flow on both systems depends on the level of transparency. Our
paper differs from DVW (2009) in that it considers the interaction between a LOB -rather
than a DM- with the DP: this means that in our model traders can use both market orders
and limit orders, and it is precisely the effect of competition from limit orders that drives
the results we obtain compared to those of DVW. Modelling competition between a LOB
and a DP entails considering a price grid where traders can choose to place their orders. As
mentioned above, we also extend our model to include asymmetric information on the state
of the DP.

Other strands of the academic literature are relevant for understanding the role of DP in
today’s markets. DP are characterized by limited or no pre-trade transparency, and issues of
anonymity and transparency are therefore important.” DP also coexist with more transpar-

5See for example the theoretical works by Admati and Pfleiderer (1991), Baruch (2005), Fishman and
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ent venues, which suggest a link with the literature on multimarket trading.’ Finally, DP are
currently competing with other dark options offered by exchanges to market participants,
which builds a connection with the recent literature on hidden orders.”

Empirical work on crossing networks is relatively limited. Gresse (2006) finds that
POSIT’s crossing network has a market share of one to two percent of share volume and
that the crossing network does not have a detrimental effect on the liquidity of the continuous
market (the DM segments of SEAQ), nor is there any significant increase in adverse selection
or inventory risk; instead, spreads decrease due to increased competition and risk sharing.
Conrad, Johnson, and Wahal (2003) find that institutional orders (Plexus data) executed
in crossing networks have significantly lower realized execution costs, and that most traders
use the continuous market to trade their exhaust. Naes and Odegaard (2006) find that
institutional orders (from the Norwegian Petroleum Fund) sent first to crossing networks
and then to the continuous market obtain lower realized execution costs for the component
of the order filled in the crossing network, but not necessarily for the entire order.® Fong,
Madhavan and Swan (2004) find no evidence of a liquidity drain away from the continuous
market (Australian Stock Exchange) when traders can trade in a crossing network or in an
upstairs market.

To our knowledge, there is no comprehensive empirical analysis of DP in the academic
literature.” The only paper that comes close is a recent working paper by Ready (2009).
He studies monthly volume by stock in three DP: Liquidnet, POSIT, and Pipeline during
the period June 2005 to September 2007. The data suggests that these three DP execute
roughly 2.5 percent of consolidated volume (third quarter 2007) in stocks where they were
active during a month, but only 1 percent of market consolidated volume. Moreover, he finds
that these three DP execute roughly 20 percent of “potential institutional volume” defined
as the minimum of quarterly buying and selling activity by institutions estimated using 13F
filings. While his results are preliminary, he finds that DPs execute most of their volume
in liquid stocks (low spreads, high share volume), but they execute the smallest fraction of

Longstaff (1992), Forster and George (1992), Madhavan (1995), Pagano and Roell (1996), Roell (1991),
and Theissen (2001). Several empirical papers have recently explored the significance of anonymity and
transparency in experimental settings and real data: Bloomfield and O’Hara (1999, 2000), Boehmer, Saar,
and Yu (2005), Flood, Huisman, Koedijk and Mahieu (1999) and Foucault, Moinas and Theissen (2007).

6See among the others: Barclay, Hendershott, and McCormick (2003), Baruch, Karolyi and Lemmon
(2007), Bennett and Wei (2006), Bessembinder and Kaufman (1997), Boehmer and Boehmer (2003), Easley,
Kiefer, and O’Hara (1996), Goldstein, Shkilko, Van Ness and Van Ness (2008), Karolyi (2006), Lee (1993),
Nguyen, Van Ness, and Van Ness (2007), Pagano (1989), Reiss and Werner (2004) and Subrahmanyam
(1997).

"There is little theoretical work on hidden orders: Buti and Rindi (2008), Esser and Monch (2007)
and Moinas (2006). The empirical literature is instead rather extensive: Bessembinder, Panayides and
Venkataraman (2009), De Winne and D’Hondt (2007), Frey and Sandas (2008), Hasbrouck and Saar (2004),
Pardo and Pascual (2006) and Tuttle (2006).

8See also Naes and Skjeltorp (2003).

9There are several descriptive papers, e.g., Degryse, Van Achter, and Wuyts (2008).
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share of volume in those same stocks.

3 The Model

In this Section we present a model for three different market organizations. We start with a
limit order book with both retail and institutional traders and use it as a benchmark model.
We then add a Dark Pool which allows us to consider a market organization where traders
can choose between a LOB and a DP. Finally, we study the market structure formed by both
a dealership market and a DP, that has extensively been modelled by previous literature (e.g.
Degryse, Van Achter, and Wuyts, 2009). We find remarkable differences when we compare
this market structure with the LOB plus DP mechanism.

Limit Order Book (LOB)

We consider a discrete time protocol that, as in Parlour (1998), features a limit order
book for a security, which pays v at each period and is assumed constant through the trading
periods. Trading occurs during a day that is divided into 7" periods: ¢t = 1,...,T. In each
period t a new risk neutral trader arrives who can be with equal probability either a large
institutional trader or a small retail trader. Large traders can trade j = [0, 2] shares, whereas
small traders can only trade up to 1 share at a time. Upon arrival at the market the trader
selects both a trading venue and an order type, and his optimal trading strategy cannot be
modified thereafter: small traders can only trade in the LOB, while large traders can choose
to trade either in the LOB or in the DP. Traders’ personal evaluation of the asset, 3,, is
drawn from a uniform distribution with support [0,2]: traders with a high value of § are
impatient to buy the asset, while traders who arrive at the market with a low 3 value the
asset very little and therefore are impatient to sell it; traders with a  next to 1 are patient
as their evaluation of the asset is close to the common value.

The LOB is characterized by a set of four prices and associated quantities, denoted as
{pP&qP, pi'&q}, where A (B) indicates the ask (bid) side of the market and i = {1,2} the
grid’s level. Hence, prices are defined relative to the common value of the asset, v:

pf‘ = Vv+iT

pf = v—1T

where 7 is the minimum price increment that traders are allowed to quote over the existing
price, and hence it is the minimum spread that can prevail on the LOB. The associated
quantities denote the number of shares that are available at that price. Following Parlour
(1998) and Seppi (1997), we assume that a trading crowd absorbs whatever amount of the
risky asset is demanded or offered at py and pZ, hence depth at the second levels of the
book is unlimited and traders can only demand liquidity at that level, whereas the number
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of shares available at p{' (p?) forms the state of the book that characterizes time ¢ and is
defined as b; = [¢i'¢P].

Dark Pool (DP)

The DP is a trading venue that operates next to the LOB; it allows market participants
to enter unpriced orders to buy or sell the asset, and it is organized as a crossing network:
orders are crossed at the spread midquote, py;q4, prevailing on the LOB at the end of time T.
The novelty of the DP compared to the standard crossing networks, however, is that traders
have no access to any information regarding the orders previously submitted by the other
market participants to the DP. It follows that they can only infer its depth by monitoring
the LOB. If a trader submits an order to the DP, he will have this order executed provided
that there will be sufficient depth to match it. As will be discussed more in detail below,
we consider the last three periods of the trading game and we assume that at 7" — 2 agents
assign equal probabilities to the following three states of the DP’s depth:

+6 with prob =
DPr_5 = 0 with prob =
—6  with prob = %
This means that at time T — 2 traders believe that either the DP is empty, or that it is
full on one or the other side of the market. We also assume that traders strictly monitor the
book and that when they do not observe any market or limit orders, they Bayesian update

their expectations on the state of the DP. So traders at T' can face a double uncertainty as
they have to make inference on the state of the DP at both T'— 2 and T — 1.

Wl Wl

(1)

Dealership M arket (DM)

It is straightforward to extend the model discussed so far to include a dealership market
(DM) that competes with a DP. Technically, this is the case when the trading crowd is moved
to the first level of the LOB and is precisely the market structure discussed in DVW (2009).

Order Submission Strategies

Upon arrival at the market each trader decides his optimal trading venue as well as the
optimal order type. To this end he compares the expected profits from the different order
types he can choose. The feasibility and profitability of these orders depend on the traders’
type (B,) as well as on both the state of the LOB (b;) and the state of the DP (DP;) at the
time of the order submission.

For example, an impatient large seller arriving at time ¢ (f close to 0) will opt for a
market order of size j, p(j, p?), that gives expected profits equal to 7¢[p (7, p?)] = j (P -3, v)
if it is completely executed at the best price available, pP. If instead j exceeds the depth
associated with the best opposite price, the order ¢(j,p?) will walk down the LOB and in



this case the trader’s expected payoff will be equal to: 7¢[p(2,p%)] = (PP +p%) — 268,010 A
more patient large seller with a 3 next to 1 can instead choose to submit a limit sell order
of size j to pi', ¢(j, pt), so that his expected payoffs are:

wey1=1

J
Wf[gp(j,p‘f‘)] =F {(pi4 - Btv> > wt+1w1t)+rl(p14|9t+1)+

T 1 j-W -1
L2 =) S wpption P S = Wi }
I=t+2 W=0w,=1 Wi m=t+1

where Q= {by,v,DP;}, Pr., (pi!|€) is the probability that w; shares will be executed at
t = [, W is the number of shares executed up tot = [ — 1, and [; is an indicator function
equal to 0 for £ =T — 1 and 1 otherwise. Notice that when submitting a limit order at time
t, the trader will have to compute the probability that each unit will be executed from time
t+1 to time 7.

The large seller can also decide to submit a j-order to sell to the DP that will be executed
at the end of the trading game at the spread midpoint. This strategy, ©(—J, pasia), has the
following expected payoft:

mi[o(=J, paria)l = Ej(prria — 5tU)E§(pMid 192,)]
where Pr(pasiq [€27) is the probability that j shares to sell will be executed in the DP.
~J

Finally a large seller can also decide not to trade so that his expected payoff will be equal
to zero, m§[p(0)] = 0. Specular strategies are available to a large buyer. Notice also that a
small trader has access to analogous strategies, with the exception of DP orders.

4 Market for Liquidity

The model is solved under three specifications that correspond to three different market
structures. First, we present the benchmark model that describes the working of both an
LOB and a Dealership Market; then we focus on the protocol with an LOB and a DP
(LOB&DP), and we compare the results to the case with a DM and a DP (DM&DP).

4.1 Benchmark Models: LOB and DM

All specifications focus on a three-period trading game that ends at 7. Figure 2 shows an
example of the extensive form of the game for the benchmark LOB. The benchmark model
for the DM can be derived from the LOB by moving the trading crowd to the first level of
the book, in which case traders can only submit market orders as in DVW (2009).

10Clearly in this case j = 2, and, as the order hits different prices, we do not use an index i for the level
of the book as we do for the other order types.
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[Insert Figure 2 here]

In the example reported in Figure 2, the market opens at 7'—2 with two units on the best
bid and offer, by_s = [22]; then nature selects a small or a large trader with equal probability,
who, in turn, chooses his order among the available strategies. Given the opening state of
the LOB assumed in Figure 2, the equilibrium strategies for large traders include a limit
order at either the best ask or the best bid side of the market, or a market order that hits
the limit order standing at the first level of the book. Still referring to the example presented
in Figure 2, suppose that nature selects at 7' — 2 a small trader who is rather patient and
decides to submit a limit order at pf* (¢(1,pf)); then at T — 1 the book will open with 3
units on p7', and if at 7' — 1 nature selects another small trader, and this one decides not to
trade, then the book will open at 7" unchanged. It follows that at T" incoming traders will
choose among market buy, market sell and no trade. The reason why traders do not submit
limit orders at time 7' is that the market closes and hence the execution probability of any
limit order is zero. At time T'— 1 and T — 2, instead, traders can submit limit orders as
their execution probability can be positive.

At each trading round, the risk-neutral large trader will choose the optimal order sub-

mission strategy, ¢y, 3 5, which maximizes his expected profits conditional on the state of
the LOB, b;, and his type, 3,. A large seller'! (LT') thus chooses:

max 7{[p(4, ), (4, 5°), 0(4, p1), ¢(0)] (2)

PLT.8y by

and the small seller (ST') chooses:

max 7;[(1,57), 0(Lp7'), ¢(0)] (3)

Ps1,84.b¢

The optimization programs for the benchmark dealership market are the same, except
that traders can only submit market orders or decide not to trade, since a trading crowd of
dealers is now active on the first level of the book.

We find the solution of this game by backward induction and by assuming that the
tick size, 7, is equal to 0.1. We start from the end-nodes at time 7" and compare trading
profits for both large and small traders. This allows us to determine the probability of the
equilibrium trading strategies at 1" that can be market orders, as well as no trading. We can
hence calculate the execution probabilities of limit orders placed at 7" — 1 that allow us to
compute the equilibrium order submission strategies in that period. Given the probability of

market orders at 7' — 1, we can finally compute the equilibrium order submission strategies
at T'— 2.

Due to the symmetry of the model, specular strategies characterize the large and small buyers’ optimal
problem that are omitted.

11



4.2 Intermarket Competition: LOB vs LOB&DP vs DM&DP

Once a DP is added to the LOB, large traders have the option to submit an order to buy or
to sell to the DP, and, provided that there will be enough depth to match it, the order will
be executed at the end of time 7. All else equal, the optimization problem now adds this
new order type to the strategies of large traders.

[Insert Figure 3 here]

At each trading round the risk-neutral large trader chooses the optimal order submission
strategy, ¢, 5,.b., 0P which maximizes his expected profits conditional on the state of the

LOB, b, his type, ;,and the state of the DP, lf)\lgt. A large seller thus chooses the order
that leads to the largest profits:

max ’/Tf[gp(j’]_)iB),gp(j’f)B),gp(j,pf),gp(—j’pMid),(p(())} (4)

PLT,By,by, DPy

Small traders still solve problem (3), however they will now condition their strategies not
only on their type and on the state of the LOB, but also on the state of the DP.

If instead a DP is added to the DM market, the optimization problem for large traders
simplifies to:

, max wi[p(jpr)s o(=Js pasia), ¢ (0)] (5)
LT,B¢,DPy
as in the DM&DP protocol traders cannot submit limit orders. Compared to this protocol,
the LOB&DP market structure brings in competition from limit orders that indeed drives
the results obtained in terms of intermarket competition.

[Insert Figure 4 here]

A relevant issue in market design is to establish whether by adding a new trading op-
portunity to a limit order book, more volume is created or if volume is simply diverted to a
new trading venue. The results from this model show that when a DP is added to an LOB,
volumes shift to the DP and there is no trade creation. Conversely, when a DP is added to
a dealership market, it indeed induces some traders to enter the market. The latter result
replicates the case studied by DVW (2009). The intuition is rather simple: in the dealership
market some patient traders, who do not have the possibility to compete for the provision
of liquidity by using limit orders, refrain from trading and do not enter the market to avoid
paying the spread; however, when they are offered the opportunity to submit orders to the
DP, they take that option: these orders can gain positive profits as their possible execution
takes place at the midquote rather than at the best bid-offer. In the LOB instead patient
traders are allowed to submit limit orders and do not need a DP to enter the market. The
following Proposition summarizes the results obtained by comparing the two protocols.

12



Proposition 1 When a Dark Pool is added to a limit order book, order migrate to the dark
market. When a Dark Pool is added to a dealership market, it produces trade creation.

e Order migration is more intense for highly liquid stocks where competition for the pro-
vision of liquidity is strong;

e Dark Pools generate a liquidity-externality effect: as existing dark liquidity begets future
liquidity, it increases the execution probability of dark orders.

Table 1 reports results on equilibrium trading strategies of large traders for bip_o7—1,1) =
[22]. Results for T'—2 refer to the case where traders can choose between LOB and DP, hence
where traders can compete for the provision of liquidity by submitting limit orders. Results
for t = T refer instead to a dealership market where there is no competition from limit orders
(as in DVW, 2009); indeed at 7" a LOB with two shares at the inside spread coincides with
a DM.!%2 Clearly, the longer the time to the end of the trading game, the more relevant the
role of limit orders, as their execution probability increases. Therefore, the most interesting
comparison is between the equilibrium trading strategies at 7' — 2 and those at T.

Table 1 shows that at T'— 2 by moving from the LOB to the LOB&DP, the probability
that traders submit limit orders decreases from .0314 to .0109 and large traders opt for DP
orders with probability .0279. The same comparative static exercise performed at time 7T,
when traders cannot submit limit orders, results in trade creation exactly as in DVW (2009).
Actually at T, when a DP option is offered to market participants, those traders who were
not willing to submit market orders to the LOB (the probability of ¢(0) in the sole LOB is
equal to .050 at T') are induced to trade in the DP with probability equal to .0375. But at
T the LOB coincides with a DM and hence trade creation takes place only because we are
essentially moving from a DM to a DM&DP, and in a DM traders cannot submit LO.

The overall effect of intermarket competition also depends on the state of the LOB.
Table 2 reports results obtained by assuming that at 7" — 2 the LOB opens empty. Clearly,
when the LOB is empty, there is more room for limit orders as traders can reach the top
of the queue and have their limit orders executed more quickly. Hence, when the LOB is
empty at T — 2, competition from limit orders is so intense that it crowds out the DP. In
this case, by moving to the LOB&DP, traders do not opt for DP, but rather submit market
orders with higher probability. The reason is that, due to competition from the DP, limit
orders’ execution probability decreases and hence market orders become more profitable.
This explains why the overall effect of DP competition is less intense for less liquid stocks
where limit orders represent a more profitable trading strategy than for a deep LOB. Hence
for less liquid stocks trade migration to DP is less severe, whereas trade creation from DM
to DM&DP is more intense.

12 A5 traders cannot submit market orders for a size greater than two shares, this means that the LOB is
full.
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Finally, it should be noted that the positive liquidity-externality effect produced by a
DP intensifies when traders perceive that DP volume is growing. Table 1 shows that when
at T — 2 traders do not observe any change in the LOB, they assume that either no trade
occurred or that an order was submitted to the DP. As they perceive that liquidity is building
in the DP, they update their estimate of the DP depth and assign a higher probability of
execution to their DP orders; the result is that they opt for DP more frequently. As an
example, this effect can be observed by comparing the results for T'— 1 presented in Table 1
for the case of “visy_5”, where traders observe a change in the LOB at T'— 2, and “invr_5”,
where instead traders observe no change. In the latter case, they submit orders to the DP
more intensively (.050) than when they have no uncertainty (.0379). Analogous results are
shown for the DM&DP market where the probability of DP orders increases from .0379 to
.0444 when traders do not observe any change in the LOB at 7" — 2.

4.3 Dark Pool Drivers

So far the model has shown that the state of the LOB affects traders’ choice between disclosed
and DP trading. The following Proposition summarizes the results on the main factors that
affect the state of the LOB and hence influence traders’ choice to submit orders to the dark
market.

Proposition 2 The probability that traders submit orders to the DP:

e increases with market depth and the tick size, and

e decreases when the inside spread widens.

To investigate the effects of depth, tick size and spread on traders’ choice, we compare, as
we did before, the equilibrium strategies at T'—2 and at T'. Once again, the longer the time to
the end of the game, the higher the probability of limit order execution and the stronger the
effect of limit order competition. Table 3 (Panel A) shows that at 7' — 2 an increase in depth
on the top of the book from [11] to [22] reduces competition from limit orders and increases
the probability that traders opt for the DP: ¢(2,pi') and ¢(2,p?) decrease (from .0832 to
.0109) and, even though market orders increase from .4168 to .4612, traders move to the
DP with probability .0279. If instead the same comparative static exercise is performed at
time 7', where there is no competition from limit orders and the LOB resembles a dealership
market, we obtain the same result as in DVW (2009). Indeed, Table 4 shows that when
depth on the ask side increases from [11] to [21], market orders to buy increase from .4250
to .4625 and crowd out (7, pasia), which decrease from .0750 to .0375. The same results are
obtained when depth increases only on the bid side and on both sides of the market (from
[11] to [12] and to [22]). We conclude that when market participants can compete for the
provision of liquidity by using limit orders and can also opt for DP orders, the deeper the
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limit order book, the longer the queue for their limit orders -due to time priority-, and the
greater the probability that they opt for DP orders. In dealership markets competition from
limit orders is absent and greater depth instead fosters traders’ aggressiveness and increases
market orders to the detriment of DP orders.

Results obtained from comparative statics on the inside spread confirm those from mar-
ket depth. For the LOB, the more liquid the market, the more intense competition for limit
orders, and the higher the probability that traders opt for the DP. To isolate the effect of a
spread variation, one has to control for market depth: Table 3 and 5 show results for both
time T'— 2 and T Starting again from period T'— 2, when the inside spread increases, i.e. the
state of the book changes from [22] to [00], the increased competition for liquidity provision
crowds out DP orders, even though the probability of market orders decreases. We thus
find that in limit order books the wider the inside spread, the more convenient limit orders
submitted at the top of the queue are, and the greater the probability that traders opt for
them to the detriment of DP orders. Opposite conclusions can be drawn from the same
simulation performed at time 7" for the DM. Table 4 shows that when the spread increases
(from [22] to e.g. [00]) competition from market orders decreases and, because at 1" there
is no competition from limit orders, the probability that traders opt for DP increases from
.0375 to .1125.

Proposition 2 also informs us about the effects of a change in the tick size on the
probability of DP orders: when the tick size increases traders become more willing to supply
liquidity. An example for the book [11] is shown in Table 3 where, following an increase
in the tick size, market orders decrease, while limit and DP orders increase. The intuition
for this result is that an increase in the tick size produces two effects: it widens the inside
spread, and hence makes market orders more expensive, and it increases the minimum price
change, thus making it more convenient for traders to supply liquidity. The outcome is that
more patient traders will opt for limit orders whereas less patient (but not so impatient)
traders will choose to trade in the DP.

4.4 Price Impact, Price Pressure and Dark Pool Trading

A widespread view shared by market participant in the financial community is that large
institutional traders submit orders to a Dark Pool to reduce price impact. A price impact
can arise both when impatient traders submit a large order to the top of a LOB that is
not deep enough to absorb the order, and when a patient trader submits a limit order that
produces a price pressure, thus temporarily moving the asset value against the trader’s order.
Price impact resulting from trades has been extensively investigated: for example, Engle and
Patton (2004) analyze the price impact of 100 NYSE stocks stratified by trade frequency
and find strong evidence of short-run price impact for trades initiated by both buyers and
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sellers.”™ Price pressure'® arising from passive order placement through limit orders has
been recently explored by Hendershott and Menkveld (2010), who estimate the price impact
arising from liquidity supply. They find a large daily transitory volatility in stock returns
for stocks listed at the NYSE due to price pressure.

In our model what drives large institutional traders to operate in a DP is their wish to
buy or sell large blocks with the lowest price impact. Consider first impatient traders who
are concerned about the price impact that can be generated by a market order. These traders
face the standard trade-off between price risk (i.e. bearing a price impact) and execution
risk. If they choose a market order, they will obtain immediate execution but will pay a
greater price impact, which is increasing in the lack of depth available on the opposite side of
the market. If instead traders opt for the DP, their order will be executed with a lower price
impact at the spread midquote; however, the order execution will be uncertain and it will
depend on the state of the DP. Hence the trader will choose the DP only if the price impact
of his order is large. Our model shows this effect in period T" when traders are naturally
impatient due to the proximity of the end of the game. Table 5 shows that the impatient
trader will more probably opt for a DP order when depth on the other side of the market
is shallow and therefore his price impact is large: for example, when the book opens with
only 1 share on top of the ask side, by_[12], instead of 2 shares, by—[22], large traders use
DP orders more intensively (with probability .0750 instead of .0375) as in the former case
their order will move the price up to obtain execution.

We now extend our model to embed the temporary price impact that can be generated
by passive traders submitting limit orders. To this end we assume that large limit orders
produce a short term price pressure that lasts for one period, as shown in Figure 5.

[Insert Figure 5 here]

Assume that a large seller arrives at the market at 7" — 2 and submits a large limit
order at p; following this submission, the asset value jumps down by 1 tick and the next
period the market opens with v;_; = v — 7. We introduce price pressure in two different
specifications: a benchmark model with no DP (LOB&PP) and a model that allow for DP
trading (LOB&DP&PP). The result are summarized in the following Proposition.

Proposition 3 When large orders generate price pressure, traders either reduce the size of
their order, or, if available, switch to DP orders.

Notice that, when price pressure is introduced, the execution probability of a large limit
order decreases for two reasons: first the initial order is now further away from the asset
value, and second it can be easily front-run in the following period. The result is that traders

13See also Hasbrouck (1991) and Dufour and Engle (2000).
14See Gabaix et al. (2006), Brunnermeier and Pedersen (2009) and Parlour and Seppi (2008).
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switch to those order types that protect from price impact either because they are small in
size, or because they are undisclosed. In Table 5 one can indeed notice that moving from
the standard LOB protocol to the specification with price pressure, traders reduce their
price impact by switching from large to small limit orders. When instead we introduce price
pressure in the model with a DP, traders actually minimize their price impact by submitting
DP buy and sell orders with larger probability (from .0279 to .0316).

5 Market Quality, Systematic Pattern in Order Flow
and Welfare

So far we have shown how traders react when a DP is added to a LOB: having proved that
in equilibrium traders move from the LOB to the DP, we have concluded that DP produces
order migration. The next relevant issue is to investigate how the introduction of a DP
affects the quality of the LOB, and how it impacts the dynamic pattern in order flow and
traders’ welfare.

5.1 Market Quality

We measure market quality by considering the inside spread, market depth and volume. We
estimate the expected value of the inside spread at the opening of period t + 1 by weighting
the equilibrium order submission probabilities in period ¢ -associated with each possible state
of the book- by the inside spread that characterizes that particular state:

2
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where @:,btﬁf’t is the optimal trading strategy of agent a, conditional on b; and DP,. Sim-

ilarly, the expected value of market depth on the first level of the book at the opening of
period ¢ + 1 is computed as follows:
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We also estimate the expected LOB volume in each period t by averaging the equilibrium
probabilities associated with the market orders submitted to the LOB by both retail and
institutional traders, adequately weighted by their size:
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where ¢ (p* b 5F ) is the traded quantity which is a function of the agent’s type a, the state
a, t t
of the LOB and that of the DP. Proposition 4 summarizes the results.

Proposition 4 When a Dark Pool is added to a Limit Order Book, market quality changes
as follows:

e market depth at the best bid-offer decreases;

e when the LOB opens deep, the inside spread decreases, the opposite holding when the
book opens empty;

e LOB volume decreases, whereas total volume increases.

The results obtained so far have demonstrated that the DP can attract orders from
the LOB; more precisely, Table 1 shows that when the book opens deep (by_o = [22]),
the probability of both limit and market orders decrease if we move from the LOB to the
LOB&DP protocol, as traders switch to the DP. Clearly the effects of the order migration
on liquidity and volume depends on the proportion of limit vs market orders that leave the
book. A reduction of the probability that traders post limit orders to the LOB decreases
the provision of liquidity and hence market depth and inside spread; a reduction of the
demand for liquidity, i.e. the probability that traders submit market orders, instead, certainly
decreases volume but can have positive effects on both depth and inside spread, as market
orders subtract liquidity from the book. Market orders are also correlated with future limit
orders by determining their execution probability.

Table 6 shows that when the book opens with two shares on both sides, br_o = [22],
the introduction of the DP decreases average depth by 1.30% and volume by 2.39%, but
it improves the inside spread by .41%: this means that the positive effect on spread of the
reduction of market orders more than outweighs the negative effect of the reduction of limit
orders. The two opposite effects on liquidity can also be explained by the fact that if the
opening book is already very deep at the inside spread, then the proportion of orders that
move to the DP leaves the best bid-offer very tight.!> When instead the book opens empty
at T'— 2 or with only one share at the best bid-offer, all the three measures of liquidity
worsen on average. For the case with an empty book, for example, Table 2 shows that the
introduction of a DP makes limit orders less attractive so that traders opt for market orders,
and as a result the inside spread increases.

Overall Proposition 4 shows that by moving from the LOB to the LOB&DP, depth
and volume decrease, whereas the effect on the inside spread depends on the depth initially
available at the top of the book. When the book is empty or has only 1 share available,

15 Technically, when the book is deep and tight and market orders move to the DP, the probability that
the spread remains small increases; the opposit happens when the initial spread is wide.
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then the migration makes the inside spread wider and the whole market quality deteriorates.
When instead the book opens with 2 shares at the inside, then the effect on the average
inside spread is positive and the overall effect on liquidity is mixed. Finally, Table 6 shows
that the overall effect of the introduction of a DP on total volume is positive: the sum of the
LOB&DP and the DP volume is in fact systematically greater than the amount of volume
traded on the benchmark LOB.

5.2 Systematic Pattern in Order Flow

Traders’ strategic interaction with the two sides of the LOB and with the DP allows us to
draw conclusions on the systematic pattern of the order flow, which are summarized in the
following Proposition.

Proposition 5 The following systematic pattern typifies order flows in the LOB and in the
LOBE&DP market:

e when the book is deep, the probability of a continuation is greater than that of a reversal,
whereas when the book is shallow the opposite holds;

e if the probability of a continuation is greater than that of a reversal, which happens for
liquid stocks, when depth decreases on one side of the book, it tends to rebuild on that
same side and to decrease on the other side;

e the DP has a positive externality on the limit order book: if depth decreases on one
side, competition for limit orders increases and liquidity gets drained from the DP to
the LOB. Hence, volumes show a smaller decline in the LOBEDP protocol.

Parlour (1998) shows that the interaction of traders with the two sides of the book
entails a probability of a continuation greater than that of a reversal, and this is consistent
with Biais, Hillion and Spatt (1999). We find that this effect only holds when the book is
deep, whereas it is not supported by the model when the top of the book is shallow and
traders have to walk up (or down) the book in search of execution. The difference in the
results originates from the fact that in Parlour’s LOB the trading crowd is positioned at the
top of the book, whereas in our model there is a two-level price grid and the trading crowd
is not posted at the first level, but rather at the highest (second) level. This means that in
our model traders have to walk up (or down) the book when there is not enough liquidity
at the top. An example will help understanding why the need to walk up the book entails a
probability of a continuation smaller than that of a reversal.

Consider Table 7 where the equilibrium strategies at 1" — 2 are reported for two different
states of both the LOB and the LOB&DP, br_, = [20] and by_y = [10]. Comparison between
these two books allows us to compute the equilibrium trading strategies of a buyer arriving
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at the market at 7' — 2 and facing a book either with 2 shares at the best ask, or with
only 1 share; the latter state of the book can occur if, for example, at time 7" — 3 the book
opens with 2 units [20] and a market buy order arrives leaving the book with only 1 share
on the ask side. Consider first a small buyer who has to decide whether to submit a limit
or a market order. The observed reduction of the depth on the opposite side of the book
informs him that future sellers will rather post a limit order to sell than a market order to
sell:'¢ Table 7 shows for example that moving from [20] to [10] the probability to observe
limit sell orders increases in percentage by 1.950 and by .8120, respectively for the two cases
with and without a DP, and that the probability to observe market sell orders decreases
by .0859 and .1207. This shift from market to limit sell orders implies that the probability
of execution of any eventual limit order to buy decreases, thus inducing the small trader
to submit more market than limit buy orders. As a result, the continuation probability of
a small buy order becomes greater than that of a reversal. Indeed, Table 7 shows that,
after observing a reduction of the depth at the best ask, the probability that a small trader
at T — 2 submits o(1,p7) increases by.0128 and .0151 respectively in the market with and
without a DP.

Notice that for the small trader in both cases the top of the ask side of the book is deep
enough to have a buy order executed without walking up the book. If instead we consider
the choice of a large buyer arriving at the market at 7' — 2, we observe that in a book [10],
despite the lower execution probability of a limit buy order, he will submit fewer rather than
more market buy orders. The reason is that when the book changes from [20] to [10], the
large trader will have to walk up the book to have his order executed, thus paying a higher
price. As the effect is stronger for large than for small traders, the average probability of a
continuation is smaller than that of a reversal for both the LOB and the LOB&DP markets:
—.0739 and —.0702. Clearly, if after the arrival of a market buy order the final state of the
book at T — 2 were always deep enough even for a large trader (e.g. moving from [30] to
[20]), then the ‘Parlour effect” would still hold and the probability of a continuation would
be higher than that of a reversal.!” Conversely, if the final state were [00], thus forcing even
small traders to walk up the book in search of liquidity, then the probability of market orders
to buy would decrease for a small trader too: this is evident by comparing Table 7 with Table
3 and noticing that for the LOB&DP case the probability of a market buy order decreases
to .2142.

In terms of market depth, when stock liquidity decreases from [20] to [10], we observe
two effects: first, liquidity tends to rebuild on the same side of the book as the probability
of limit orders to sell increases substantially; second, depth on the opposite side tend to
decrease for liquid stocks thus making the probability of a continuation even greater than

16Here we refer to the average probability of limit orders and market orders submitted by both large and
small traders.
1TFor brevity we do not report these results here.
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that of a reversal, and it tends to increase for illiquid ones. This effect is captured by using
the strategies of small and large traders to proxy traders’ strategies in liquid and illiquid
markets respectively: when depth decreases from [20] to [10], small traders still face a liquid
market as they can execute their orders without walking up the book; large traders instead
face now an illiquid book and have to opt for a marketable order in search of execution. Notice
also that when depth decreases on one side of the book, trading volume decreases as well: as
shown in Table 7, both market orders to sell and market orders to buy decrease in the LOB
as well as in the LOB&DP protocol.

Table 7 also shows that these results hold both for a LOB and for a LOB&DP; however,
one should notice a remarkable effect which is due to the presence of a DP. When depth
decreases on the ask side of the book, competition for (2, ps') increases by 8.2881 in the
LOB&DP market as large traders move from the DP to the book: this means that when the
book needs liquidity, then it is drained from the DP, which functions like a liquidity buffer.
As a result the reduction in trading volume is more contained on the LOB&DP: market
orders decrease in total by .1946 in the LOB, whereas they diminish by .1561 in the presence
of a DP.

Proposition 5 offers at least two empirical implications for the dynamic pattern of the
order flow: first, the model predicts that liquid stocks should exhibit a probability of a
continuation which is higher than that of a reversal, whereas for illiquid stocks the opposite
should hold; second, the model foresees an externality originating from the coexistence of
a limit order book with a DP. When market depth on the former decreases (increases), it
creates a liquidity injection (drain) from the DP to the limit order book.

5.3 Welfare

In this Section we present results for welfare, measured by the gains from trade of market
participants. Formally, welfare for a small (W ¢7) and a large trader (W; pr) arriving at the
market at time ¢ is defined as:

Wea =B | [ (e, )1 (845, 0

where QDZ,bz,BTDz is the optimal trading strategy of agent a, conditional on b; and lf)\f’t.

The expected value of welfare at time ¢ is computed over all the possible equilibrium states
of the book. We measure total expected welfare as the sum of all agents expected gains from
trade, which includes welfare of both institutional and retail traders:

1
2
Results are summarized in the next Proposition.

1
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Proposition 6 The introduction of a DP on a limit order book affects traders’ welfare. In
particular, when a DP is added to a LOB we find that:

e in liquid stocks total welfare and institutional traders’ welfare increase, and decrease in
wliquid stocks;

o retail traders’ welfare always decreases.

We compute welfare for both the benchmark LOB and the LOB&DP market and report
(Table 8) the results obtained from comparisons across different books and over time. Results
for time 7', where limit orders play no role, refer to a dealership market, in the spirit of DVW
(2009). As expected, total welfare increases with the liquidity of the opening book for both
the benchmark and the LOB&DP market. All traders clearly benefit from a more liquid
market as, when the book opens deeper, trading volume and market depth are higher and
inside spread is narrower (Table 6).

Liquidity also drives the change in traders’ welfare after the introduction of a DP: when
a DP is added to a liquid stock (br_o = [22]) total welfare increases (.0295%), whereas
when it is added to an illiquid stock (br_o = [00]), it decreases (—.4735%). Institutional
and especially retail traders are in fact harmed by DP when the stock is illiquid, whereas in
the case of liquid stocks, the increase of institutional traders’ welfare outweighs the losses
of retail traders. Large investors benefit from a DP added to a liquid stock as they move
their orders to the DP to avoid competition in the LOB. Retail traders, instead, are harmed
by DP trading even though, when the stock is liquid and DP narrows the BBO, their losses
are less severe. We can therefore conclude that for the case of LOB, when a DP is added to
a liquid stock, it creates an improvement in total welfare, whereas when it is added to an
illiquid stock it harms both large and small traders.

6 Asymmetric Information on the State of the DP

The Security and Exchange Commission has recently proposed various changes in the reg-
ulation of non-public trading interest that have been grouped under the SEC release No.
34-60997. This proposal takes its move from the widespread use of IOl messages by DP
managers that creates a leakage of privileged information to only some select investors. 101
and Alert messages risk creating a two-tiered market that can deprive the public of infor-
mation about stock prices and liquidity. In this Section we extend the model to include
asymmetric information on the state of the DP to show the effects on liquidity of the result-
ing two-tiered market.

Assume that, all else equal, one group of large traders receives IOl or Alert messages
about the state of the DP. This feature can be embedded in the model by assuming that at
each trading round nature selects with probability 1/2 a small trader, with probability 1/4
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a large uninformed trader and with probability 1/4 a large informed one. If a trader arrives
at the market and is informed, then he knows the state of the DP and trades accordingly.
The following Proposition summarizes the results obtained for this two-tiered market.

Proposition 7 When some large traders receive private information on the state of the
Dark Pool,

e the probability that large traders, whether informed or uninformed, choose to trade in
the Dark Pool increases and hence orders move from the LOB to the Dark Pool;

e the quality of the LOB measured by depth and best bid-offer improves, trading volume
in the LOB decreases, whereas total trading volume increases;

e in terms of welfare, institutional traders benefit from asymmetric information, whereas
retail traders bear extra losses.

Panels A and B of Table 9 summarize the results obtained in this extended version of
the model with two types of large traders: Panel A reports the equilibrium trading strategies
of large informed and uninformed traders, and Panel B reports those of small traders. The
model has been solved by starting at T" — 2 with 2 shares on both sides of the LOB. By
comparing the results reported in this Table for 1" — 2 with those from the model with only
one type of large trader (Table 1), it can be noticed that when information on the state of the
DP is asymmetric, large traders use the DP rather intensively (.1079). When a large trader
knows that the DP is full on one side, he submits an order to the other side with probability
greater that 1/2 (.5034), whereas when he notices that the DP is empty, he submits an order
with a tiny probability (.0123). If instead a large uninformed trader arrives, he submits
an order to the DP with probability equal to .0437, which means that, compared to the
case with only one type of large traders (.0279), he uses the DP more intensively. This is
due to the fact that at 7" — 2 he anticipates that large informed traders will submit their
orders to the DP more frequently, and that, for this reason, the DP volume will be enhanced
(externality effect), with the result that the execution probability of the orders submitted to
the DP will increase. And if at 7' — 2 he does not observe any trade (Table 9, Panel A.2),
the probability that at 7"— 1 he submits to the DP increases even further (.052) as he knows
that the probability of DP trading is higher under asymmetric information. Table 9 (Panel
B) also shows that because small traders anticipate that all large traders will move to the
DP more frequently, the probability of execution of their limit orders posted to the LOB
decreases and in equilibrium they will submit more market than limit orders.'®

It follows that if IOI and Alert messages create a two-tiered market, with some large
traders holding precise information about the state of the DP, then liquidity moves from

¥ More specifically: Pr[p(1,p7)]197 _py = 4675 > 4656 = Pr[p(1,57)]br_,—20 and Prlp(1,p)]{97 _,, =
0325 < .0344 = Pr[p(1,p{)]p,_,—20, where TOI indicates the model with large informed traders.
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the LOB to the DP. In fact all traders anticipate that the informed will use the DP more
intensively and this increases the probability of execution of DP orders thus reinforcing the
DP externality effect.

Table 10 shows that when traders move to the DP more frequently, spread and depth
in the LOB improve. Compared to the protocol without asymmetric information, here not
only the spread improves but also market depth increases; the reason is that Alert and 101
messages have the overall effect of reducing the execution risk of DP trading, thus making
market orders less attractive than DP orders. Considering again the probability of order
submission under asymmetric information, Table 9 (Panel A.1) shows that with IOI and
Alert messages the probability to observe market orders decreases by 18.1%, whereas with-
out asymmetric information the reduction is tiny (1.6%). Further, limit order submissions
decrease less with asymmetric information, even though the difference in difference is much
smaller. The result of this change in order submission probabilities is that volume in the
LOB decreases even more than in the case without information leakage; however, due to
the heavier use of the DP, total volume executed in both the limit order book and the DP
increases to 4.1549 (Table 10).

In terms of welfare the overall consequence of asymmetric information is to amplify the
effects of the introduction of the DP. When the DP is added to a LOB and DP managers
can use IOl and Alert messages to disseminate information on the state of the DP, thus
creating a two-tiered market, the welfare of all large traders increases: indeed, not only large
informed traders can profit from their privileged information, but also uninformed traders
can take advantage of their more precise inference on the state of the DP and use the DP
more intensively. Table 11 shows that large uninformed traders’ welfare increases with the
addition of a DP, and it further increases when IOl and Alert messages are disseminated.
Quite the opposite occurs to retail traders who bear extra losses due to the reduced execution
probability of their limit orders posted to the LOB: at T" — 2 their welfare decrease by an
extra .04%.

In conclusion, the main upshot of asymmetric information is to reduce execution risk
from DP trading and consequently to crowd out market orders, as these orders are usually
submitted by traders sensitive to this type of risk. With less market orders, LOB volume
decreases, but LOB depth as well as total volume increase. This is the reason why, when the
DP is added to the LOB, large traders benefit from asymmetric information, whereas small
traders bear higher losses.

7 Empirical Implications
A great deal of empirical implications can be derived from our model, that we summarize

in this Section. First of all, our results show that when a DP is added to a LOB, volume
migrate to the DP so that volume in the LOB decreases; yet, the sum of the volume traded on

24



both the LOB and the DP increases. Second, we show that the overall effect of intermarket
competition crucially depends on how deep and tight the LOB is. We expect that trade
migration is more intense in liquid than in illiquid stocks as in the latter competition from
limit orders crowds out DP orders. Following the volume migration, depth at the top of the
book deteriorates, whereas the effect on inside spread depends on the liquidity of the stock.
For liquid stocks where the book is very deep, the relative proportion of market to limit
orders that move to the DP leaves the inside spread very tight, whereas for illiquid stocks it
widens the spread. Our results also show that when traders believe that liquidity is growing
in the dark pool, dark trading intesifies so that we expect DP volume in liquid stocks to
increase more intensively than in illiquid stocks.

Beside depth and spread, our model has also suggestions for a third determinant of DP
trading, as it shows that DP volume increases with the tick size. An increase in the tick size
on the one hand increases the inside spread, thus making market orders more expensive, on
the other hand it makes limit orders more convenient with the result that patient traders,
who are not so patient to submit limit orders, will trade more in the DP. It derives that
the general tendency to reduce the tick size that characterizes financial market around the
World could partly explain why volume is not increasing so fast in those dark pools that
are designed to trade blocks (Ready, 2009). This is an interesting and intriguing empirical
prediction of our model that, however, should be tested with caution. The type of dark pools
that our model features are different from those internalization pools that are used by broker-
dealers to internalize trades. Also in the latter an increase of the tick size raises DP volume,
but the effect is driven by broker-dealers’ profits from sub-penny trading. Consequently,
to separate the effect that a tick size change can have on different dark venues, empiricists
should control for the average order size that in internalization pools is much smaller than
in traditional dark pools (Rosenblatt Securities, October 2010).

Our benchmark model also qualifies standard results on systematic pattern of LOB order
flows, as it shows that Parlour’s (1998) main finding that the probability of a continuation is
larger than that of a reversal only characterizes liquid stocks, the opposite holding for illiquid
ones. Furthermore, the model predicts an externality originating from the coexistence of a
limit order book and a DP, as it shows that when market depth on the former decreases,
it creates a liquidity injection from the DP to the limit order book. Finally, the model
shows that IOI messages tend to move volume from the LOB to the DP and to reinforce
the liquidity-externality effect. However, it also shows that spread and depth in the LOB
improve following the introduction of IOl messages, as they reduce execution risk from DP
trading and hence crowd out market orders that are submitted by traders who are sensitive
to this type of risk. Hence even though volume in the LOB decreases, depth and spread
improve.
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8 Conclusions

The dynamic microstructure model presented in this paper solves for the equilibrium trading
strategies of different agents who can choose to trade either in a Limit Order Book (LOB)
or in a Dark Pool (DP). A DP is an Alternative Trading System that does not provide
its best-priced orders for inclusion in the consolidated quotation data. The existing theory
shows that dark crossing networks increase liquidity. Our model shows that this is true only
when a DP is added to a Dealership Market where traders cannot compete for the provision
of liquidity by submitting limit orders. When a DP is added to a LOB, orders migrate away
from the LOB to the dark market. The model thus demonstrates that the dark option offered
to market participants produces order migration rather than order creation as in Degryse,
Van Achter and Wuyts (2009).

We also show that current DP orders stimulate the arrival of future DP orders thus
increasing their execution probability (liquidity-externality effect). Traders’ choice between
LOB and DP depends on the state of the LOB as well as on agents’ expectations on the
state of the DP: the model shows that high depth and small spread increase traders’ use of
DP, and that a reduction in the tick size reduces the profitability of liquidity provision and
hence the use of DP orders. According to the model, when large visible limit orders produce
price pressure in the LOB, traders resort to DP orders even more extensively to reduce price
impact.

In terms of market quality, when a DP is added to an LOB we find that depth and
volume deteriorate on the LOB, whilst total volume increases. The effect of the introduction
of a DP on the inside spread of the LOB instead depends on the state of the book, improving
when it is deep and worsening when it is shallow.

The model also offers new insights on the systematic patterns of order flow that can arise
from traders’ interaction with the LOB: for liquid stocks the probability of a continuation is
greater than that of a reversal, the opposite being true for illiquid stocks. Furthermore, DP
act as liquidity buffers by supplying liquidity after a reduction of market depth on the LOB.
In terms of welfare, we show that total welfare and institutional traders’ welfare increase
only when a DP is added to a liquid stock, and that a DP always harms retail traders.

Finally, we show how asymmetric information on the state of the DP creates a two-tiered
market that moves liquidity from the LOB to the DP. When traders know that other traders
are informed on the state of the DP, they anticipate that the informed will use the DP more
intensively and that this will increase the probability of execution of DP orders. Hence,
consistently with the recent SEC Proposal on Regulation of Non-Public Trading Interest
(SEC Release No. 34-60997), the model shows that IOI and Alert messages, that inform
some traders on the state of the DP, can draw orders away from the transparent market.
However, compared to the protocol with a DP and without asymmetric information, we show
that the use of flash orders can improve not only order book spread but also market depth
when they are allowed to be used for liquid stocks.
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Appendix

Proof of Proposition 1

In the proof we derive the equilibrium strategies for the LOB&DP protocol, when the opening
book is by_o = [22]. Equilibrium strategies for the cases by_s = [11] and by_5 = [00] can be
derived in a similar way, and those for the benchmark models are omitted as they are just
a simplified version of the latter, without a DP. We solve the model by backward induction,
starting from ¢ = T'. Notice that it is simple to show that large traders’ profits are maximized
for j = 2, as agents are risk neutral. Hence, from now onwards we assume that j is equal to
its maximum possible value conditional on the depth of the LOB.

We consider as an example a large seller arriving at 7'; as limit orders have zero execution
probability, the trader solves a simplified version of problem (4):

max 75 {00, 57), 0(5,07), p(—J, paia), £(0) }

PLT,Bp,by, DPp

To clarify the methodology we present the case with by = [20], invy_o visy_i, where the
large seller observes a change in the LOB only at T" — 1. His profits are:

T2 le(2,75)]=2(py — Brv)
A B A B
To[o(—2, Pvia)|= 2 (@—%v) }_)5 <P1 ;rpz |QT>

_o (408 1 1 Prr_o(¢(2,pm4d)[Q7—2)
=2 ( N 5TU> (3X1+3 PTT—2(‘P(27plwid)|QT—2)+PrT—2(99(_27pMid)|QT—2))

Once the -thresholds are derived by comparing the profits of the different trading strategies,
it is possible to compute the probabilities of the various order types. For example, the
probability of ¢(2,p%) is determined as follows:

)5¢<2,E§),w(—2,pmd) 945

2 8

Pr(p(2.78) | 0F") = Pr (LT

where Q[;z] ={br = [:wc],v,/ﬁ]/DT} and 558 o(~2,pyq) TEPresents the threshold between a
2-unit market order on p¥ and a 2-unit DP order to sell. The other order probabilities are
computed in a similar way, which allow us to determine the equilibrium strategies at period
T, and hence the execution probabilities at 1" of orders submitted at T'— 1 and T — 2.

We now consider period 7' — 1 and present as an example the case with br_; = [20] that
results when a large trader arrives at T — 2 and optimally selects (2, pF). The small seller

solves problem (3), presented in Section 4.1. Notice that ¢(1,pi!) is not a feasible strategy:
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as two units are already posted at pf!, any extra unit at that price will have zero execution
probability. Profits from available strategies are as follows:

77%—1[90(171_923)] = (sz — Br_1v)
Tr1lp(0)] = 0

The B;_; equilibrium intervals associated with the small seller’s optimal trading strategies
are obtained by comparing these profits. Similarly the large trader solves problem (4) pre-
sented in Section 4.2. The profits from his available strategies are similar to the ones of a
small trader, the only difference being that j = 2, with the exception of DP orders:

Tr_1lo(=2, pyia)l = El(pyia — Br_1v) lfg(pMid’QT)]
As an example, we specify the profit formula for this strategy:
moalo(=2,paria)] = § x 2% 3 (P52 — B 0) Pr(e(2, paria) | 957)
+ 12 J{(EE — o) Prip(, ) | 9800+ (B2 — o)

[1+ P;T(W(Z,PMM) QPO+ P;}(‘P(_Qapmd) | QoY l:;r(go(2,]3§) | Qg%o]’%)]}

where ngx]’y = {br = [zz|,v, DPr = y}. In period T' — 2, in order to determine the equilib-
rium strategies of small and large traders, we follow exactly the same methodology. As an
example we compute the profits of a large seller’s available strategies for by o = [22]:

7T§L2[90(27Z_9{3)] = 2(10}1B — Br_ov)
Tr_alp(0)] = 0
76T72[<P(27P114)] = E[(Pf_ﬁquﬂ) Z 1wT 1 X Pr (pl |Q7_1)
(i — Byy) WzoizlePrm 0 Pr(wr_; = W)
Tr—olo(=2,paia)] = El(pasia = Br_y0) Pr(parial Q7))

and we specify the profit formula for 75 _,[p(2, pi)]:

T a[0(2.01)] = (07 = Br_ov) {%jﬁrl(go(l,ﬁf) | Q??l)[éf;r(go(zpf) | Q2]

+3Pr(e(2,70) | 22 [5Pr(p(L,57) | Q7)+52Pr(o(2,77) | ﬂ%}}

The equilibrium strategies are obtained by comparing the large seller’s profits. Results in
Proposition 1 are derived by comparing equilibrium strategies for the LOB&DP case and for
the benchmark case that are presented in Table 1 and Table 2
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Proof of Proposition 2

The results from Proposition 2 are obtained by straightforward comparison of the equilibrium
strategies derived in the proof of Proposition 1, for different states of the LOB.

Proof of Proposition 3

We provide a sketch of the proof for the LOB&DP model with an opening book equal to
br_o = [22], the benchmark is derived similarly. The only difference with the proof of
Proposition 1 is that now, when a large limit order is submitted (j = 2), in the following
period the asset value moves by one tick against the order. We focus on large traders, as
small orders do not produce price pressure and hence small traders solve a similar problem
to the one discussed in Proposition 1. Notice that in this framework for limit orders the
maximum size, j = 2, is not necessarily the optimal one: traders could prefer to trade a
smaller quantity (j = 1) to avoid price pressure. We consider again a large seller arriving
at T — 1, and discuss, as an example, the case with a large limit sell order, @ (2, pi),
submitted at 7" — 2. In the model with no price pressure, at 7' — 1 traders can only choose
among a market order, a dark pool order or no trade, as the book, br_; = [42], is full. Now
however, due to price pressure, the new asset value becomes vr_; = v — 7, and the price grid
shitfs accordingly so that by_; = [00]. This implies that ¢(j, p') is now included within the
available strategies. Moreover traders at T'— 1 rationally anticipate that the price pressure is
temporary, and that by submitting a limit order they will generate a price pressure as well.
As an example we specify the profit formula for (2, p{'):

e A — 20 _A 20
T ale(2. )] = (" = Brorvp)[32Pr(e(29™) | 77) + § Pr(e(L,p) | 277
where pfd denotes the first ask level of the LOB after the price pressure and corresponds
to pP in the previous price grid. Notice that j = 2 is optimal in this period, since at T no
undercutting is possible. Traders arriving at 7' — 2 will rationally anticipate that the price

pressure reduces the profits of their limit orders. In order to clarify this effect, we specify
the profit formula for 7% ,[p(2, p{)] and 75 _,[p(1, p)]:

w5 ale(2,01)] = (i — Br_vy) { Pr (p(105") | Q720 [3Pr(e(2,77) | Q7))

+5 P (0(2,73) | 922 [5Pr(e (1L 7) | 977)+32Pr(0(2,7 >|9[2°1>J}
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mrale(Ld)] = (0~ Bravy) {%}zg(so(l,ﬁf) |22 [EPr(e(2,B) | 257
+3Pr(0(2,77) | 272 [3Pr(e(1,BY) | 277)+3Pr(p(2.5%) | Q[T12])]}

Profits from ¢(2, p;!) are much lower than for the case without price pressure, as the execution
probability of the order decreases substantially. Indeed, the execution probability of the two
shares standing on the LOB before the order’s submission and holding time priority decreases.
This is due to two effects: the unfavorable movement of the asset value and the possibility for
incoming traders to undercut the existing orders. As a result, the chances for the large order
to be executed at T become extremely low. This effect does not take place for (1, pf), or
for o(—2, paria) as both of them do not generate price pressure. Results in Proposition 3 are
derived following the same methodology as in the proof of Proposition 1 and are presented
in Table 5.

Proof of Proposition 4

The results, presented in Table 6, are obtained by comparing the three market quality
measures for both the benchmark and the LOB&DP protocol. As an example, we consider
the LOB&DP model with an opening book equal to by_y = [22] and provide formulas for
the estimated spread and depth at 7' — 1 and for the executed volume at 7" — 2.!? Similar
computations make it possible to derive the market quality measures for all the other cases.
The expected spread, S%_;, is equal to a weighted average of all possible spreads associated
with the opening book at T'— 1. The probabilities of the equilibrium strategies for both large
and small traders at T — 2 are used as weights, given that large and small traders arrive at
the market with equal probability. To simplify the notation we omit in this proof that all
order submission probabilities at T — 2 are conditional on Q7_,.

(=2, paia))] (p1 — p7)

Pr
_ -2 2 T-2
Pr(o(Lp)))] (P = 1Y)

+ 50 Pr (o(1,57)) + Pt (o(L, 1)) + Pr (e(1,p1))

+HPr(p(2,p1)) + Pr((2,p7)) + Pr(9(2, pasia)) +
+

The expected depth, DS, is computed as the weighted average of the total depth available
at the opening book best bid and offer, using the same weights as those for the expected

9For the sake of brevity we provide the formula for V£_,, as the formula to compute V£_; is particularly
long.
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spread:
Dy 4 =3 [2 x Pr(e(2,57)) (' —py) + Pr(0(2.07)) (b5 — )
£ [Pre(2, ) + Pr(e(2 O] + 4 [Pr(o(2 i) + P2,

+1 {3 x [P ((1,57)) + Pr(o(1,51)] +5 x [Pr (o(L,p7)) +1Pr2(so<1,p?))]]

Finally, the expected LOB volume, V_,, is computed as the weighted average of the trading
volume at T'— 2, using as weights the equilibrium strategies of both large and small traders
in that period; the latter are multiplied by the probability that each trader type arrives:

Vi =} | P o) + Pre(L )| +ix2 | oot + Prie.pt)

Proof of Proposition 5

The results from the Proposition are derived by comparing equilibrium trading strategies for
two new starting LOB at T — 2: br_o = [20] and by_5 = [10]. As the solution of these two
cases follows the same steps as the one presented in the proof of Proposition 1 for the book
br_o = [22], it is omitted and available upon the authors at request.

Proof of Proposition 6

The results presented in Table 8 are obtained by comparing welfare levels for both the
benchmark and the LOB&DP protocol. As an example we consider the LOB&DP case and
provide the welfare formula for both a large and a small trader arriving at 7' — 2, when the
LOB opens as by_y = [22]. Notice that as traders’ strategies are symmetric on the two sides
of the market, it is sufficient to compute the welfare for the ask side. As before, we omit that
or[(ZiQ(?r submission probabilities at T"— 2 are conditioned to the corresponding information set
Or7,.

B o258 .0(—2.p .
Wrain = 2{ Pl gty (pf - et )

B A +B_ o =B
0(2,p1),0(=2,pp15d) (2,97 ) 2(—2,015d)
T e

Be@paria)e(~2onria) TP @A), o(=2,p01i0)
+£r2(@(2,pf))2 (pf— e dz RISy
2 A 1 2—
[ Z wr_1 X Pr (p1 |QT) + Z
w W=0

wr_1=1 T—1 wr

w
wr Pj?(pﬂQT)Pl"(wT—l = W|Qr_1)] }
=1 w
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B 1B A
Wrssn =2{ Prlo(ta0) (of - 220 ) & P (1, p0)

® B )
(pi“ - Letofletal) Cetofreted) U) [Pr(pi'[Qr-1) + P(’]r(pf!QTl)P;r(pf!QT)]}

Welfare values for the following periods are computed in a similar way, but taking into
account that a trader faces different LOB depending on the strategy played in the previous
period. For example, still for the case br_y = [22], the welfare of a large trader arriving at
T — 1 is computed as follows:

— 20 — 02 42
Wroir = 3{ Pr(0(2.P0))With 1 + Pr (e BO))Wi pr + Pr (02, p )W 1p

2
+[Pr (p(=2 pasia) + Pr(0(2, pasia) IWroy o + Pr (02, p7) Wi 1)

— 21 — 12
+ 3{ Pr (e(L Y)W 1+ Pr(o(L5))Wr) o
_|_

2
32 23
Pr(o(L Wi i+ Pre(Lo?)Wi o

Proof of Proposition 7

This proof is only sketched as it is in the same spirit of the one for Proposition 1. Notice that,
as small traders have no access to the DP and trade only in the LOB, their strategies are
identical to the ones in Proposition 1. Large uninformed traders (u), instead, when making
inference on the liquidity available on the DP, take into account that some traders in the
previous periods could have had access to some privileged information on the state of the
DP. As an example, consider again the case with by = [20], invr_s visy_1, where the trader
observes a change in the LOB only at T" — 1. Profits from market orders are the same as
before, but profits from submitting ¢, (—2, pasiq) become:

A B A B
7 lpu(=2, pasia))= 2 (252 — 50 Pr (252 0 )

1 1 Pro_o(¢4(=2,pmid)|R7—2)
= X =
3 1+3 d;u Prr_2(py(2,pmid) Q7 —2)+Prr—2(04(—2,p0:d) |27 —2)

Large informed traders (i) have no need to infer the state of the DP from previous trades
and condition their orders on the actual state of both the LOB and the DP. Consider for
example the case with by = [20] and DPr = [0]: since the trader knows that the DP is
empty, he will consider only market orders and no trading as possible strategies. If instead
we look at the case with by = [20] and DPr = [—6], the informed trader will also consider
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the possibility of submitting a DP order to buy. Notice that in this case ¢(2, pasiq) has no
execution risk and offers a better price than ¢(2,p¢'), hence an informed buyer will never
trade on the LOB. As we did for the proof of Proposition 1, we compute the probabilities of
the various order types by deriving the -thresholds for all agent’s type.

In order to emphasize the differences with the model without IOI, for period T" — 1 we
discuss again the case with br_; = [20] that results when a large trader arrives at T — 2
and optimally selects (2, p?). If we consider first a small trader, his available strategies at
T — 1 are still the same. The only difference is that the probability of execution of (1, pP)
is now computed by considering that both an informed or an uninformed large trader can
arrive at time 7. Similarly, also the strategies available to a large trader are unchanged
compared to the case without IOI. However, not only the execution probability of ¢ (2, p?)
differs as those of small traders, but also the probability of execution on the DP increases
due to the presence of informed traders who can detect DP orders. Finally, large informed
traders’ strategies depend on the state of the DP. If for example DPr_; = [0], we specify as
for Proposition 1 the profit formula for 75 _;[@,;(—2, pasia)]:

A B - 3
w2 pana)] = 2 (B3 — Br_ o) [EPr(e,(2 pana) | 95772) + L Pr(pu(2, pasia) | 92577

where Q[;f"ﬂ’y = {by = [zz]|,v, DPr = y}. Notice that in this setting informed traders know
that the DP is empty and hence they anticipate that they will be executed at T" only if a
large trader arrives and submits a ¢(2,pasiq). The same intuition applies to period T' — 2:
the strategies available to small traders are the same as in the case without 10I; however,
small traders now have to update the execution probabilities of limit orders in order to take
into account informed trading. Large uninformed traders also consider how the presence of
informed traders influences the execution probabilities of both limit and dark pool orders.
Finally, informed traders determine their optimal strategy by knowing the actual state of
the DP and by considering that in the following periods other informed traders could arrive.
Results from Proposition 7 are hence derived by comparing these equilibrium strategies with
those obtained in Proposition 1. Results for market quality and welfare are obtained by
using the formula presented respectively in the proofs of Proposition 4 and 6, and by adding
informed large traders.
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