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Abstract

In this paper we relate the very persistent component of interest rates to a specific de-

mographic variable, MYt, the proportion of middle-aged to young population. We first

reconsider the results in Fama (2006) to document how MYt captures the long run com-

ponent identified by Fama in his analysis of the one-year spot rate. Using MYt to model

this low frequency component of interest rates is particularly useful for forecasting the term

structure as the demographic variable is exogenous and highly predictable, even at very

long horizons. We then study the forecasting performance of a no-arbitrage affine term

structure model that allows for the presence of a persistent component driven by demo-

graphics. This performance is superior to that of a traditional affine term structure model

with macroeconomic factors (e.g. Ang, Dong and Piazzesi, 2005).
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1 Introduction

The behavior of interest rates (Fama, 2006) reveals that spot rates are the sum of two processes,

(i) a very persistent long term expected value and (ii) a mean-reverting component. This paper

has two main objectives. First, we relate the very persistent component of interest rates to a

specific demographic variable, i.e. the proportion of middle-aged to young population, second we

show how an affine term structure model that incorporates a demographics driven very persistent

component can be built an used for long-run forecasting of the entire term structure. Figure 1

illustrates the exixtence of a persistent component in interest rates and the possibility of relating

it to demographic trends. the figure reports the Yield to maturity of 1-Year US Treasury bond,

the persistent component as identified by Fama ( a 5-year backward looking moving average)

and MY, defined as the ratio of middle-aged (40-49) to young (20-29) population in the US.

Insert Figure 1 about here

The Figure shows that MY not only strongly comoves with the estimate of the persistent

component proposed by Fama, but it is also capable of matching exactly the observed peak

in yields at the beginning of the eighties, while, by its nature, the backward looking moving

average lags behind.

As a matter of fact the very persistent component identified by Fama is common to the entire

term structure of interest rates: Figure 2 shows this point by reporting for US post-war data,

the relationship between nominal interest rates and MYt.

Insert Figure 2 about here

The presence of a very persistent long-term expected value commont to the entire term struc-

ture has important implications for affine term structure models in which factors driving the

term structure are modelled via stationary VAR representations. In fact, the stationary VAR

representations cannot capture the persistent component in the term structure and such omis-

sion might explain the unsatisfactory forecasting performance of affine term structure models

noted in the literature (see, Duffee (2002), Moench (2008)). Using MYt to model the persistent
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component of interest rates is particularly useful for forecasting the term structure as the de-

mographic variable is exogenous and highly predictable even for very long-horizons (the Bureau

of Census currently publishes on its website projections for the age structure of the population

with a forecasting horizon up to fifty years ahead).

Demographic trends are a slow-moving information variable, whose forecasting power for

interest rates is low at high frequency but becomes high at low frequencies, when the effect of the

fluctuations of stationary component of yield curve fluctuations subsides. Intuitive reasoning

and formal modeling hints at demography as an important variable to determine the long-

run behavior of the financial markets. In fact, abundant evidence is available on the impact

of the demographic structure of the population on long-run stock-market returns (Ang and

Maddaloni (2005), Bakshi and Chen (1994), Goyal (2004), Della Vigna and Pollet (2007) and

Favero, Gozluklu and Tamoni (2010)). To our knowledge the empirical study on the empirical

relation between the bond market and demographics is much more limited (the only study we are

aware of is McMillan, H. and J. B. Baesel, 1988), despite the strong interest for co-movements

between the stock and the bond markets (Lander et al.(1997), Campbell and Vuoltenaho (2004),

Bekaert and Engstrom (2010)). This paper fills this gap by presenting evidence on the relation

between demographics and the persistent component of the yield curve and on the importance

of using this information to de-trend the term structure before producing VAR-based forecasts.

The rest of this paper is organized as follows.

In the next section we place our contribution in the literature and discuss the rationale

for the relationship between the demographic variable MYt and the persistent component in

interest rates. The dataset and the results in Fama (2006) are then reconsidered to document

how MYt captures the long-run component identified by Fama in his analysis of the one-year

spot rate. The evidence naturally leads to pursue the consequences of the permanent-transitory

decomposition for forecasting the term structure. In particular, we propose a no-arbitrage

affine term structure model that allows for the presence of a low-frequency component driven

by demographics. The forecasting performance of our model is then examined and compared

with that of a traditional affine term structure model with macroeconomic factors (e.g. Ang,

Dong and Piazzesi, 2005). We then devote a section to exploit the peculiar feature of an affine
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term structure with exogenous demographic factors to produce long-term forecast for the yield

curve up to 2040. The last section concludes.

2 Related Literature

This paper brings together three different strands of the literature: i) the one analyzing the

implication of the presence of a persistent component for spot rates predictability, ii) the affine

no-arbitrage term structure models with observable macro factors and latent variables and iii)

the one linking demographic fluctuations with asset prices.

The literature on spot rates predictability has emerged from a view in which forecastability

is determined by the slowly mean-reverting nature of the relevant process. Recently, it moved

to a consensus that modelling a persistent component is a necessary requirement for a good

predictive performance.

Traditionally, yield curve modelling in finance is governed by parsimony principle; all the

relevant information to price bonds at any given point in time is summarized by a small number

of stationary factors (Litterman and Scheinkman, 1991). Both macro and finance term struc-

ture models agree on the role of at least two factors, i.e. the level and the slope, that capture a

slow mean-reverting component and a more rapid (business-cycle-length) mean-reverting com-

ponent. Besides providing a structural interpretation, this literature also documents the role

of forward interest rates in forecasting future spot rates for longer horizons (e.g. Fama and

Bliss, 1979). Particularly linear combinations of forward rates are successful in predicting term

premia (Cochrane and Piazzesi, 2005). Early literature attributes this predictability to the

mean reversion of the spot rate toward a constant expected value. This view has been recently

challenged; the predictability of the spot rate captured by forward rates is either attributed to

a slowly moving, yet still stationary, mean (Balduzzi, Das, and Foresi, 1998) or a time-varying

very persistent long-term expected value (Fama, 2006). Following Hamilton (1988), other pa-

pers estimate regime-switching models for the spot rate (for example, Gray (1996), Ang and

Bekaert (2002)) to capture the time variation of the long run mean.

The importance of such a persistent component for modelling and forecasting the term
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structure is our main focus. The existence of such a component raises two immediate issues.

First, the validity of all forecasting models based on a stationary representation of factors is not

warranted. Second, some investigation is needed on the determinants of persistence.

The affine no-arbitrage term structure models with observable factors are commonly based

on a stationary representation of factors, where the following specification is generally adopted:

yt,t+n =
−1
n

¡
An +B0nXt

¢
+ εt,t+n εt,t+n ∼ i.i.d.N(0, σ2n) (1)

Xt = μ+ΦXt−1 + vt vt ∼ i.i.d.N(0,Ω) (2)

where yt,t+n denotes the yield at time t of a zero-coupon government bond maturing at time

t+ n, bonds are priced via a vector Xt of stationary state variables, that can be observable or

unobserved. The no-arbitrage assumption imposes the following structure on the coefficients of

the measurement equation (for n ≥ 1):

An+1 = An +B0n (μ−Ωλ0) + 1
2B

0
nΩBn +A1

B0n+1 = B0n (Φ−Ωλ1) +B01

The potential problem with this general structure is that while yields contain a persistent

component, the state evolves as a stationary VAR which, independently from imposing the

no-arbitrage restrictions, is designed to model a mean-reverting process and cannot capture the

time series behavior of persistent variables.

In fact, several papers indicate that macroeconomic variables have strong effects on future

movements of the yield curve (among others, Ang and Piazzesi (2003), Diebold, Rudebusch, and

Aruoba (2005) and Rudebusch and Wu (2008)). Ang and Piazzesi (2003) show that a mixed

factor model (with three latent financial factors plus output and inflation) performs better

than a yields-only model in terms of one step ahead forecast at quarterly frequency. Others

(e.g. Bekaert, Cho, and Moreno (2003), Gallmeyer, Hollifield, and Zin (2005), Rudebusch and

Wu (2008), and Hordahl, Tristani, and Vestin (2006)) estimate structural models with interest

rates and macro variables. Ang, Dong and Piazzesi (2005), and Dewachter and Lyrio (2006),
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investigate how no-arbitrage restrictions can help estimate different policy rules. In all these

macro-finance models the process determining the macro variables is taken to be stationary. This

assumption is not consistent with the presence of a low-frequency component in determining

the behavior of interest rates and might therefore explain the, somewhat disappointingly, mixed

results from the forecasting performance of affine term structure models (Duffee (2002), Favero,

Niu and Sala (2010)). Forecasting interest rates in the presence of a highly persistent component

in rates requires the existence of a factor capable of modelling the persistence. Inflation is an

obvious candidate as far as the persistence is concerned, but it is an endogenous factor, since it

is influenced by monetary policy, and its turning points are very difficult to predict.

Any factor built on the basis of demographic information is instead exogenous and pre-

dictable, given the nature of demographic variable. The interesting question here is why should

demographics influence the behavior of interest rates and why the relevant effect of demograph-

ics can be captured by the relative size of the middle aged to young population.

Fluctuations in nominal interest rates must be due to either movements in real interest

rates, expected inflation, or the inflation risk premium. There is available literature relating

demographic factors to the first two components.

Geanakoplos, Magill and Quinzii (2004, henceforth, GMQ) consider an overlapping gener-

ation model in which the demographic structure mimics the pattern of live births in the U.S.,

that have featured alternating twenty-year periods of boom and busts. They conjecture that

the life-cycle portfolio behavior (Bakshi and Chen, 1994), which suggests that agents should

borrow when young, invest for retirement when middle-aged, and live off their investment once

they are retired, plays an important role in determining equilibrium asset prices. Consumption

smoothing by the agents, given the assumed demographic structure requires that when the MYt

ratio is small (large), there will be excess demand for consumption (saving) by a large cohort of

retirees (middle-aged) and for the market to clear, equilibrium prices of financial assets should

adjust, i.e. decrease (increase), so that saving (consumption) is encouraged for the middle-aged

(young). The model predicts that the price of all financial assets should be positively related

to MYt and it therefore also predicts the negative correlations between yields and MYt exhib-

ited in Figure 1. In a related paper (Favero, Tamoni, Gozluklu, 2010) we have illustrated how
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the persistent component in the dividend/price ratio is captured by MYt. In the GMQ model

bond and stock are perfect substitutes, therefore the evaluation of the performance of MYt in

determining the persistent component of interest rates is a natural step within this framework1.

The GMQ model provides an explicit foundation for the relationship between MYt and real

interest rates. In a separate strand of literature, Lindh and Malberg (2000) investigate the

hypothesis that inflation pressures covary with the age distribution unless accommodated by

monetary policy. The results of the estimation of a relation between inflation and age structure

on annual OECD data covering 1960—1994 for 20 countries suggest the existence of an age pat-

tern of inflation effects. It is consistent with the hypothesis that increases in the population of

net savers dampen inflation, whereas especially the younger retirees fan inflation as they start

consuming out of accumulated pension claims. This confirms the positive correlation between

the young-to-middle aged ratio and inflation illustrated in Figure 1, which is implied by the

life-cycle saving behavior (Bakshi and Chen, 1994). The importance of demographic projections

is also documented in Gozluklu (2010), where the role of time variation in the age structure in

shaping the long-run co-movement between inflation and financial markets is analyzed.

We merge these three strands of the literature by using MYt to model the persistent

component in spot rates and by then proposing a no-arbitrage affine term structure model

capable of accommodating a long run component in the term structure via the low frequency

time-series properties of the age structure of population.

3 Demographics and the permanent component of spot rates

Fama (2006) explains the evidence that forward rates forecast future spot rates in terms of

a mean reversion of spot rates towards a non-stationary long-term mean which is subject to

sequence of permanent shocks. The forward-spot spread is then interpreted as an empirical

proxy for the deviation of spot rates from their time-varying long-run trend. As a matter of

fact, when future spot rates are predicted via a model that includes the forward-spot spread

1Note that the existence of a relation between the dividend price ratio and MY implies a similar relation
between MY and interests rates also when the perfect substitutability assumption is relaxed by maintaining the
hypothesis that the relative risk premium on stock and bonds is stationary. In fact a stationary relative risk term
premium cannot determine the persistent components of interest rates and the dividend/price ratio.
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and deviations of the spot rate from a five-year backward looking moving average (together

with a step dummy taking a value of one for the first part of the sample up to August 1981 and

zero otherwise) the second predictor swamps the significance of the first one. This evidence is

consistent with the fact the dominant feature in the spot rates of an upward movement from

the fifties to mid 1981 and a downward movement from 1981 onwards is not matched by any

similar movement in the forward-spot spread which looks like a mean reverting process over

the sample 1952-2004. Fama proposes a decomposition of the spot interest rates, yt,t+n2 in two

processes: a long term expected value Kt,t+n, that is subject to permanent shocks, and a mean

reverting component Xt,t+n.

yt,t+n = Kt,t+n +Xt,t+n

On the basis of this decomposition Fama addresses the question of predicting changes in the

one-year spot rate at different horizons (from 1-year to 4-year ahead) using monthly data. The

predictive model is designed to evaluate the forecasting ability of the spread between forward

and spot rates and the deviations of the spot rates from its long term expected value.

The following model is estimated on a sample of monthly data 1958:6-1984:12:

yt+12x,t+12x+12 -yt,t+12 = ax+bxDt+cx[ft,t+12x,t+12x+12 -yt,t+12 ]+dx[yt,t+12 -Kt,t+12]+εt+12x

Kt,t+12 =
1

60

60X
i=1

yt−i−1,t+12−i−1 (3)

where ft,t+12x,t+12x+12 is the one-year forward rate at time t of an investment with settlement

after x years and maturity in x+ 1 years, yt,t+12 is the one-year spot interest rate and Kt,t+12

is measured as the moving average of the most recent past five years of the spot rates.

2We adopt Cochrane and Piazzesi (2005) notation for log bond prices:

pt,t+n = log price of n-year discount bond at time t

where the parenthesis in the superscript refers to time to maturity. Then the continuously compunded spot rate
is

yt,t+n ≡ −
1

n
pt,t+n
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Note that the model also includes a dummy variable Dt that is equal to one for the first

part of the sample up to August 1981 and zero otherwise. This variable captures the turning

point in the behavior of interest rates from a positive upward trend to a negative upward trend

occurred in mid 1981 and clearly detectable from Figure 1.3

A model with the restriction dx = 0 is first estimated to obtain a positive and significant

estimate of cx with a significance increasing with the horizon x. However, when the restriction

dx = 0 is relaxed, then the null hypothesis that cx is not statistically different from zero cannot

be rejected. dx is estimated significantly negative increasing with the horizon. All results are

crucially affected by the inclusion of the dummy, in that when the bx is restricted to zero the

predictive power of the regression is dramatically reduced. In the light of these results Fama

concludes that there is evidence of mean reversion of the spot rates toward a time varying

expected value and that the predictability of the spot rate captured by the forward rate is

exclusively related to this phenomenon.

In Table 1 below we replicate the empirical results in Fama (2006) both using the same

sample with monthly observations and by considering quarterly data over a sample extended

to the last quarter of 20084.

Insert Table 1 about here

Our results fully replicate those reported by Fama (2006) on monthly data and are robust

when the sample is extended to 2008 and quarterly data are considered.

As we have already discussed in the introduction and shown in Figure 1, the demographic

variable MYt has a similar pattern to that of the Fama’s proxy for the permanent component

of the spot rate, with the advantage of matching exactly the peak in interest rates in 1981.

We then use the Fama (2006) setup to assess the importance of the demographic variable

MYt in capturing the long term expected value Kt,t+n. We consider the following alternative

3A possible economic rationale for this turning point is introduced with reference to the experience of Federal
Reserve introducing a fiduciary currency in 1971 that created permanently high inflation expectations up to mid-
1981, until Federal Reserve gained enough experience with the new system and learned how to manage inflation
using a fiduciary currency.

41-year Treasury bond yields are computed from the (monthly and quarterly) price series from the Fama
CRSP zero coupon files. Middle-young ratio data is available at annual frequencies from Bureau of Census (BoC)
and it has been interpolated to obtain monthly and quarterly series.
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specification to (3):

yt+12x,t+12x+12 -yt,t+12 = ax+bxDt+cx[ft,t+12x,t+12x+12 -yt,t+12 ] + dx[yt,t+12 -Kt,t+12] + εt+12x

Kt,t+12 = exMYt (4)

The results from the estimation, reported in Panel B of Table 1, show that the coefficient

on MYt is strongly significant in all regressions at the different frequencies and horizons. The

performance of the forecasting model improves as the forecasting horizon increases (with an

R2 going from 0.24 at the one-year horizon to 0.64 at the four-year horizon). Importantly,

when Kt,t+12 is modelled via demographics the coefficients on the dummy variable capturing

the turning points in the underlying trend is not significant anymore, witnessing the capability

of demographics of capturing the change in the underlying trend affecting spot rates.

To further test the forecasting performance of the model, we conduct a (pseudo) out-of

sample forecasting comparison of the models (3) and (4). We generate out-of-sample fore-

casts for the period 1994Q1-2008Q4, based on a model estimated with a rolling window of 140

observations.

Insert Table 2 about here

The results are reported in Table 2. The first column reports the out-of-sample R2 statistics

(Campbell and Thomson, 2008) which is computed as

R2OS,x = 1−
PT

t=t0
[(yt+12x,t+12x+12 − yt,t+12 )− (yt+12x,t+12x+12 − yt,t+12 )

pr]2PT
t=t0

[(yt+12x,t+12x+12 − yt,t+12 )− (yt+12x,t+12x+12 − yt,t+12 )
av]2

where (yt+12x,t+12x+12 -yt,t+12 )
pr are the model-based projections at horizon x and (yt+12x,t+12x+12 -yt,t+12 )

av

is the historical average change computed with data available at the time of forecasting. In our

exercise, t0 = 1994 and T= 2008. If R2OS is positive, it means that the predictive regression has

a lower mean square error than the prevailing historical mean. Then we report mean absolute

error (MAE) and root mean square error (RMSE) calculated based on the residuals in the fore-

casting period, namely 1994-2008. In the last column, we report the Diebold-Mariano (DM)
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t-test for checking equal-forecast accuracy from two nested models for forecasting h-step ahead

spot rate changes.

DM =

r
(T+ 1− 2 ∗ h+ h ∗ (h− 1))

T
∗
∙
d̄bse(d̄)
¸

where we define e21t as the squared forecasting error of prevailing mean, and e
2
2t as the squared

forecasting error of the predictive variables, dt =e21t−e22t, i.e. the difference between the two

forecast errors, d̄ = 1
T

PT
t=t0

dt and bse(d̄) = 1
T

Ph−1
τ=−(h−1)

PT
t=|τ |+1(dt−d̄)∗(dt−|τ |−d̄). A positive

DM t-test statistic indicates that the predictive regression model performs better than the

historical mean.

We note that the forecasting performance of the two alternative models is similar (although

no dummy is included in the model with demographics) and that the relative performance of

the model based on demographics improves with the forecasting horizon. We interpret these

results as supportive of the view that the persistent component in the 1-year interest rates

can be related to demographic factors that are therefore very useful predictors, especially, at

long-horizons.

4 An affine No-Arbitrage Term Structure Model with Demo-

graphics

The evidence reported in the previous section supports the hypothesis of the existence of a

permanent component in 1-year spot interest rates and its relation with the demographic vari-

able MYt. As discussed in the introduction, in affine term structure models stationarity of the

state space is assumed to justify its VAR representation and to derive long-term VAR-based

projections. Therefore, the presence of a permanent component in spot-rates poses an impor-

tant econometric challenge to these models. Consider, for example, a typical affine model with

macroeconomic factors in a data-rich environment (Bernanke and Boivin (2003), Ang, Dong

and Piazzesi (2005), Ludvigson and Ng (2009)). The term structure is described as follows:
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yt,t+n =
−1
n

¡
An +B0nXt

¢
+ εt,t+n εt,t+n ∼ i.i.d.N(0, σ2n) (5)

Xt = μ+ΦXt−1 + vt vt ∼ i.i.d.N(0,Ω)

yt,t+1 = δ0 + δ01Xt

where yt,t+n denotes the yield at time t of a zero-coupon government bond maturing at time

t+n, the vector of the states Xt = [f
o
t , f

u
t ] , where f

o
t are two observable factors extracted from

large-data sets to capture all the relevant "real" and inflation information which the Fed uses to

set the monetary policy rate in a data-rich environment, while fut contains unobservable factor(s)

needed to capture the persistent component in interest rates. Note that the one-period yield is

typically the monetary policy rate which is modelled as function of the relevant information in

the central bank reaction function as in a Taylor-type rule (Ang, Dong and Piazzesi, 2005). We

consider the two factors estimated by Ludvigson and Ng (2009) to capture "real" and inflation

information. This model is completed by assuming a linear (affine) relation between the price of

risk, Λt,and the states Xt by specifying the pricing kernel, mt+1, consistently and by imposing

no-arbitrage restrictions (see, for example, Duffie and Kan (1996), Ang and Piazzesi (2003)):

Λt = λ0 + λ1Xt

mt+1 = exp(−yt,t+1 − 1
2Λ

0
tΩΛt − Λtεt+1)

An+1 = An +B0n (μ−Ωλ0) + 1
2B

0
nΩBn +A1

B0n+1 = B0n (Φ−Ωλ1) +B01

This structure requires a stationary representation of the states that makes the model "in-

congruent" in the case of the presence of a persistent component in spot rates. The "incogru-

ency" comes from the fact that highly persistent time series are linearly related to a stationary

process. Table 3, which illustrates the time series properties of spot rates with different maturity

and the two Ludvigson and Ng factors, highlights the empirical relevance of this problem.

Insert Table 3 about here

Insert Figure 3 about here
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The evidence on the time series properties of MYt also confirms the high persistence and it is

consistent with the evidence provided in the previous section of the potential of this demographic

factor for modelling the permanent component in spot rates. In light of this evidence, we propose

the following affine term structure model with demographics:

yt,t+n = − 1
n

¡
An +B0nXt + ΓnMYn

t

¢
+ εt,t+1 εt,t+n ∼ N(0, σ2n)

Xt = μ+ΦXt−1 + νt νt ∼ i.i.d.N(0,Ω)

yt,t+1 = δ0 + δ01Xt + δ2MYt

where Γn =
£
γn0 , γ

n
1 · · · , γnn−1

¤
, and MYn

t = [MYt,MYt+1 · · · ,MYt+n−1]
0 and Xt = [f

o
t , f

u
t ].

By using the traditional relation between the price of risk and the states and by imposing the

no-arbitrage restrictions we obtain (see appendix)

An+1 = A1 +An +B0n(μ−Ωλ0) +
1

2
B0nΩBn

Bn+1 = B0nΦ−B0nΩλ1 +B01

Γn+1 = [−δ2,Γn]

As we include the demographic variable in the process for monetary policy rates, yields

with maturity t+ n are function of the demographic variable between time t and time t+ n as

they reflect the expected path of future monetary policy. MYt is included into the model as an

exogenous variable, its high degree of predictability (the Bureau of Census posts on its website

projections for the composition of population with a fifty year-ahead horizon) allows to model

empirically the relation between yt,t+n and MYn
t without specifying a model to predict future

values of MYt.

We propose a model where the demographic variable MYt enters linearly in the monetary

policy rule, to capture the permanent component in spot rates. The price of risk is independent

from the demographic variable and it is affine in the vector of state factors. The empirical
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evidence discussed in the previous section points to demographics as an observable factor capable

of capturing the permanent component of 1-year spot rates. This evidence can be extended to

the 3-month rates (the rate with the shortest maturity in the sample of quarterly data we

analyze in this section). We report the results in Table 4 the results. The estimated coefficient

on MYt is always significant with stable loadings.

Insert Table 4 about here

The no-arbitrage restrictions, appropriately modified from the baseline case with no de-

mographics, are imposed on the system (see Appendix for a full derivation). The entire term

structure is affected by the permanent component of spot rates as long-term spot rates are

affected by expected monetary policy rates. Note that in our specification we do not make the

price of risk function of the demographic variable consistently with the idea that risk premia are

stationary and cannot explain the presence of a permanent component in the term structure.

However, as the entire term structure depends on future expected monetary policy, then the

future values of the demographic variable affect yields at all maturities.

5 Model Specification and Estimation

We consider as a benchmark model the discrete-time no-arbitrage term structure model with

both observable and unobservable variables, first suggested by Ang and Piazzesi (2003). Follow-

ing the specification analysis of Pericoli and Taboga (2008), we focus on a parsimonious model

including three latent factors and only contemporaneous values of the macro variables. We

use the Chen and Scott’s (1993) methodology; given the set of parameters and observed yields

latent variables are extracted by assuming that number of bonds which are priced exactly is

equal to the number of unobserved variables. Hence we assume that 3-month, 2-year and 5-year

bond prices are measured without error and estimate the model with maximum likelihood. We

assume the state dynamics to follow a VAR(1). We do not impose any restriction on the VAR

coefficient matrix, while we make sure that the following conditions are met in our estimation

(Favero, Niu and Sala, 2010):

14



i) the covariance matrix Ω is block diagonal with the block corresponding to the unobserv-

able yield factor being identity, and the block corresponding to the observable factors being

unrestricted, i.e.

Ω =

⎡⎢⎣ I 0

0 Ωo

⎤⎥⎦
ii) the loadings on the factors in the short rate equation are positive, 0 ≤ -A1

iii) Xu
0 = 0.

Despite its heavier parametrization, this specification allows interaction between yield fac-

tors and macro factors without sacrificing forecasting power (Favero, Niu and Sala, 2010).

6 Out-of Sample Forecasts

An interesting feature of MYt is that long-run forecasts for this variable are readily available.

In fact, the Bureau of Census (BoC) provide projections up to 2050 for MYt. Therefore we

focus on the properties of out-of-sample forecasts of our model at different horizons. In our

multi-period ahead forecast, we choose iterated forecast procedure, where multiple step ahead

states are obtained by iterating the one-step model forward

byt+h,t+h+n|t = an + bnX̂t+h|t + ΓnMY
n
t+h

X̂t+h|t =
hX
i=0

Φ̂iμ+ Φ̂hX̂t

where an = − 1nAn, bn = − 1nBn are obtained by no-arbitrage restrictions. Forecast are produced

on the basis of rolling estimation with a rolling window of one hundred observation, the first

sample used for estimation is 1964Q1-1988Q4. We consider 6 forecasting horizons (denoted by

h): one quarter, one year, two years, three years, four years and five years. For the one quarter

ahead forecasting horizon, we conduct our exercise for all dates in the period 1989Q1 - 2007Q4,

a total of 76 periods; for the 1-year ahead forecast, we end up with a total of 73 forecasts, and

so on, up to the 5-year ahead forecast, for which we end up with 57 forecasts.
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Forecasting performance is measured by the ratio of the root mean squared forecast error

(RMSFE) of each the affine model with demographics to the RMSFE of a random walk forecast

and to the RMSFE of the benchmark yield-macro model without the demographic variable.

Forecasting results from different models are reported in Table 6 and Table 7. Bold characters

are used when the ratio of the model’s RMSFE to that of the random walk is in the range [0.9,

1) while bold and underline characters are used for rations smaller than 0.9. Two specifications

for risk prices are estimated

i) Constant prices of risk: λ0 6= 0, λ1 = 0.( Table 6)

ii) Time-varying prices of risk, λ1 6= 0, λ1 diagonal. (Table 7)

Insert Table 6 about here (constant risk)

Insert Table 7 about here (time-varying risk)

Table 6 reports the RMSFE of the model with demographics relative to the random walk

and benchmark yield-macro model in the case of constant risk pricing (λ1 = 0). The evidence

shows clearly that the inclusion of the demographic variable in the model improves the forecast-

ing performance for the entire term structure as the forecasting horizon gets larger. The results

become much stronger when time-varying risk prices are allowed. We also report in parentheses

the p-values of the forecasting accuracy test due to Giacomini and White (2006). A p-value

below 0.01 (0.05, 0.10) indicates a significant difference in forecasting performance at the 1%

(5%, 10%) level.

Insert Figure 4 here

The intuition behind the superior forecasting performance of the model augmented with demo-

graphics is illustrated in Figure 4, where we report the actual time-series for different yields along

with the dynamically simulated values for the same yields based on the benchmark affine model

with macro factors and the model augmented with demographics. Figure 4 reports the results

of dynamic simulation from the beginning of the sample given estimation over the full-sample.

The dynamic simulation of the benchmark model converges rather rapidly to the unconditional

mean and it is not capable of capturing the persistent component in the term structure. The
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picture is very different for the simulated values from the model with demographics where the

middle-to-young ratio allows to keep the simulated value remarkably close to the long-run trend

of the term structure.

7 Long-Term Projections

One of the appealing features of an affine term structure model with demographics factors is

that the availability of long-term projections for the age-structure of the population which can

be exploited to produce long-term projections for the yield curve. In our specification yields

at time t + j with maturities t + j + n are functions of all realization of MY between t + j

and t + j + n. The exogeneity of the demographic variable and the availability of long term

projections is combined in the affine model with a parsimonious parameterization generated

by the no-arbitrage restrictions that allow to weight properly all future values of MY with the

estimation of few coefficients. As a result future paths up to 2045 can be generated for the

entire term structure, given the availability of demographic projections up to 2050 (the Bureau

of Census websites provides projections for demographics variable up to 2050 and the current

5-year yield depends on the values of MY over the next five years). Note that an affine model

with demographics allow for a very different out-of-sample dynamics from those that can be

generated by a Fama (2006) type model based on the decomposition of interest rates in long-

term expected mean and mean-reverting component and on the measurement of the long-term

expected mean as the moving average of the most recent past five years of the spot rates. In fact,

long-term projections from the Fama model would not differ from those of an autoregressive

process, they would just converge more slowly to the unconditional mean. To illustrate this

feature of the model we report in Figure 5 all yields reported in Figure 1 by also drawing their

predicted out-of-sample path up to 2045 .

Insert Figure 5 here

The predicted path of the age structure of the population drives the forecast of the term structure

up in the range between six per cent and eight per cent over the next twenty years. An affine
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model with stationary macro factors estimated over the last twenty years could never produce

such forecasts, as they are clearly far away from the unconditional sample mean.

8 Conclusions

There is a general agreement on the existence of a common persistent component in the entire

term structure of interest rates. In this paper we have shown that it is possible to model such a

persistent component using a demographic variable, to ratio of middle aged to young population,

MYt. We have first provided evidence thatMYt is a better measure of the persistent component

of the 1-year rate than the moving-average of the most recent past five years of the spot rates

used by Fama (2006). We have then explored the implication of this evidence for the affine model

of the term structure of interest rates. Affine models are built by assuming that the relevant

state variable to price bonds evolve as a stationary VAR. The problem arises form the fact

that a stationary VAR, independently from imposing the no-arbitrage restrictions, is designed

to model a mean-reverting process and cannot capture the time series behavior of persistent

variables. We propose to include MYt in affine model by considering it as a determinant of the

trend in the short-term rate. As the entire term structure is function of the short-term rate

this allows to have a common persistent component in all yields. Importantly this happens

without changing the traditional model for the price of risk, where no persistent component

is introduced. Our results show that the forecasting performance of an affine model with

demographics uniformly outperforms that of traditional affine models with stationary factors.

We believe that our evidence is important both for long-term projections of the yield curve and

for modelling its fluctuations around the persistent component.

To illustrate this point we have produced model-based forecast for the term structure up to 2045.

The demographics bases forecast of the yield curve over the next twenty year are significantly

higher then the sample mean observed over the course of the last twenty years.
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APPENDIX

We consider the following model specification for pricing bonds with macro and demographic

factors:

yt,t+n = − 1
n

¡
An +B0nXt + ΓnMYn

t

¢
+ εt,t+1 εt,t+n ∼ N(0, σ2n)

Xt = μ+ΦXt−1 + νt νt ∼ i.i.d.N(0,Ω)

yt,t+1 = δ0 + δ01Xt + δ2MYt

Λt = λ0 + λ1Xt

mt+1 = exp(−yt,t+1 −
1

2
Λ0tΩΛt − Λ0tvt+1)

P
(n)
t ≡

∙
1

1 + Yt,t+n

¸n
, yt,t+n ≡ ln (1 + Yt,t+n)

ΓnMYn
t ≡

£
γn0 , γ

n
1 · · · , γnn−1

¤
⎡⎢⎢⎢⎢⎢⎢⎢⎣

MYt

MYt+1

...

MYt+n−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
Bond prices can be recursively computed as:

23



P
(n)
t = Et[mt+1P

(n−1)
t+1 ]

= Et[mt+1mt+2P
(n−2)
t+2 ]

= Et[mt+1mt+2 · · ·mt+nP
(0)
t+n]

= Et[mt+1mt+2 · · ·mt+n1]

= Et[exp(
n−1X
i=0

(−yt+i,t+i+1 −
1

2
Λ0t+iΩΛt+i − Λ0t+iνt+i+1))]

= Et[exp(An +B0nXt + Γ
0
nMY

n
t )]

= Et[exp(−nyt,t+n)]

= EQ
t [exp(−

n−1X
i=0

yt+i,t+i+1)]

where EQ
t denotes the expectation under the risk-neutral probability measure, under which the

dynamics of the state vector Xt are characterized by the risk neutral vector of constants μQ

and by the autoregressive matrix ΦQ

μQ = μ−Ωλ0

ΦQ = Φ−Ωλ1

To derive the coefficients of the model, let us start with n = 1:

P
(1)
t = exp(−yt,t+1)

= exp(−δ0 − δ01Xt − δ2MYt)

A1 = −δ0, B1 = −δ1 and Γ1 = γ10 = −δ2,
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Then for the general case n+ 1,we have:

P
(n+1)
t = Et[mt+1P

(n)
t+1]

= Et[exp(−yt,t+1 −
1

2
Λ0tΩΛt − Λ0tνt+1) exp(An +B0nXt+1 + ΓnMYn

t+1)]

= exp(−yt,t+1 −
1

2
Λ0tΩΛt +An)Et[exp(−Λ0tνt+1 +B0nXt+1 + ΓnMYn

t+1)]

= exp(−yt,t+1 −
1

2
Λ0tΩΛt +An + ΓnMYn

t+1)

Et[exp(−Λ0tνt+1 +B0n(μ+ΦXt + νt+1))]

= exp[−δ0 − δ01Xt − δ2MYt −
1

2
Λ0tΩΛt +An + ΓnMYn

t+1 +B0n(μ+ΦXt)]

Et[exp(−Λ0tνt+1 +B0nνt+1)]

= exp[−δ0 − δ01Xt −
1

2
Λ0tΩΛt +An − δ2MYt +B0n(μ+ΦXt)

+ΓnMYn
t+1] exp{Et[(−Λ0t +B0n)νt+1] +

1

2
var[(−Λ0t +B0n)νt+1]}

= exp[−δ0 − δ01Xt −
1

2
Λ0tΩΛt +An +B0n(μ+ΦXt)

+
£
−δ2, γn0 , γn1 · · · , γnn−1

¤
MYn+1

t ] exp{1
2
var[(−Λ0t +B0n)νt+1]}

To simplify the notation we define

[−δ2,Γn] ≡
£
−δ2, γn0 , γn1 · · · , γnn−1

¤
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= exp[−δ0 − δ01Xt −
1

2
Λ0tΩΛt +An +B0n(μ+ΦXt)

+[−δ2,Γn]MYn+1
t ] exp{1

2
Et[(−Λ0t +B0n)νt+1ν

0
t+1(−Λt +Bn)]}

= exp[−δ0 − δ01Xt −
1

2
Λ0tΩΛt +An +B0n(μ+ΦXt)

+[−δ2,Γn]MYn+1
t ] exp{1

2
[Λ0tΩΛt − 2B0nΩΛt +B0nΩBn)]}

= exp[−δ0 +An +B0nμ+ (B
0
nΦ− δ01)Xt −B0nΩΛt +

1

2
B0nΩBn

+[−δ2,Γn]MYn+1
t ]

= exp[−δ0 +An +B0nμ+ (B
0
nΦ− δ01)Xt −B0nΩ(λ0 + λ1Xt) +

1

2
B0nΩBn

+[−δ2,Γn]MYn+1
t ]

= exp[A1 +An +B0n(μ−Ωλ0) +
1

2
B0nΩBn + (B

0
nΦ−B0nΩλ1 +B01)Xt

+[−δ2,Γn]MYn+1
t ]

Then we can find the coefficients following the difference equations

An+1 = A1 +An +B0n(μ−Ωλ0) +
1

2
B0nΩBn

B0n+1 = B0nΦ−B0nΩλ1 +B01

Γn+1 = [−δ2,Γn]
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Table 1. Fama Regressions. r(t) is the one-year spot rate observed at time t. f(x:t) is the forward rate

observed at t for the year from t+x-1 to t+x. D is a dummy variable that is 1 for June 1958 to August

1981. K(t) is the average value of the spot rate for the 60 months ending in month t-1. In the left panel

we replicate Fama’s results using the same monthly sample, June 1958- December 2004. The right panel

updates the sample up to December 2008 using quarterly data. The standard errors of the regression

coefficients are adjusted for autocorrelation due to overlap of monthly observations with the method of

Hansen and Hodrick (1980. The t-statistics are reported in parentheses. The regression R2 are adjusted

for degrees of freedom.
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TABLE 2. Predictive Performance (Pseudo) Out-of-sample 1994Q1-2008Q4

FAMA MY

Panel A Ros2 MAE FRMSE DM Ros2 MAE FRMSE DM

x = 2 −0.4383 1.6004 1.8853 −0.0242 −0.5623 1.6352 1.9649 −0.0490

x = 3 −0.2019 2.1945 2.5085 −0.0017 −0.1751 2.2370 2.4804 −0.0002

x = 4 −0.0531 2.4416 2.7362 0.0010 0.1115 2.1563 2.5133 0.0024

x = 5 0.2303 1.9553 2.4541 0.0029 0.3102 1.8226 2.3234 0.0035

MAEMY /MAEFAMA RMSEMY /RMSEFAMA

Panel B x = 2 x = 3 x = 4 x = 5 x = 2 x = 3 x = 4 x = 5

1.0217
(0.003)

1.0194
(0.074)

0.8832
(0.133)

0.9321
(0.002)

1.0422
(0.073)

0.9888
(0.042)

0.9186
(0.029)

0.9467
(0.000)

Table 2 presents statistics on x-year ahead out-of-sample forecast errors for changes in spot rates. The

first column lists the out-of-sample R2OS (Campbell and Thomson, 2008) which compares the forecast

error of the historical mean with the forecast from predictive regressions. FRMSE is the forecast root

mean square error, MAE is the mean absolute error. DM is the Diebold and Mariano (1995) t-statistic

for difference in MSE of the unconditional forecast and the conditional forecast. Panel B reports the

ratio of mean absolute errors and forecast root mean square errors between two models. A ratio less than

1 indicates that the model using demographic information performs better (highlighted in the table) in

forecasting relative to Fama’s model. We report in parentheses the p-values of the forecasting test due

to Giacomini and White (2006). A p-value below 0.01 (0.05, 0.10) indicates a significant difference in

forecasting performance at the 1% (5%, 10%) level. The sample starts in 1958Q2 and we construct the

first forecast in 1994Q1. Forecast performance is evaluated over the period 1994Q1-2008Q4.
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TABLE 3. Summary Statistics of the Data in Affine Term Structure Models

Central Moments Autocorrelations

mean Stdev Skew Kurt Lag 1 Lag 2 Lag 3

3-month 5.850 2.778 1.061 4.775 0.917 0.866 0.843

1-year 6.282 2.748 0.817 4.107 0.925 0.881 0.841

2-year 6.483 2.698 0.853 3.980 0.935 0.891 0.852

3-year 6.643 2.615 0.876 3.915 0.941 0.899 0.860

4-year 6.774 2.571 0.928 3.950 0.945 0.904 0.865

5-year 6.851 2.521 0.910 3.680 0.949 0.910 0.875

inflation factor 0.116 0.922 2.149 16.463 0.337 0.100 0.170

real factor −0.026 0.965 1.225 6.631 0.681 0.450 0.248

middle-young 0.836 0.211 0.102 1.500 0.995 0.989 0.981

Table 3. Summary Statistics of data. We report the mean, standard deviation, skewness and kurtosis

together with the autocorrelation coefficients up to 3 lags. The 1, 4, 8, 12, 16, 20 quarter yields are

annualized (in percentage) zero coupon bond yields from the Fama-Bliss CRSP bond files. Inflation and

real activity refer to the price and output factors extracted from large dataset provided by Ludvigson

and Ng (2009). Sample 1964Q1-2007Q4. Quarterly data.
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Table 4. We regress three-month T-bill, y3mt , on a constant and deviations of the short rate from its

long-run mean captured by middle-aged to young ratio. In each panel, we provide evidence for the

longest sample (post-war period) and other sub-samples representing different monetary policy regimes.

We report the Newey-West corrected t-statistics in parentheses. Quarterly data.
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TABLE 5a. Model Estimates (constant risk price). Sample 1969Q1-2007Q4.

Macro Model with MYt Macro Model

πt gt fu1,t fu2,t fu3,t πt gt fu1,t fu2,t fu3,t

πt−1 0.286
(0.068)

−0.037
(0.046)

−0.079
(0.056)

−0.019
(0.164)

0.068
(0.034)

0.270
(0.070)

−0.020
(0.098)

−0.073
(0.042)

0.042
(0.068)

0.055
(0.042)

gt−1 0.190
(0.085)

0.531
(0.120)

−0.117
(0.042)

−0.020
(0.149)

0.020
(0.048)

0.162
(0.112)

0.588
(0.095)

−0.117
(0.036)

0.059
(0.049)

−0.019
(0.054)

fu1,t−1 0.269
(0.140)

0.419
(0.215)

0.832
(0.614)

0.140
(0.286)

−0.194
(0.088)

0.292
(0.149)

0.397
(0.096)

0.977
(0.055)

−0.064
(0.063)

−0.128
(0.082)

fu2,t−1 −0.000
(0.167)

0.187
(0.356)

0.300
(0.251)

0.789
(0.357)

0.110
(0.397)

−0.005
(0.265)

0.160
(0.121)

0.116
(0.119)

0.862
(0.156)

0.164
(0.131)

fu3,t−1 0.186
(0.167)

0.141
(0.070)

−0.143
(0.302)

0.042
(0.285)

0.857
(0.311)

0.223
(0.158)

0.141
(0.169)

−0.222
(0.095)

0.111
(0.142)

0.636
(0.150)

yt,t+1 yt,t+1 = δ0 + δ01Xt + δ2MYt yt,t+1 = δ0 + δ01Xt

δ1 −0.156
(0.087)

−0.519
(0.226)

2.621
(1.271)

1.039
(2.890)

0.000
(0.000)

−0.141
(0.103)

−0.543
(0.221)

2.815
(0.397)

0.000
(0.000)

0.000
(0.000)

δ2 −0.021
(0.004)

Table 5a. Parameters estimates. This table reports the parameter estimates of maximum likelihood

estimation of the no-arbitrage models, including macro factors (Macro Model) and middle-aged-young

ratio (Macro Model with MYt). We report the standard errors in parentheses. The model is estimated

assuming constant risk price λ1 = 0, i.e. Sample 1969Q1-2007Q4.
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TABLE 5b. Model Estimates (time-varying risk price). Sample 1969Q1-2007Q4.

Macro Model with MYt Macro Model

πt gt fu1,t fu2,t fu3,t πt gt fu1,t fu2,t fu3,t

πt−1 0.222
(0.090)

−0.118
(0.080)

−0.043
(0.050)

0.007
(0.092)

−0.038
(0.157)

0.213
(0.937)

−0.095
(1.796)

−0.044
(0.072)

0.011
(1.032)

−0.049
(0.533)

gt−1 0.207
(0.086)

0.521
(0.111)

−0.102
(0.115)

0.021
(0.063)

−0.054
(0.364)

0.179
(1.850)

0.583
(0.327)

−0.083
(0.572)

0.039
(1.348)

−0.105
(0.188)

fu1,t−1 0.223
(0.115)

0.500
(0.129)

0.907
(0.239)

−0.083
(0.335)

0.063
(0.864)

−0.010
(2.285)

−0.047
(1.340)

0.962
(0.175)

0.002
(1.264)

0.027
(0.579)

fu2,t−1 0.186
(0.363)

0.114
(0.374)

−0.103
(0.435)

0.766
(1.229)

−0.153
(0.699)

−0.212
(0.358)

−0.018
(4.459)

0.010
(1.490)

0.554
(0.232)

0.258
(1.372)

fu3,t−1 0.144
(0.602)

0.116
(0.446)

−0.091
(0.402)

−0.234
(0.476)

0.679
(1.243)

0.316
(0.247)

0.482
(2.200)

0.137
(0.392)

0.081
(2.002)

0.805
(0.418)

yt,t+1 yt,t+1 = δ0 + δ01Xt + δ2MYt yt,t+1 = δ0 + δ01Xt

δ1 −0.240
(0.109)

−0.542
(0.602)

2.565
(1.057)

0.000
(0.000)

0.901
(2.562)

−0.255
(2.473)

−0.569
(1.323)

0.981
(1.948)

0.000
(0.000)

2.520
(1.129)

δ2 −0.022
(0.017)

Table 5b. Parameters estimates. This table reports the parameter estimates of maximum likelihood

estimation of the no-arbitrage models, including macro factors (Macro Model) and middle-aged-young

ratio (Macro Model with MYt). We report the standard errors in parentheses. The model is estimated

assuming constant risk price λ1 6= 0, i.e. Sample 1969Q1-2007Q4.
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TABLE 6. Yield Forecasts (constant risk price)

Panel A. FRMSE (Random-walk)

horz 1 4 8 12 16 20

yt,t+1 1.1408
(0.001)

0.9514
(0.000)

0.9403
(0.000)

0.8344
(0.000)

0.8020
(0.000)

0.8579
(0.000)

yt,t+4 1.1602
(0.000)

1.0342
(0.008)

0.9391
(0.001)

0.8321
(0.006)

0.8125
(0.001)

0.8852
(0.005)

yt,t+8 1.1126
(0.000)

1.0479
(0.062)

0.9474
(0.003)

0.8576
(0.010)

0.8623
(0.003)

0.9573
(0.015)

yt,t+12 1.0799
(0.000)

1.0397
(0.055)

0.9531
(0.464)

0.8812
(0.039)

0.9002
(0.000)

1.0122
(0.033)

yt,t+16 1.0924
(0.000)

1.0392
(0.015)

0.9641
(0.198)

0.9108
(0.350)

0.9395
(0.022)

1.0559
(0.000)

yt,t+20 1.0986
(0.000)

1.0405
(0.004)

0.9822
(0.052)

0.9437
(0.074)

0.9808
(0.268)

1.0997
(0.024)

Panel B. FRMSE (Yield-Macro Model)

horz 1 4 8 12 16 20

yt,t+1 1.2734
(0.005)

1.0230
(0.120)

1.0167
(0.261)

1.0241
(0.335)

1.0342
(0.380)

1.0467
(0.383)

yt,t+4 1.1618
(0.001)

1.0148
(0.025)

1.0071
(0.049)

1.0107
(0.038)

1.0194
(0.040)

1.0265
(0.021)

yt,t+8 1.1024
(0.000)

1.0083
(0.000)

1.0016
(0.000)

1.0029
(0.000)

1.0132
(0.000)

1.0189
(0.000)

yt,t+12 1.0896
(0.000)

1.0034
(0.008)

0.9936
(0.018)

0.9939
(0.035)

1.0031
(0.006)

1.0067
(0.001)

yt,t+16 1.0908
(0.002)

0.9980
(0.011)

0.9848
(0.000)

0.9848
(0.004)

0.9907
(0.008)

0.9899
(0.000)

yt,t+20 1.0863
(0.000)

0.9884
(0.000)

0.9721
(0.001)

0.9737
(0.000)

0.9750
(0.000)

0.9703
(0.000)

Table 6. Out-of Sample Yield Forecasts (λ1= 0). h indicates 1, 4, 8, 12, 16, 20 quarter out-of-sample

forecasts. We measure forecasting performance as the ratio of the root mean squared forecast error

(RMSFE) of our model to the RMSFE of a random walk forecast and the benchmark yield-macro model.

We show the comparison of forecasting results from different models in Table 3. The table shows better

forecasts with respect to the random walk and yield-macro model with bold characters for the range of

[0.9, 1) and with added underline for ratios smaller than 0.9. We report in parentheses the p-values of

the forecasting test due to Giacomini and White (2006). A p-value below 0.01 (0.05, 0.10) indicates a

significant difference in forecasting performance at the 1% (5%, 10%) level. Sample 1964Q1-2007Q4.
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TABLE 7. Yield Forecasts (time-varying risk price)

Panel A. FRMSE (Random-walk)

horz 1 4 8 12 16 20

yt,t+1 1.3641
(0.214)

0.9951
(0.000)

0.8620
(0.000)

0.7711
(0.000)

0.7476
(0.000)

0.8027
(0.000)

yt,t+4 1.3681
(0.000)

1.0758
(0.032)

0.8936
(0.000)

0.8020
(0.006)

0.7863
(0.001)

0.8669
(0.001)

yt,t+8 1.2335
(0.000)

1.0737
(0.154)

0.9251
(0.004)

0.8550
(0.011)

0.8543
(0.010)

0.9646
(0.000)

yt,t+12 1.1409
(0.000)

1.0499
(0.049)

0.9452
(0.441)

0.8912
(0.057)

0.9005
(0.010)

1.0264
(0.039)

yt,t+16 1.1290
(0.000)

1.0385
(0.015)

0.9710
(0.184)

0.9376
(0.430)

0.9487
(0.000)

1.0805
(0.023)

yt,t+20 1.1251
(0.000)

1.0251
(0.005)

0.9935
(0.063)

0.9725
(0.106)

0.9836
(0.229)

1.1151
(0.02)

Panel B. FRMSE (Yield-Macro Model)

horz 1 4 8 12 16 20

yt,t+1 1.0909
(0.003)

0.8574
(0.046)

0.8261
(0.079)

0.8280
(0.076)

0.8017
(0.102)

0.7443
(0.056)

yt,t+4 1.0193
(0.001)

0.8674
(0.027)

0.8428
(0.047)

0.8411
(0.064)

0.8090
(0.054)

0.7568
(0.024)

yt,t+8 1.0022
(0.000)

0.8677
(0.005)

0.8442
(0.007)

0.8442
(0.009)

0.8094
(0.008)

0.7614
(0.011)

yt,t+12 1.0075
(0.000)

0.8683
(0.000)

0.8413
(0.000)

0.8401
(0.000)

0.8028
(0.000)

0.7571
(0.000)

yt,t+16 1.0099
(0.000)

0.8645
(0.000)

0.8342
(0.001)

0.8304
(0.001)

0.7904
(0.000)

0.7465
(0.000)

yt,t+20 1.0069
(0.000)

0.8594
(0.000)

0.8225
(0.006)

0.8180
(0.010)

0.7740
(0.000)

0.7324
(0.000)

Table 6. Out-of Sample Yield Forecasts (λ1 6= 0). h indicates 1, 4, 8, 12, 16, 20 quarter out-of-sample

forecasts. We measure forecasting performance as the ratio of the root mean squared forecast error

(RMSFE) of our model to the RMSFE of a random walk forecast and the benchmark yield-macro model.

We show the comparison of forecasting results from different models in Table 3. The table shows better

forecasts with respect to the random walk and yield-macro model with bold characters for the range of

[0.9, 1,) and with added underline for ratios smaller than 0.9. We report in parentheses the p-values of

the forecasting test due to Giacomini and White (2006). A p-value below 0.01 (0.05, 0.10) indicates a

significant difference in forecasting performance at the 1% (5%, 10%) level. Sample 1964Q1-2007Q4.
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Figure 1. Permanent Component of the US Spot Rate. The figure plots Nominal U.S Treasury 1-Year

Bond Yields, Fama’s proxy for the permanent component of the US spot rate, Kt,t+12 which is

measured as the moving average of the most recent past five years of the spot rates and inverted

Middle-aged to Young population ratio. Sample 1964-2007.
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Figure 2. Nominal U.S Treasury Bond Yields and MY Ratio. The figure plots the quarterly

(annualized) zero coupon bond yields of maturity 3-month, 1-year, 2-year, 3-year, 4-year and 5-year

and inverted Middle-aged to Young population ratio. Sample 1964-2007.
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Figure 3. Nominal and Real factors. These are the factors extracted from large dataset provided by

Ludvigson and Ng (2009). Sample 1964Q1-2007Q4.
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Figure 4. Dynamic Simulations. This figure plots the historical time series for bond yields (maturity: 3m,

1y, 2y, 3y, 4y, 5y) alongwith those dynamically simulated from the benchmark affine model with macro

factors (dotted green line) and that augmented with demographics (dashed blue line). The no-arbitrage

term structure models are estimated over the whole sample 1969Q1-2007q4. Using the estimated model

parameters, models are solved dynamically forward from 1968Q4.
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Figure 5. In Sample Estimation and out of Sample Prediction. Here we use no arbitrage term structure

model with demographics. This figure plots the in smaple estimed value 1969Q1-2007Q4 and out-of-

sample prediction path 2008Q1-2045Q4 with all maturities: 3m, 1y, 2y, 3y, 4y, 5y. The no-arbitrage

term structure models are estimated over the whole sample 1969Q1-2007q4. Using the estimated model

parameters, models are solved dynamically forward from 1968Q4. Meanwhile the grey dash line is in

sample average of short rate (3 month), and the grey solid line shows end of in sample estimation.
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