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Abstract

The risk-neutral pricing formula provides the valuation of European deriva-
tives in absence of arbitrages. Despite the variety of option payoffs, price dy-
namics are driven by the same (possibly stochastic) interest rate process. We
formalize this intuition by showing that no arbitrage prices constitute the weak
solution of a differential equation, where interest rates have prominent role. To
achieve this goal, we introduce the notion of weak time-derivative, which per-
mits to differentiate functions of Markov processes. Importantly, martingales
have null weak time-derivative. Finally, we reformulate the eigenvalue problem
of Hansen and Scheinkman| (2009) by using weak time-derivatives.

Keywords: no arbitrage pricing; weak time-derivative; martingale component; stochastic

interest rates.
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1 Introduction

The no arbitrage pricing formula for the valuation of European derivatives is a milestone of
asset pricing theory. Roughly speaking, it states that the proper price of a European option

at time t is given by the conditional expectation of the discounted future payoff under a

*We thank Simone Cerreia-Vioglio, Lars Peter Hansen, Luigi Montrucchio and Emanuela Rosazza-Gianin
for useful comments. We also thank seminar participants at XL AMASES Annual Meeting in Catania
(2016) and at Universita Bicocca. Massimo Marinacci acknowledges the financial support of ERC (grant
INDIMACRO).


https://doi.org/10.1007/s00780-018-0371-9

risk-neutral probability Q. If the derivative has payoff hr at maturity 7', the risk-neutral
price m(t) is
T
m(t) :EtQ e~ Je sy

where 7 is a (possibly stochastic) interest rate. From this formulation it is clear that the
short-term rate r plays a fundamental role in the derivative pricing. Indeed, price dynamics
are determined by the same interest rate process, whatever the terminal payoff of the option.
This intuition goes back to |Cox and Ross (1976), who derived Black and Scholes| (1973)
result by exploiting the accounting relations between bonds, stocks and options. This line
of reasoning actually stems from the original approach of Modigliani and Miller| (1958]).

In this paper we formalize the intuition that risk-neutral valuation is driven by the
process of interest rates by proving that the no arbitrage pricing formula is the weak solution

of the differential equation

0y = (0 (t) (1)
with the terminal condition 7(7) = hp. In case we consider, instead of an option, a

bond with deterministic payoff, eq. is an ordinary differential equation with exponential
solution. However, since in general 7(t) and r(¢) are random processes, we develop the
mathematical tools needed to give a precise meaning to eq. . In particular, we introduce
the notion of weak time-derivative for functions of Markov processes.

The definition of weak time-derivative requires a suitable set of test functions (see Defini-
tions|l{and and involves the conditional expectation of functions of stochastic processes.
This instrument provides a handy characterization of martingales. Indeed, up to technical
conditions, the weak time-derivative of a function is null if and only if the function is a
martingale process. Hence, the weak time-derivative allows us to qualify martingales as the
stochastic counterpart of constants in deterministic settings. In terms of interpretation, the
weak time-derivative provides an indication of the growth rate of the conditional expecta-
tion of the process. Similar results hold for submartingality and supermartingality, which
are related to positive or negative signs of weak time-derivatives.

The notion of weak time-derivative generalizes that of infinitesimal generator for Feller
processes: under suitable assumptions, the weak time-derivative specializes to the infinites-
imal generator. More in general, the weak time-derivative allows us to deal with generalized
formulations of problems that usually employ the infinitesimal generator in their stronger
form.

The main results of the paper are summarized by Theorems [12] and which show
existence and uniqueness of the weak solution of eq. where dr/dt is the weak time-

derivative. Specifically, Theorem [12| deals with the case of deterministic short-term rates,



while Theorem involves stochastic interest rates. In addition, Proposition provides
an equation for no arbitrage pricing of cashflows.

When the risk-free rate is constant, by rewriting eq. in an operator form, we obtain
a reformulation of the eigenvalue-eigenvector problem analyzed by [Hansen and Scheinkman
(2009)), that employs the weak time-derivative in place of the extended generator of the
underlying Markov process. Following the same reasoning of Hansen and Scheinkman,
we also obtain a decomposition of the stochastic discount factor into a martingale and a
transient component.

Our work combines different areas of mathematical analysis and stochastic calculus. The
overall approach comes from variational calculus, it exploits the theory of Sobolev spaces
and weak formulations of differential equations. See, for example, Brezis (2010), |Adams
and Fournier| (2003)) and |Lions (1971) for a comprehensive introduction about variational
calculus, and Revuz and Yor| (1999) for stochastic calculus.

From a financial point of view, our work builds directly on the foundations of no arbitrage
asset pricing theory illustrated, for instance, in Bjork (2004)), [Hansen and Richard (1987
and |[Follmer and Schied| (2011). In addition, our eigenvalue formulation refers to the long-
term risk literature, in particular to Hansen and Scheinkman| (2009) and related works, like
Alvarez and Jermann| (2005)).

The paper is organized as follows. Subsection [I.1] introduces the general semigroup
framework. Section [2] develops the mathematical formalism of the weak time-derivative,
proves its main properties (Subsection and relates it to the infinitesimal generator
(Subsection . In Sections |3| and |5( we solve the no arbitrage pricing equation with
deterministic and stochastic interest rates, respectively. A brief discussion of the special
case of Black-Scholes model is presented in Subsection [3.1} while Subsection [3.2]discusses the
risk-neutral pricing of cashflows. Section [4] deals with the eigenvalue-eigenvector problem
and the decomposition of the stochastic discount factor. In particular, Subsection
compares the roles of weak time-derivative and infinitesimal generator in the eigenvalue-

eigenvector formulation. Finally, additional results and proofs are included in Appendix.

1.1 The semigroup framework

Given a probability space (2, F,P), fix T > 0 and consider a Markov process X =
{Xt}ep, ) such that Xy : @ — R for all ¢t € [0,7]. In our application X¢ is a stock
price at time ¢. Let R be endowed with the Borel o-algebra and F = {7}, 7 be the
filtration generated by X.

Following Hansen and Scheinkman| (2009)), we consider the valuation operator

Myphy = E [Mrhr],



where hp is a Fp-measurable payoff, My = Sy /Sy and S = {St}te[o,T] is a strictly positive
stochastic discount factor with Sg = 1 a.s. By convenience we will equivalently use both the
notations S; and S(t). Here Mphp represents the price at time 0 associated with the payoff
hr. For instance, hy may be the payoff at maturity 7" of a European option. In addition,
we require that the stochastic discount factor S satisfies the intertemporal consistency given

by the multiplicative relation
Stru=Su(0¢) Sy Vu>0,
where 6; is a shift operator. As a consequence, the process M = {Mt}te[O,T] satisfies
My=1 a.s., Mty = M, (6;) M,
and this relation guarantees the semigroup property of the valuation operator My, i.e.
My =1, Mriy = MrMy.

The introduction of semigroups in asset pricing is due to |Garman| (1985).
In the following, we will deal with the valuation operator where the conditional expec-
tation is taken at time ¢t < T

My rhr = E¢ [My rhr]

with M, 7 = St/S;. We call My 1 pricing kernel in the interval [t, T]. This terminology can

be retrieved, for instance, in Hansen and Renault| (2009). Moreover,
Mrr=1 as., Mg = MMy for t<s<T.

We assume that the physical measure P is strictly positive and there exists a risk-
neutral probability @) equivalent to P. We consider () as given and we do not discuss mar-
ket completeness. Accordingly, stochastic discount factor and pricing kernel are uniquely
determined by the given ). We denote by Ly the Radon-Nikodym derivative of @) with
respect to P and L; = E;[L7] for all ¢ € [0,7]. We observe that Ly = 1 and, moreover,
we define Ly 7 = Ly /L. If a riskless bond with interest rate r is traded, with continuous

compounding the stochastic discount factor and the pricing kernel in [¢, T satisfy
Sy =e "Ly, My = 6_T(T_t)Lt,T-

See Hansen and Richard (1987) and [Bjork| (2004)) as references on risk-neutral pricing.



2 The weak time-derivative

Given a separable Banach space B, we consider functions f : [0,7] — B. We denote as
C ([0, T, B) the space of continuous functions from [0, 7] to B while C? (|0, 7], B) contains
n-times continuously differentiable functions from [0, 7] to B with compact support. All the
derivatives are defined from [0, 7] to B, too. We denote by B’ the topological dual of B and
we exploit the notion of weak Lebesgue measurability, that can be retrieved in [Diestel and
Uhl (1977). A function f : [0,7] — B is said to be weakly Lebesgue measurable (w.L.m.
for brevity) when the function
7€ [0,T] — ([f](7)

is Lebesgue measurable for any ¢ € B’. For example, a function u : [0,7] — L? (Fr) is

weakly Lebesgue measurable when the function
7€ [0, T] — E [zpu (7)]

is Lebesgue measurable for any zp € L? (Fr). Hence, we can discuss the integrability of
this function over the interval [0, 7.

For our purposes we introduce the notion of conditional weak Lebesgue measurability.
We say that a function u : [0, 7] — R is conditionally weakly Lebesque measurable when,
for every t € [0,T7], the function

T € [t,T] — E[L;u(7)14,]

is Lebesgue measurable for any JF;-measurable set A;. The presence of indicator functions
reveals that conditional weak Lebesgue measurability is actually a property of the condi-
tional expectation of L;u (7) at any given time ¢t. The term L, entails the change of measure
from the probability P to (). Depending on the context, in case a change of measure is not
needed, it is enough to set L, constantly equal to 1 (for brevity we will write L, = 1).

We define the space V as

V= {u [0,T] — R®:  Lyu(r) e L*(F,;) Vr,
T
u  conditionally w.L.m., / E [Lzuz (1)) dr < —l—oo}.
0

In addition, if u € V is such that L(-)u(-) is Lebesgue measurable, then L(-)u (-) is also
Bochner integrable. In particular, the Bochner integral of L(-)u () is the element of L? (Fr)

denoted by
T
/ Lu(T)dr.
0
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To be precise, we should require that L(-)u(-) is strongly measurable. However, this is
equivalent to the fact that L(-)u (-) is Lebesgue measurable and its values L(7)u (7) belong,
for a.e. 7 € [0,T), to a separable closed subspace of R, a property that we always assume.
Moreover, the fact that

T
/ E [L3u2 (1)] dr < 400
0

ensures that

T 1
/ (E [L24? (7)])? dT < +cc.
0

The last condition is necessary and sufficient for a strongly measurable function L(-)u (-)
to be Bochner integrable. See Diestel and Uhl| (1977) and Aliprantis and Border| (2006]) as
references.

We have now all the instruments to introduce the concept of weak time-differentiability

for functions in V.

Definition 1 Given u € V, we say that u is weakly time-differentiable when there exists a
function w € V such that for every t € [0,T]

T T
/t E[L;w (7)14,] o(T)dT = — /t E[L;u(T)14,] Cfl—f(T)dT

VA, € F, Vo € CL([t,T],R).

In this case we call w a weak time-derivative of u.

Similarly, © € V is said to be twice weakly time-differentiable when there exists z € V
such that for every t € [0, T

T T 2
/t E[L:z (1) 14,] @(T)dT = /t E[Lru(T)14,] Cclle(T)dT
VA, € Fy, Yo eC*(t,T],R).

Observe that, if u € V, the integrals

T T
/t E[Lru(T)14,] Cfi—f(T)dT, /t E[Lrw(7)14,]p(T)dT

are finite for any choice of ¢ € C! ([t,T],R) and A; € F;. As a result, Definition [1] is
well-posed.
We identify two functions w, @ in V when u (7) = 4 (7) almost surely for a.e. 7 € [0,T].

After this identification the weak time-derivative turns out to be unique.



Proposition 2 Let u € V be weakly time-differentiable. Then, the weak time-derivative of

U 1S UNIque.

With a little abuse of notation we denote du/dt one of the versions of the weak time-

derivative of u. Moreover, we introduce the space
W = {weakly time-differentiable wu € V}

with the norm

= </OTE [L2u? (7)] dT—l—/OTIE [Lf_ <Ccl;: (T)>2] d7'>2.

2.1 Calculus of the weak time-derivative

We start by proving that a weakly time-differentiable function w has null weak time-
derivative when, for a.e. t € [0,7] and 7 € [t,T], E; [u (7)] depends only on t.

Proposition 3 A function u € V is weakly time-differentiable with du/dt = 0 if and only
if, for a.e. t € 0,T), for a.e. 7€ [t,T]

E¢ [Lyu (7)) = fi a.s.
with ft S L2 (.Ft)

For example, suppose that u € V and Lyu (t) has zero mean and independent increments

with respect to the given filtration. Then, for every ¢ € [0, T],
B¢ [Lru(7)] = B¢ [Lyu (1) — Lyw (8)] + By [Lyw (8)] = Lew (1) V7 € [, T].

Therefore, u is weakly time-differentiable with du/dt = 0.
More precisely, in case u € V and the process Lu = {Lu (t) }te[O,T] is a martingale, for
every t € (0,7
E¢ [Lyu (7)] = Lyu (t) vr e [t,T).

Hence, u is weakly time-differentiable with du/dt = 0. For the converse implication, how-

ever, we need an additional assumption.
Corollary 4 Letu e V.

i) If the process Lu is a martingale, then u is weakly time-differentiable with du/dt = 0.



1) If u is weakly time-differentiable with du/dt =0 and, for a.e. t € [0,T],
Ll
Lyu(m) — Liu () T —th
then, for a.e. t € [0,T], for a.e. T € [t,T]

E¢ [Lyu (7)] = Leu (1) a.s.

Under the assumptions of i7), it is easy to characterize the case of correct expectations,
in which for a.e. ¢ € [0,T7, for a.e. 7 € [t,T]

E¢[Lyu ()] = Lyu(7) a.s.

Indeed, a function u € V satisfying ii) has correct expectations if and only if Liu(t) is a.s.
constant for a.e. t € [0,7T]. In particular, by setting u(t) = X; we see that forecasts about
future prices X, are accurate if and only if prices are a.s. constant over time. See the
discussion in Samuelson| (1965)).

Another simple corollary of Proposition [3] shows that, given a weak time-derivative w,
all the functions u € W such that du/dt = w satisfy a precise property. Indeed, their

conditional expectations at any instant ¢ differ by a function f; € L% (F}).

Corollary 5 Let w € V be the weak time-derivative of u1 € W. If w is also the weak
time-derivative of ug € W, then, for a.e. t € [0,T], for a.e. T € [t,T]

E¢ [Lrus (1)) = E [Lrus (7)) + fi a.s.

with ft e L? (.Ft)

It is also interesting to study the case in which L =1 and the weak time-derivative is

deterministic.

Proposition 6 Letu €V, L; =1, g:[0,T7] — R square-integrable and, for a.e. t € [0,T],
for a.e. T € [t,T)

E¢ [u(7)] = /T g(s)ds + fi a.s.
t
with fy € L? (F;). Then, du/dt = g.

For example, in case L, = 1 and for a.e. t € [0,T], for a.e. 7 € [t,T]

E¢ [u(7)] = ar — at + f; a.s. (2)



with o € R and f; € L? (F), it is easy to see that du/dt = . In addition, by Corollary
all the functions u € W such that du/dt = a may be written as in eq. . For instance, if

m is a martingale in W, the function
u(t) = ot +my

has du/dt = «. Indeed, a process in W which is the sum of a deterministic trend and a
martingale component has constant weak time-derivative and the value of du/dt identifies
the drift.

We now discuss the connection between monotonicity and sign of the weak time-derivative.

Any notion of monotonicity in this framework must account of conditional expectation.

Proposition 7 Let w € W. For a.e. t € [0,T], for a.e. T € [t,T]

du
— = .5.
E: [LT p (T)] >0 a.s

if and only if, for a.e. t € [0,T), for a.e. 11,7 € [t,T| such that 7o > 7
E¢ [Lryu(m2)] = E [Lryu (1)) a.s.
The analogous result holds with < instead of >.

Hence, in conditional terms, we can associate the positivity of L.du/dt (7) with the in-
creasing monotonicity of u. Similarly, a negative weak time-derivative reveals the decreasing
monotonicity of u, after taking the conditional expectation. Interestingly, these features can

be related to submartingality and supermartingality respectively.

Corollary 8 Let u € W be such that, for a.e. t € [0,T]
E¢ [Lyu (7)) %25 Lyu (t) T—tT.

i) If, for a.e. t €10,T], for a.e. 7 € [t,T]

du

E, [LTdt (7')} >0 a.s.,
then, for a.e. T € [t,T]

E; [Lyu (7)) > Lou (t).

it) If, for a.e. t €[0,T), for a.e. 7 € [t,T]

d
E, [LTC;‘(T)} <0 as.,

then, for a.e. T € [t,T)]
Et [LT'LL (T)] < Ltu (t) .



Point i) of Corollary (8| reminds of the submartingale property of the process Lu, while
point %) is reminiscent of supermartingality.

To conclude, we focus on the increments of the weak time-derivative, i.e. we deal with
the convexity (or concavity) of u. The function u satisfies a convexity property when

L,du/dt (T) is increasing, after taking the conditional expectation.

Proposition 9 Let u € W. For a.e. t € [0,T], for a.e. 11,72 € [t,T] such that 71 < T2
du du
E; [Lﬁdt (7'1)] < Ey [Lﬁdt (7‘2):| a.s.
if and only if, for a.e. t € [0,T], for a.e. 11,172 € [t,T] such that 71 < T2

5, {Lﬁ % (71)} < Eellnu(m)] —Ei[Lnu(m)] _p [Lm % (72)] s,

T2 —T1

The analogous result holds with > instead of <.

Additional results about weak time-differentiability are presented in Appendix [A] In
these further results, we focus on Bochner integrable functions because they can be inte-

grated directly, bypassing the expectation.

2.2 Comparison with the infinitesimal generator

We relate the notion of weak time-derivative with the one of infinitesimal generator, widely
known in stochastic calculus. A further comparison of the applications of both instruments
in option pricing is discussed in Subsection

We begin with considering the infinitesimal incremental ratios of conditional expecta-
tions. We provide conditions that guarantee the convergence of these quantities to the weak

time-derivative.

Proposition 10 Let u € W and t € [0,T]. If for a.e. 7 € [t,T]
B¢ [Lrypu (T +h) — Lru (7)]
h

is convergent in L' when h — 0%, then for a.e. T € [t,T]

E, [Lr—i-hu (T ";h) — Lru (T)] L E, [LTCCZ;; (7-)] h— 07,

If, in addition, when 7 — tT

d d
Lyu(T) L1> Lyu (t), LTﬁ (1) L Ltﬁ (t),
dt dt
then
B¢ [Lyynu (t Z W) = Leu(t) ot Lt% (t) h— 0.

10



Fixing ¢ € [0, 7], the outcome of Proposition [10| can be restated as

or, equivalently,
d
E, [Lru (1)) — Lou (t) — Ltdi; (1) (r—t) 50 Tt

which is a first-order expansion of E;[L,u (7)] in a right neighbourhood of ¢, with the
limit taken in L'. This is the natural way to use weak time-derivatives for first-order
approximations.

As described in Revuz and Yor| (1999), the infinitesimal generator of a Feller process
X = {Xt}te[O,T] is the operator A that maps any continuous bounded function f belonging
to the domain of A into the function Af such that, for any ¢ € [0, T,

B¢ [f (Xewn)] — f(X2)

= lim
h—0+ h

Af (Xi)

The limit, here, is in the uniform topology and so Af is continuous and bounded.

If L, is constantly equal to 1, Proposition [10| shows that the weak time-derivative gen-
erally works as the infinitesimal generator with the limit A — 07 taken in the L'-norm.
However, the weak time-derivative is a more general notion than the infinitesimal generator.
Indeed, under suitable assumptions the weak time-derivative turns out to be equal to the

infinitesimal generator.

Corollary 11 Let L. =1 and uw € W be such that, for every t € [0,T]

% du L' du

u(r) — u(t), E(T)——_)E(t) T —tT.

Assume that u(t) is not explicitly dependent on t and it defines a continuous bounded
function of Xy, i.e. u(t) = f(Xi) for any t € [0,T], with f in the domain of A. Then, for

every t € (0,7,
du

n (t) = Af (Xy) a.s.

As we will see in Subsection the weak time-derivative provides a generalized formu-
lation of operator equations that involve the infinitesimal generator, such as the eigenvalue-
eigenvector problem Af = rf, with » > 0. This generalization is made possible by the fact
that both instruments provide a similar characterization of martingales. Indeed, the process
{f (Xt)}te[o,T] is a martingale when the infinitesimal generator of f is null, as ensured by

Proposition 1.6 in Chapter VII of Revuz and Yor| (1999). This result actually shares the

11



same insight of Proposition [ and Corollary [4] that relate the martingale property to the
nullity of weak time-derivatives.
However, the last remark holds when L, = 1. If L, is arbitrary, the weak time-derivative

parallels the extended generator used by Hansen and Scheinkman (2009).

3 No arbitrage pricing

We consider a continuous-time market with two assets: a bond with constant interest rate
r and price process B = {Bi},.) 1) and a risky asset with price process X = {X¢},c(o 77
We take into consideration the filtered probability space (2, F, P), where F = {ft}te[O,T} is
the filtration generated by X and P is a physical probability.

We call arbitrage possibility any self-financing portfolio whose value V' satisfies:
Vo =0, P(Vp>0)=1, P(Vp >0)>0.

As in Subsection [1.1], we assume that there exists a risk-neutral probability (). In this case,
the no arbitrage price process of a European derivative with Fp-measurable payoff function
hr is @ = {7 (t)},c(o.1) such that

7 (t) = e " TIEE [hy].

The Radon-Nikodym derivative of ) with respect to P, denoted by L7, allows us to compute
ER [hr] = E[Lrhr]. By the Bayes’ rule of conditional expectation, since L; = E; [L7], we
obtain

EX [hr] = K, {?th] = E¢ [Ly,rhr],

where Ly = Ly /L. As a result,
7 (t) = e "TOE, [Lyrhy] . (3)

We refer to 7 (t) as the no arbitrage pricing function (or risk-neutral pricing function)
of the derivative with terminal payoff Ap. Note also that the discounted price process

{e7"t Ly (t)}te[O,T] satisfies the martingale property

L(t) g {“(7)] vr e [tT).

ert erT

The use of Radon-Nikodym derivative shows that martingality holds under the risk-neutral

probability measure.

12



The price of the riskless bond can be obtained by taking a constant terminal payoff in

eq. . In particular, the bond price satisfies the boundary problem

{ 4B(1) — 1 B(t) te[0,7)
B(T) =T

In words, with continuous compounding, the rate of change of B(t) is proportional to B(t)
and the coefficient of proportionality coincides with 7.

In the following we show that the no arbitrage pricing function = (¢) of a European

derivative satisfies the analogous boundary problem
{ %(t):’l“ﬂ(t) te0,7)
m(T) = hr
where Lrhy € L?(Fr) and du/dt is the weak time-derivative defined in Section In
particular, the equality 4% (¢) = r (t) means that for a.e. ¢ € [0,T] the weak time-derivative
of m equals rm almost surely.

The financial interpretation of the problem is straightforward once we recall that dm/dt (t)
is Fy-measurable for every t € [0,T]. Then, the infinitesimal variation dr/dt (t) is known
at time ¢ and the no arbitrage condition imposes that dm/dt behaves as the deterministic
bond. In other words, the rate of change of 7 (¢) must be proportional to 7 (t) as it is for
the riskless asset price.

In our setting the boundary condition alone is not enough to guarantee uniqueness of
the solution. Therefore, we require that L, (t) converges to Lrhr in L' as t approaches

T. Specifically, we solve

‘fl—’;(t):rﬁ(t) te0,7)
m(T) = hr (4)
Lim (t) Ll> Lrhr t— T

with Lyhy € L? (Fr).

Theorem 12 7 (t) = e """IE, [L; rhr] is a solution of Problem in W. Moreover, it

is the unique solution in W.

The proof of uniqueness exploits the fact that the weak time-derivative of e "x (t) is
null a.s., which is the counterpart of the martingale property of the discounted price process
in our framework.

Suppose now that the interest rate is time dependent and that r(¢) is Lebesgue mea-
surable and bounded. Then, Theorem [12] applies accordingly and the no arbitrage pricing
function

T
m(t) = e Ji 1), [L¢ rhr]

13



is the unique solution of problem

& () = r(t)r (t) te0,7)
m(T) = hr
Lo (8) =5 Lohy t—T.

A more general treatment of the same problem with stochastic interest rates is provided in
Section [Bl

3.1 Example: Black-Scholes model

Black and Scholes (1973) model involves a continuous-time market with a riskless bond and
a risky asset, as the one we have described. In the filtered probability space (2, F, P), the
filtration F = {ft}te[O,T] is generated by a P-Wiener process W = {W,} te| The bond

and stock prices follow the dynamics

0,7]"

dB, = rBydt, dX; = pXdt + o X,dW,,

where p € R is the drift, ¢ > 0 is the volatility and r € R is the risk-free rate. Girsanov
Theorem ensures that there exists a probability measure @) equivalent to P under which
the discounted stock price process is a martingale. According to the First Fundamental
Theorem of Asset Pricing the market is, then, arbitrage-free. In particular, the dynamics

of the stock price under @) are
dXt = TXtdt + O’Xtth,

where W = {Wt}te[o,T] is a @Q-Wiener process. Hence, the risky asset and the bond must
share the same drift given by the interest rate r in order to exclude any arbitrage possibility.
See Bjork (2004) as a reference.

As before, the no arbitrage price process of a European derivative with Fp-measurable

payoff hy is 7 = {m (t)};c[ 7y such that
7 () = e TR b,

where the conditional expectation is computed according to Q. Specifically, in Black-Scholes
model 7 (t) is a deterministic function of ¢ and X;. Since the discounted price process
{6_”77 (t)}te[o,T] is also a Q-martingale, the drift of 7= will be equal to r, too. This is the
crucial property which is captured, more in general, by Problem , where no special price
dynamics are assumed. This is also the intuition that drives Cox and Ross|(1976) derivation

of Black-Scholes equation, that is based on a hedging argument.
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3.2 Valuation of cashflows

The payoff of a European derivative with maturity 7' can be seen as a special cashflow
in which there is a unique random payment at time 7. Indeed, the no arbitrage theory
described so far generalizes to the pricing of payoff streams.

In particular, we consider an adapted cashflow h = {ht}te[O,T] which defines a function
h:[0,T] — R®. We suppose that L2(-)h2(-) is Bochner integrable with respect to a finite
measure £ on [0, 7] that weighs cashflows over time.

The no arbitrage price process @ = {m(t)},c(o 7 of h is the expected discounted value

of future cashflows under the risk-neutral probability, i.e.

m(t) = E, [ /t ' e MLy hpu(dm) | . (5)

For example, if p is a counting measure, the previous formula evaluates a finite number or
a sequence of future payments. In case y is absolutely continuous, we are pricing instead a
continuous stream of payoffs. In general, it is convenient to write p(dm) = py,dm. In fact,
if p is absolutely continuous, p,, denotes the Radon-Nikodym derivative of y with respect
to Lebesgue measure, otherwise p,, has to be intended in the sense of distributions.

We also assume that the function A(-)p(-) belongs to V. Hence, we are able to show that

the risk-neutral pricing formula for cashflows satisfies the differential equation

dm

E(t) =rm(t) — hupy te[0,T],
where dr/dt is the weak time-derivative of . If h; is null except for the time T" and u has
mass concentrated in T', we retrieve as special case the differential equation of Problem

about European options with maturity 7'

Proposition 13 7(t) = E; [ tT e_r(m_t)Lt,mhmu(dm)] belongs to W and it is a solution

of the equation
dm

Zt) = rr(t) — hapy teo,T].

Observe that a term analogous to —h:p; is added in Feynman-Kac equation when a

stream of dividends is present. See |Dufhie (2010) as a reference.

4 An operator approach

In this section we define the spaces and operators that allow us to formalize Problem

as an eigenvalue-eigenvector problem.
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We start with observing that the no arbitrage pricing function 7 is weakly time-differentiable

infinitely many times. Indeed, dr/dt belongs to V and it equals the original 7 except for
the multiplicative constant r. Hence, dr/dt is weakly time-differentiable, too. By defining

the subspace of V
Z = {infinitely weakly time — differentiable u € V},

we have that m € Z. Moreover, the weak time-derivative defines a linear operator A : Z —
Z by
d
A u— &2
dt

A allows us to rewrite the differential equation of Problem in the operator form
Am =rm, TEZ. (6)

Hence, we obtain an eigenvalue-eigenvector problem, which is the same problem faced by
Hansen and Scheinkman| (2009) where, instead of A, the extended generator of the under-
lying Markov process is involved. In our setting the no arbitrage pricing function 7 is an
eigenfunction of the operator A, associated with the eigenvalue r. Moreover, the process
{e7"Lym (t)}, is a martingale.

Following [Hansen and Scheinkman, (2009)), we choose a positive payoff hr. The positivity
of hr is related to the requirement of m to be an eigenfunction related to the principal
eigenvalue in Hansen and Scheinkman (2009). Indeed, Hansen and Scheinkman generalize
the Perron-Frobenius theory (see Meyer (2000)) from the finite-state Markov chain setting
to more abstract frameworks.

Then, we define

L= €_rtLt77rr(((t))),
which still satisfies the martingale property and the multiplicative property

~

Lo=1, Litu = Ly (6,) Ly.

In addition, the stochastic discount factor S; decomposes as

7 (0)
(t)’

where we define 7 (t) = E;[L¢rhr]. In the last decomposition —r is referred to as the

™ (0) — efrtﬁt

&:Mﬂw B

growth rate of Sy, Ly is the martingale component and 7 (0) /7 (t) is the transient component.

However, the decomposition is not unique.
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This kind of results has proved to be fruitful in the macro-financial literature. For
instance, Alvarez and Jermann (2005) employ the last decomposition to quantify the dy-
namics of stochastic discount factors. Moreover, an application to the study of long-term
risk-return trade-off for the valuation of cash flows is described in [Hansen, Heaton, and Li
(2008)).

4.1 Comparison with the infinitesimal generator

As we saw in Proposition in case Ly = 1 the weak time-derivative provides a way to
differentiate random processes which generalizes the traditional infinitesimal generator for
a Feller process X = {Xt}te[O,T]- Moreover, if the infinitesimal generator of f is null, then
the process {f (Xt)}te[O,T] is a martingale, a fact that parallels Proposition |3| and Corollary

In particular, simple computations show that the no arbitrage pricing function
7w (t) = e "TIE, [y

satisfies the eigenvalue-eigenvector problem Am = rmw. We refer to Am = rm as a strong form
eigenvalue-eigenvector problem, while Problem , rewritten as @, defines its generalized
form.

In addition, it holds that A (e~"* (t)) = 0, hence the discounted price process {e~"'r () }te[o,T]
is a martingale. By exploiting the terminal condition 7 (7") = hy, this fact ensures that =
is the unique solution of the problem in strong form.

Finally, we observe that the convergence requirement of Problem , namely 7 (t) —]11—>
hr as t approaches T, is replaced here by the more general Feller property.

5 No arbitrage pricing with stochastic interest rates

We provide a refinement of the theory described so far in order to solve the no arbitrage
pricing equation when interest rates are stochastic. In this case we have two sources of
randomness. Indeed, we consider two Markov processes X = {Xi}ycio. 7 and Y = {Yi },c10
defined on the same probability space (€2, F, P). As for the interpretation, X is associated
with the underlying stock, while Y affects the interest rates. For any instant ¢, Xy, Y; :
) — R and R is endowed with the Borel o-algebra. We consider the filtration generated
by the pair (X,Y) and denote it by F = {F:},c( 71 As before, we assume that there exists
a risk-neutral probability ) equivalent to P and we consider the process L = {Lt}te[o,T]
such that L; = E; [Lr], where Ly is the Radon-Nikodym derivative of () with respect to P.

In this section we assign a stronger meaning to the notions of conditional weak Lebesgue
measurability and weak time-differentiability. To distinguish the new definitions from the

analogous ones of Section [2] we will write r-, that stays for robust.
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Specifically, we say that a function w : [0,T] — R% is conditionally r-weakly Lebesgue

measurable when, for every ¢ € [0,7T], the function
T € [t,T) — E[Lyu(1)14,9(7)]

is Lebesgue measurable for any JF;-measurable set A; and any adapted function ¢ €
C.([t,T],L* (Fr)). By saying that 1 is adapted, we mean that v (7) is Fr-measurable
for all 7 in [¢t,T]. If 4 is constantly equal to 1, we retrieve the requirement of conditional

weak Lebesgue measurability discussed in Section 2] Accordingly, we define the space
V= {u 0,7] — R%:  Lyu(r) e L*(F;) v,

T
u conditionally r-w.L.m., / E [LEuQ (1)) dr < —l—oo},
0

which is a subspace of the space V.
In this context r-weak time-differentiability involves a larger set of test functions than
weak time-differentiability of Definition [1l Hence, r-weak time-differentiability turns out to

be a stronger requirement.

Definition 14 Given u € V,, we say that u is r-weakly time-differentiable when there

exists a function w € V, such that for every t € [0,T]

T T dg&
[ ElLw@ aemiar=- [ E [LTU (114,22 (r)| ar
t t
VA; € Fy, Vo e CH([t,T), L (Fr)) adapted.
In this case we call w a r-weak time-derivative of u.

Definition [14] is well-posed because the integrals

/tTE [LTu () lAth;:(T)} dr, /tTE [LTCL?: (T) Lae(r) | dr

are finite for any choice of A; and ¢ as required. Indeed, ¢ and dp/dt are continuous
functions that take values in L> (Fr), hence their image is bounded.

We finally define the space
W, = {r-weakly time-differentiable u € V,}.

If w is r-weakly time-differentiable, it is also weakly time-differentiable because the test

functions ¢, that are random variables, may specialize to deterministic functions. This
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simple observation allows us to inherit some of the results of Section [2. For instance, the
r-weak time-derivative is still unique. Moreover, if a function u € V, is r-weakly time-
differentiable with du/dt = 0, then for a.e. t € [0, 7], for a.e. 7 € [t, T

E¢ [Lyu (7)) = fi a.s.

with f, € L? (7).
We assume that the interest rate is a Lebesgue measurable function r : [0,7] —
L (Fr) which is adapted. In addition, we impose that interest rates are uniformly bounded

over time, i.e. there is a positive R such that
r(t)] <K R as.  Ytel0,T].

Lebesgue measurability and boundedness ensure the Bochner integrability of r. As a result,
the Bochner integral fOTT’(T)dT is a well-defined object in L™ (Fr).

Furthermore, given any state w € 2, consider the restriction r,, : [0,7] — R of r on the
path induced by w. We assume that the map from [0, 7] x © to R such that (¢,w) — 7,(t)
is measurable. This assumption allows us to compute the Bochner integral of r as the
pathwise Lebesgue integral of r,. Indeed, since r is Bochner integrable, Bochner integral
and pathwise Lebesgue integral coincide almost surely. See Lemma [3] in Appendix [B]

Since now interest rates are stochastic, the no arbitrage pricing differential equation is

& () = r(t)r (t) t e 0,7)
T (T) = hT (7)
Ly (t) Ll> Lrht t—T

with Lphyp € L* (Fr). Differently from Problem (4), now each r(t) € L™ (F;) and dr/dt

represents the r-weak time-derivative. The unique solution of this problem in W, is

T (t) =[E; |:Lt,Te_ ftT T(S)dshT:| )

Theorem 15 7 (t) = E, [LuTe_ s T(S)dShT} s a solution of Problem mn W,.. Moreover,

1t 1s the unique solution in W,.

The proof is more involved than that of Theorem [12|and it exploits the relation between
Bochner and pathwise Lebesgue integrability.

6 Conclusion

We introduced the weak time-derivative, a novel mathematical tool that allows us to dif-

ferentiate stochastic processes in a more general way than the infinitesimal generator. It
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provides easy characterizations of martingales and permits to formulate differential equa-
tions for random processes in weak form. Therefore, we expect this instrument to be suitable
for different kinds of differential problems, beyond the ones discussed in this work.

As we described in the body of the paper, a fruitful application of the weak time-
derivative involves the solution of the no arbitrage pricing equation for European options.
In particular, the generalized form that we solve clarifies the central role of interest rates
in driving the asset prices, with both deterministic and stochastic short-term rates. In
addition, constant interest rates deliver an eigenvalue-eigenvector formulation of the risk-
neutral pricing equation in full agreement with the long-term risk literature. Nevertheless,
how to set up the analogous eigenvalue-eigenvector problem when interest rates are time-
varying or stochastic still remains an open problem. Indeed, the candidate eigenvalue would
be a function or a random process. Moreover, such a formulation should be able to generate
a term structure of interest rates. We leave this and other interesting questions for future

research.
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A Additional results about weak time-differentiability

The following results assume Lebesgue measurability and involve Bochner integrability. In
this case we can integrate a function v € V directly because we are not forced to employ
the expectation to ensure measurability.

Lemma 1 Let u € V such that for a.e. t € [0, T

Ltu(t):/o Lgg (s) ds,

where g € V and L(-)g (-) is Lebesgue measurable. Then, u is weakly time-differentiable with
du/dt = g.

Proof. First, observe that the function L(-)g(-) is Bochner integrable, as discussed in
Section [2] We want to show that g € V satisfies the definition of weak time-derivative of u.
Given t € [0, T), consider any ¢ € C ([t,T],R) and A; € F;. Then

T T T
d d
/ E[Lyu(r)1a,] =2 (r)dr :/ E / Lag (s)dsla, | =2 (7)dr.
¢ dt . 0 dt
As the expectation defines a bounded operator, according to Lemma 11.45 in [Aliprantis

and Border| (2006 we can exchange the order of expectation and Bochner integral. After
that, we apply Fubini’s Theorem and exploit the compact support of ¢:

/ CE(Lou(r) 1) 2 (r)ar - / ' ( | {Lsg (5) uﬁjf(ﬂ] ds) dr
_ /Ot (/tTIE[LSg(s) 1a] ‘fl‘f(T)dT> ds

[ ([ Bt 141 e ) s
:/Ot (E (Lag (s) 1At]/tT‘fl‘f(T)dT> ds

N /t ! (E [Lsg (s) 1a,] / ) %(T) dT) *

T
- / E[Lag (s) 14,] o(s)ds.

In consequence, g is the weak time-derivative of u. m
The next result is reminiscent of the Fundamental Theorem of Integral Calculus.

Proposition 16 Let uw € W such that L(-)du/dt (-) is Lebesque measurable. Then, for a.e.
t € [0,T] there exists iy € W such that L(-)uy (-) € C ([t,T], L™= (Fr)), for a.e. T € [t,T]

E¢ [Lru (7)] = E¢ [Lrtig (7)]
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and, for any i, € [t,T],

du

I (s)ds.

T2
Loyt (72) — Ly iy () = / L.
T1
Proof. du/dt belongs to V and L(-)du/dt (-) is Lebesgue measurable, therefore L(-)du/dt (-)
is Bochner integrable and we can consider the function @ (-) : [0, 7] — L*° (Fr) defined by

1 T du
i(r) = — | Ly (s)ds.
a(T) Lr/o 7 (s)ds

As L(-)u (+) is a primitive of a Bochner integrable function, L(-)@ (-) belongs to C (][0, T, L*> (Fr)).
See |Hille and Phillips| (1996) as a reference.

By Lemma |1} du/dt is the weak time-derivative of 4. As du/dt is also the weak time-
derivative of u, the weak time-derivative of u—4 is null. By Proposition for a.e. t € [0,7],
for a.e. 7,5 € [t,T]

Et [LTU (T)] — Et [LTIAL (T)] = Et [LSU (S)] — Et [Lsﬂ (8)] .

Choose s = s; in a way that the above equality is satisfied and consider the function
at (+) : [t,T] — L*>° (Fr) defined by

_ N Ls, St~
u (r)=u(r)+ I u(sy) — L—Tu (s¢) .
L(u (-) € C([t,T],L> (Fr)) because L(-)u(-) € C([0,T],L>* (Fr)). Moreover, for a.e.
T € [t,T)

Since

we have that, for any 7,7 € [t,T],

LT2at (7-2) - LTfat (7_1) = LTzﬂt (7_2) - LT1at (7_1)

2 du T du
— L,— (s)ds — L,— (s)d
/0 pm (s)ds /0 o (s)ds

2 du
= L,— ds.
/T1 g ()4
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B Proofs
Lemma 2 Let f: [t,T] — R.

i) If f is bounded, nonnegative, with compact support and ftT f(r)g(r)dr = 0 for any
g€ C.([t,T],R), then f =0 a.e.

ii) If f is measurable and ftTf(T)g(T)dT =0 for any g € C. ([t,T],R), then f =0 a.e.
Proof.

i) If f is strictly positive on a set A with positive measure, consider the indicator function
14 and a sequence {U,}, of continuous positive approximations of 14, obtained by
convolution with a smooth positive kernel. As U,, converges to 14 in L?,

T T
0< /t F(T)La(r)dr = lim /t FEUn(r)dr = 0.

In consequence, f is null a.e.

i1) Suppose that f is positive with compact support. For any N > 0 consider fy(s) =
min{f(7), N}. Then

T T
0< / fr(r)g(r)dr < / f(7)g(r)dr = 0.

Therefore, each fy is null a.e. by i) and so f is.

Proof of Proposition

Let w and @ be two weak time-derivatives of u. Then, for every t € [0, T]

T
| Bl Aw @) -} 1) etr)ar =0
VA, € Fi, Ve e CH([t,T],R).
By Lemma [2] for a.e. T € [t,T],
E[L; {w(r) = (r)}14,] =E[014,] =0 VA, € Fi.

Hence, the a.s. null function fits the definition of conditional expectation of L, {w (1) — w (1)}
with respect to F;. Therefore, for a.e. 7 € [t,T],

Et [Lyw (7)) = E¢ [Lyw (7)] a.s.
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Now fix 7 € [0,7]. Except for a set with measure zero of values of 7, we can find an
increasing sequence {t;},.y C [t, 7] such that ¢; = 7 and

Eti [LT’IU (T)] = Eti [L»r’w (T)] a.s.
By Lévy’s Upward Theorem, i.e. Theorem 14.2 in Williams (1991), when ¢; approaches T,
Et, [Lrw (7)) — E; [Lyw (7)] = Lyw (1) a.s.

Since the last relation holds also for @ and L. is strictly positive, we deduce that w (1) =
w (1) almost surely for a.e. 7 € [0,7].

Proof of Proposition
Let ¢t € [0,T] be such that for a.e. 7 € [¢,T]

E¢ [Lyu (7)] = fi a.s.
Then, for all ¢ € CL ([t,T],R) and A; € F,

T T
| Bl ) e = [ B L)1) (e

because ¢ is a function in C! ([t,T],R). As a result, w = 0 a.s. for a.e. t € [0,7T] satisfies
the definition of weak time-derivative of u. By uniqueness of the weak time-derivative, we
claim that du/dt = 0.

Conversely, suppose that u € V is weakly time-differentiable with du/dt = 0. We show
that, given ¢t € [0,T], E; [Lru (7)] is not dependent on 7 for a.e. 7 € [t,T].

Take a continuous function 7 : [¢,7] — R with compact support such that

/tT n(r)dr = 1.

Given a continuous function ¢ : [t,7] — R with compact support, we define the function
ke o [t,T] — R by

T
re(o) =€)~ ([ strar ) o)
t
k¢ is continuous with compact support and

/t " ke(r)dr =0,
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Hence, k¢ has a primitive K¢ which is continuous with compact support. As K¢ € Cl(lt,T],R),
we employ it as a test function in the definition of weak time-derivative of w. Since
du/dt = 0, for all A; € F; we have

Oz/tTIE[Lsu( 1At{ < )n(s)}ds
:/tTIE[LSu()lAt ds—/t E[Lyu(s)14,] </g )

- / CE (Lo (r)1a)€ / ' 5)1a] <s>ds}5<7>df
:/tT {E[L w(r)1a] / E[Lou(s)1a] (s)ds}f(T)dT.

t

By the density of continuous functions £, Lemma [2| ensures that for a.e. 7 € [t,T]
T
E[Lou(r)1a,] = / E [Lyu (s) 14,] 7(5)ds.
¢

Since ftTn(s)ds = 1, we can rewrite the left-hand side as ftTE [Lru(7)14,]n(s)ds so that

T
/t {E[L;u(T)14,] —E[Lsu(s)1a4,]}n(s)ds=0.

As the last equality holds for any continuous function n with compact support in [¢,T], we
have that, for a.e. s € [¢,T],

E[Lsu(s)1a,] =E[Lru(r)14,].
Since A; is any JFi-measurable set, we deduce that, for a.e. s € [¢,T],
E¢ [Lsu (8)] = E¢ [Lyu (7)] a.s.
As a result, E; [L;u (7)] is not dependent on 7 for a.e. 7 € [¢t,T] and so we can state that
Ei[Lru (7)) = fi a.s.
for some Fj-measurable function f;. By Jensen’s inequality, E; [L,u ()] € L? (F;) since
E [ (B [Lou(r)))?] < E[E: [L2w*(n)]] = B [L2u(7)]

which is finite because L,u(7) € L? (F;). Hence, f; € L? (F}), too.
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Proof of Corollary

i)

i)

Since for every ¢ € [0,T]
E¢ [Lru (7)) = Lyu (t) VT e [t,T],
Proposition [3| ensures that u is weakly time-differentiable with du/dt = 0.

By Proposition [3| we know that for a.e. ¢t € [0,7] there exists f; € L? (F;) such that,
for a.e. 7 € [t,T]
E¢ [Lyu (7)) = fi a.s.

Since L,u () converges in L' to Lyu (t) as 7 goes to t from the right, we have that

E([E: [Lru (1) — Leu ()] < E[Et [|Lru () — Leu (£)]]]
=E[|Lru(T) — Lyu (t)]] — 0,

B Ey [Lru ()] -2 By [Lou ()] = Ly () PN

Since for a.e. 7 € [t,T], E¢ [Lyu(7)] coincides a.s. with f;, which is not dependent
on 7, the uniqueness of the L!-limit implies that f; = Lyu (t) a.s. Therefore, for a.e.
t €1[0,7T], for a.e. 7€ [t,T]

Ei [Lru (7)] = Liu (t) a.s.

Proof of Corollary

Consider the function us — u; € W. The weak time-derivative of ug — w7 is null, hence, by
Proposition [3] for a.e. ¢t € [0,T] we can find f, € L? (F;) such that for a.e. 7 € [t,T]

E¢ [Lrus (1)) = E¢ [Lrug (7)) + fi a.s.

Proof of Proposition [6]

As g is deterministic and square-integrable, g € V. Moreover, denote for a.e. 7 € [t,T],

Glr) = / " g(s)ds = By [u (7)) — fi
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Taken any A; € F; and any ¢ € C ([t,T],R), for every t € [0, T] we have

/tTE[g(T)lAt] (1 )dr_/Tg( VE [1a,] o(7)dr

T

r—’HN
QQ

/G e}

E[u(r) 14 ‘f;’( ).

In consequence, g is the weak time-derivative of u.

Proof of Proposition

As in the proof of Proposmonl, we consider the continuous with compact support functions
&[T — R, Wlthft (s)ds =1 and we define k¢ : [t,T] — R by

() =)~ ([ T5<s>ds) 9(r)
— [ ¢tsras- ( / Tf(s)dr) JREL

belongs to C} ([t, T],R) and we employ it as a test function in the definition of weak time

The primitive

derivative of w. In addition, we require that ftT &(s)ds = 1, so that we consider
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Asu €W, for all p € C! ([t,T],R) and A; € F;, we have

T
/t E[Lru(r) 1] (€(r) — (7)) dr

_ /tTIE [LTCZ () 1At] </; (€(s) — n(s))ds) dr.

T
/t E[Lru(r) 1] (€(7) — (7)) dr

-] ! (/ "B L5 01| ) (666) — (e s

/tT <E[L7u (T)1a,] + /TTE [LS(Z (s) lAt] d8>£(7)d7
- /tT (E [Lru(T)1a,] + /TTE [LS(Z;: (s) lAt] ds) n(r)dr.

By the density of continuous functions &, n, Lemma [2| implies that for a.e. 7,79 € [t, T

By Fubini’s Theorem,

so that

T du
E[Lnu(ﬁ) 1At]+/ E |:Lsdt (S) 1At:| ds
T1
T du

~E(Lnu(m)1a)+ [ E|LY

T2

E [LS () 1At] ds,

namely

E (L, (u(r3) — Lot (1)) 1a,] = /: E [Lffl;‘ (s) 14 ds.

Note that we can rewrite the equality as

B[ [Loytt (7) — Lryu (71)] 1] = / E [Et [LSCZ (s)] 14 ds.

If for a.e. 7 € [t, T
du

dt
then, for a.e. 71,79 € [t,T] such that 72 > 7,

72 du
/ﬁ E {Lsdt (s) 14 ds >0

E, [LT (7)}20 a.s.,

for any A; € F; and so
E[(Lryu(2) = Lyyu(m1)) 14,] 2 0.
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Since this holds for any F;-measurable set A;, we infer that
Et [Lryu (12) — Lryu(11)] 20 a.s.,

as we wanted to prove.
Conversely, if
Et [Lryu(12) — Lryu(m1)] 2 0 a.s.

for a.e. T, 79 € [t,T] such that 79 > 71, then

72 du
E|Ls— 1 ds > 0.
/ﬁ [ " ) At] s

Since this holds for a.e. 7,7 € [t,T], it follows that, for a.e. 7 € [t, T

du

E [LT = (7) 1At] > 0.

As Ay is any Fi-measurable set, we have

du
E¢ [LTdt (7'):| >0 a.s.

Proof of Corollary

We prove only i) since i) is analogous.
By Proposition [7}, for a.e. ¢ € [0,T1, for a.e. 71,72 € [t,T] such that 7 > 7

E¢ [Lryu(12)] = Ey [Lryu (1)) a.s.
When 71 tends to ¢ from the right, B¢ [L,,u (11)] —>% Lyu (t) and so
E¢ [Lr,u(72)] = Leu (t)

as we wanted to show.

Proof of Proposition [9

Following the proof of Proposition m given t € [0,T], for a.e. 71,70 € [t,T], for every
Fi-measurable set A;

E [E: (Lo, (72) — Loyt (71)] 14,] = /T T E [Et {Ls‘f;t‘ (s)] 14 ds.

Let i < m. If
du du
Et |:L7—1dt <7_1):| < Et l:L7—2dt (7'2):| a.s.
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we have J 4
U U
oo 10 ] 1] <[5 [ ] 1]
and this monotonicity ensures that

I E [E; (L%t (s)] 14,] ds

T2 —T1

du
dt

oo 1% ] 1] <
e [t ] 1]

By the initial equality,

E []Et [Lﬂccl;; (n)] lAt:| < BB [LTZU(TTQZ)_— TLlnum)} 1a,]

du
< ]E |:Et |:L7—2dt (7'2):| 1At:| .
As this holds for any A; € F, we deduce that

du

d
E, [Lndtm)} < "

B Loy ()] ~ B+ [Loyu(m)] _ [L”dt (TQ)] as.

T2 —T1

Conversely, if the last inequality holds, it is clear that

d d
E; [Lﬁc;: (7'1)] < Ey [Lmdltt (7'2):| a.s.

Proof of Proposition

By following the same steps of the proof of Proposition E] we find that, for a.e. 7,7 € [¢,T],
for every JFi;-measurable set A

du

E[E, [Lou (7) — Lou (7)] 14,] = / "k [Et [Lsdt (s)} 1At] ds.

T

By setting 7 = 7 + h for some h > 0, we have

E¢ [Lyypu (T 4+ h) — Lyu (7)) 1 /THL du
E A 1a,| = A E|Ls g

(s) 14 ds.

Now we take the limit as h — 0%. By Lebesgue Differentiation Theorem, the right-hand

side converges to E [Ldu/dt (1) 14,]. Moreover, if w (1) denotes the F;-measurable L!-limit

of [L”hu(TZh)_LTU(T)], the left-hand side converges to E [w (1) 14,]. Consequently,

Bl (1) La] =B L5 (7)1,
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for every Fi-measurable set A;. Hence, by definition of conditional expectation,

w(r) = E, {LT‘ZL (T)] .

As a result, by uniqueness of the L!-limit, we conclude that, for a.e. 7 € [t, T

E, [L _ L
¢t [Lranu (T + h) u(r)] 1t E, LT(LU () h—s 0t
h dt
and this proves the first part of the statement.
Now suppose that, as 7 — ¢,
d d
Lyu(r) 55 Lou(t) | L2 () S L.
dt dt
This implies that
B, [Lou (7)) -2 By [Low ()] = Ly (t) Tt
and p p p
au Lt au _ +
Also, the fact that, for a.e. 7 € [t,T],
E, [LT-HLU (T;h) —Lru (T)] L w(r) h—s 0"
ensures that, for a.e. 7 € [t,T],
Ey; [Lrspu (7 + 1)) 25 By [Lu (7)] h—s 0%,

Indeed, for every h > 0,

E[|E[Lrpu (T + h) = Lyu(7)]|] = hE [

< {E H E; [Lyypu (7 ;h) — Lyu(r)]

|E¢ [Lrypu (T + h) — Lyu(7)] |]
h

—w ()

|+ 2w}

and this quantity converges to 0 as h — 0 since w is integrable. In particular, for any
fixed h > 0, we have

1
Bt [Lysnte (7 + h)] = By [Lynu (t+ h)] Tt
and so
B¢ [Lrqnu (T J;Lh) —Lru ()] ot Ei[Lygpu(t J;Lh)] — Leu(?) T—stt.
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Putting things together, for a.e. 7 € [t,T],h > 0 we have

Et [Lysnu (t+ h)] — Lyu (t) du

E [ u A - Lta (t) ]
o [[Ellenel o= i0() _ Bl ) = Ern )]
= h h

du

+E H—Lt o () +Ey [Lff;: (T)} H
B (Lo (7 1) = Lru ()] [LTd“ (T)} H .

E
oz ; i

The previous convergences allow us to choose 7 € [t,T] in a way that the first two terms in
the right-hand side are arbitrarily small and the first part of the Proposition allows us to
choose h so that the last term is arbitrarily little. Hence, when h — 07,

E; [L t+h)| — L (t d
¢ [Liynu( 1}: ) = Leu(t) 1t Ltdi;(t)-

Proof of Corollary

The function f(X;) is continuous and bounded and Af (X;) is continuous, bounded and
integrable. Since, for every 7 € [t, T1,

E, [f (XT+h>] — f (X’T)
h

converges to Af (X;) as h — 01 in the uniform topology,
Et [f (X7'+h) — f (XT)]
h

Indeed, since f is in the domain of the infinitesimal generator A, we can find an arbitrary
small € > 0 such that

L B [AF (X)) h—s 0"

E, [f <XT+2>J — (X0 ‘E f <Xf+f;l>l —IXD)  ap )|+ 147 (X))
< sup [Pl T o g ()
X,

Se+|Af (X))
By the Conditional Dominated Convergence Theorem, when h — 0

g, [l Gl =/ 00

3 ] — B [Af (X7)] a.s.

that is
E [f (Xrqn) — [ (X5)]
h

— E [Af (X7)] a.s.
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Moreover,

< IEt [E + |~Af (XT)H
=e+E[Af (X-)]].

Therefore, by the Dominated Convergence Theorem, for every ¢ € [0, 7], for every 7 € [t, T

B¢ [f (Xegn) = (X)) 1
h

E; [Af (X;)] h — 0%,

In particular,

Et [f (Xegn)] = f(Xy) 1
h

Since 2t/ (X*“‘)] J(Xo) g convergent in L' as h — 07 for every t € [0,7] and every
TE [T, Propos1t10n applies. In consequence,

Et [f (Xian)] — f(Xy) 1t du

— (¢ h— 0%,
h ar —
By uniqueness of the L!-limit, we infer that
d
dit‘ )= Af (X))  as.

Proof of Theorem [12

e EXISTENCE

In order to show that m € W, we prove that m belongs to V and that it is weakly
time-differentiable.

First, for all 7 € [0,7), Lyw(7) € L% (F;). Indeed, by Jensen’s inequality, we have

E[L27% (7)] = e 2 T7E |12 (B, [Lsrh1])’]
— TR | (B, [Lrhg])’]
< e TIE [L3R2] < +oo

because Lrhr € L? (Fr).
As for the conditional weak Lebesgue measurability of 7, fix ¢ € [0,7] and consider for
any A; € F; the function

€t,T|—E[L;n(1)14,] = E[L;E; [Ly7hr]14,] e~ r(T=)
=FE [LThT]-At] efr(TiT),
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where we exploited the fact that L1 4, is Fr-measurable for all 7 € [¢,T]. Since E [Lphr14,]
is not dependent on 7, we easily conclude that E [L,7 (1) 14,] is Lebesgue measurable and
so 7 is conditionally weakly Lebesgue measurable.

In addition,

T T
/ E [LEWQ (1)) dr < / e IR [L%h%«] dr
0 0

T
= (/ e_QT(T_T)dS) E [L%h%} ,
0

which is finite because Lrhy € L? (Fr). Therefore m belongs to V.

Now we look for the weak time-derivative of . We consider any set A; € F; and any test
function ¢ € C! ([t,T],R). Recall that, for any set A;, the functions 14, are F,-measurable
for all 7 € [t,T7], so that

T T
- / E(Lom (r) 14] 22 (r)dr = - / E|L.e”""""E, L, rhr] 1At] %‘f(ﬂdf
t t -

T -
= —/ E S_T(T_T)ET [LThT] 1Af,i| dﬁ(T)dT
’ L dt

r d
= — E e_T(T_T)LTthAt] d—f(T)dT

T
—-Tr —T d
= —E[Lrhrly,] / e (T )—df(r)dT
t

T
=E[Lrhrla,] / T‘eir(T*T)QO(T)dT
t
T
= / rE [e‘T(T_T)LTthAt} o(T)dT
¢
T
= / rE {LTe_T(T_T)LﬁTthAt} o(r)dr
¢
T
= / E[L:rm (1) 1a,] o(T)dT.
t
Therefore, the candidate weak time-derivative of 7 is rm and Lyrm(t) belongs to L? (F;) for

all t. Clearly, rm is also conditionally weakly Lebesgue measurable and it belongs to V.
Hence, r7 is the weak time-derivative of 7:

dm

Tt =rr ().

As for the L'-convergence to the boundary, Lévy’s Upward Theorem, that is Theorem
14.2 in Williams (1991)), guarantees that

—r(T—t Lt
e ( )Et [LThT] — ET [LThT] = LThT t— T

34



and so L7 (t) converges in L' to Lyhr.
Summing up, we showed that m € W and it solves Problem .

e UNIQUENESS
Let w1, m € W be two solutions of Problem , that is for a.e. t € [0,7]
dﬂ'i
dt

(t) = rm (t) i=1,2,

i (1)) = hyp and Lym; (t) LI> Lyphy as t goes to T. By defining z = m — my € W, we have
that, for a.e. t € [0,T],

dz
EW=ra0),

1
z2(T)=0and Lz (t) Li0ast goes to T
Now we show that the weak time-derivative of the function e™"z (¢) is

et <f; () — rz (t)) .

Indeed, for every t € [0, 7], we have that, for any ¢ € C! ([t,T],R) and A; € F;,

/tTIE [LTCZ (1) lAt] e "Tp(T)dr = — /tTE[LTZ(T) 14,] % (e~ (1)) ()dr

T
:_/t E([L,z () 1At]e*”%f(7)d7

T
+ /t E[L;z(7T)14,]e ro(r)dr

that is

This means that the weak time-derivative of e "'z (t) is

et <f; () — (t)) .

However this function is null a.s. Therefore, e~z (¢) has null weak time-derivative. Conse-
quently, by Proposition [3| for a.e. t € [0, 7] there exists a function f; € L? (F;) such that,
for a.e. 7 € [t, T

E; [LTe_”z(T)] = f

or, equivalently,
B¢ [Lrz ()] = €' fi.
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Letting 7 go to T, we have that
Ei[Lrz(T)] — et pointwise.
In addition, the fact that L,z (7) converges to zero in L' as 7 approaches T ensures that
E[[E; [Lrz (7) = O[] S E[E; [[Lrz (7)[]] = E[[Lr2 (7)[]] — 0,

i.e. E¢[L;z(7)] tends to zero in L'. By uniqueness of the L!-limit, we infer that f; = 0 a.s.
As a result, for a.e. t € [0,T], for a.e. 7€ [t,T]

E¢[L;z(T)] =0 a.s.

An application of Lévy’s Upward Theorem as in Proposition [2] ensures that, for a.e. 7 €
[0,T], z (7) = 0 a.s. This proves uniqueness of the solution of Problem ().

Proof of Proposition

We show that w(t) = E; [ftT e*’"(m*t)anhm,u(dm)} belongs to V and it is weakly time-
differentiable.

First, for all 7 € [0,7], L,n(7) € L?(F,). By exploiting Jensen’s inequality twice,
indeed, we find

E[L27%(1)] =E |L2 (ET [ /T ! e’“<mT>LT,mhmu(dm)D2]

=K _<IET { /T ! e’"(mT)Lmhm,u(dm)]>2]

< /T ! eT(mT)Lmhmu(dm)> 2]

r pT
<E / eQr(mT)L?nh?nu(dm)] p([r, T1)

LJ T

N
=

<[ [ raattam)] w10 < +oc

because 1 is a finite measure and L?(-)h?(-) is Bochner integrable with respect to .
As for the conditional weak Lebesgue measurability of «, fix t € [0,7] and take into
consideration for any A; € F; the function

ret, T — E[L.7(r)14,] =E [LTIET [ /T ' e—“m—T)LT,mhmu(dm)] 1 At]
= {ET [ /T ' e—“m—T)Lmhmu(dm)] 1 At}

T
=¢"E [/ ermLmhmu(dm)lAt} .
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The last integral is a well-defined Bochner integral and it defines a continuous (and so
Lebesgue measurable) function of 7. As the expectation is a continuous operator, it pre-
serves measurability and so the whole function is Lebesgue measurable. As a result, 7 is
conditionally weakly Lebesgue measurable.

Moreover,

[ el eners [ ® | ' L2 lam)| (7. T
<ullo.1) [ 'E I ' L2 02,lam)| o

— ([0, TE [ / ' L%W(dm)] ,

which is finite as argued before. In consequence, m belongs to V.

Now we compute the weak time-derivative of m. We consider any set A; € F; and any
test function ¢ € C! ([t,T],R). For any set A;, the functions 14, are F,-measurable for all
T € [t,T] and so

- /t TE[LTW (7) 1At: %(T)dT

r —r(m—1) dQO
L E; € LT,mth(dm) 1At E(T)dT

T
/ e_r(m_T)LmhmlAtpmdm] fl—f(T)dT.

because p(dm) = p,pdm. Since the expectation is a bounded operator, by Lemma 11.45
in Aliprantis and Border| (2006) we can exchange it with the integral. Later we apply
integration by parts:

dt
T s T
d
= _/ </ e_r(m_T)E[LmhmpmlAt]dm) d—f(T)dT
t T

T d T
— 0+ / = ( / erWﬂE[LmhmpmlAt]dm) p(7)dr
t a7 \Jr

T
_ /t (L7 (r)14,] %8 (7)dr

T T
= / (O — e_T(T_T)E [L.,-thTlAt} + 7"/ €_r(m_T)E [LmhmpmlAt] dm> @(T)dT
t T
T T
= / (E (L7 (=hrpr)1a,] +E |:7‘/ e_r(m_T)LmhmpmlAtdm]> p(r)dr
t T
T T
= / E |:LT (_thT) 1At + LTTET |:/ e_r(m_T)LT,mhmM(dm):| 1At:| (P(T)d,r
t T

T
- / E[L, (rm(r) — hop,) 1a,] o(r)dr.
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Since both 7(-) and h(-)p(:) belong to V, it follows that m(-) — A(-)p(:) is included in V.
Therefore, the latter is the weak time-derivative of 7:

d
= () =rm (6) = hupr.

Lemma 3 Letr:[0,T] — L™ (Fr) be a Bochner integrable function and letr,, : [0,T] —
R denote its restriction on the path induced by any w € Q. If the map [0,T] x @ — R
such that (t,w) — 14, (t) is measurable, the Bochner integral of r coincides a.s. with the
pathwise Lebesque integral obtained by integrating each restriction r,.

Proof. The Bochner integral construction involves simple functions s : [0,7] — L (Fr)
that are finite linear combinations of terms as 1gw, where E is a measurable subset of [0, T']
and w € L (Fr). Since r is Bochner integrable, there exists a sequence of simple functions
Sy, such that

T 1 1
212
/0 E [(r(r) — sa()?] dr < 5,
and the Bochner integral of r is the L?-limit of the integral of simple functions:

/OT sn(T)dr L5 /OTT(T)dT.

Hence the convergence is also in probability.
On the other hand,

+oo T too N )
2 /0 Eirtr) ~sn(Dll < 3 /0 E[(r(r) = su(r))?]” dr

which is finite. Therefore, by Fubini’s Theorem,

T 400 too T
/ Z|r<f>—sn<7>ch]—z / E[|r(7) — su(7)]) dr

is finite, too. As a result, the random variable

T +oo
/ S 1r(r) — su(7)] dr
0 n=1

is finite a.s. Consequently, for a.e. w € ) the pathwise restriction satisfies

N

7w (T) = Snw(T)] — 0

for a.e. 7 € [0,T]. Moreover, since |r,(T) — spo(7)| is dominated by its sum over n, the
Dominated Convergence Theorem ensures that, for a.e. w € )

T T
/ Snw(T)dT —> / ro(7)dT,
0 0
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which is the Lebesgue integral along the path induced by w. By collecting all the trajec-
tories we find the limit a.s. of the random variable fOT sp(7)dr. This convergence holds in

probability, too. But before we showed the convergence in probability of fOT Sp(T)dT to the

Bochner integral fOT r(r)dr. Therefore, by uniqueness of the limit, the Bochner integral
coincides a.s. with the pathwise Lebesgue integral. m

Proof of Theorem [15

e EXISTENCE

In order to show that m € W,, we prove that m belongs to V, and that it is r-weakly
time-differentiable.

First, for all 7 € [0,T], Lyn(7) € L? (F;). Indeed, ftT r(s)ds is a continuous, and then

bounded, function of ¢t € [0,7]. Hence, there exists K > 0 such that e S r(s)ds < K as.
for all ¢t. In addition, Jensen’s inequality ensures that

E[L272(r)] = E 12 (ET [LﬂTef I r(s>d8hT])1

2 (o ferems ]|
. :L%e_Q T r(s)dsh%}

< KR [L7h7] < 400

because Lrhr € L? (Fr).
As for the conditional r-weak Lebesgue measurability of 7, fix t € [0, 7], take any A; € F;
and any adapted function ¢ € C, ([t,T], L>° (Fr)). Then, consider the function

7 e[t T) —s E[Lym (1) 14,4(7)] = E [LTIET [LT,Te_ I T<5)d8hT} 1 Atw(f)]
=E |Lye - O%hp1 (7))

where we exploited the fact that L;14,1(7) is Fr-measurable for all 7 € [¢,T]. Since

fTT r(s)ds is a well-defined Bochner integral, e~ S r(s)ds

well as 1 (7). Therefore, the quantity

is a continuous function of 7, as

T
Lre™ Iz T(S)dsthAt’g/J(T>

is Lebesgue measurable. The expectation is a continuous operator and so it preserves
Lebesgue measurability. Consequently, 7 is conditionally r-weakly Lebesgue measurable.
In addition,

T T
/ E [Lx* (1)] dr < / K?E [L7h7] dr = K*TE [L3hi]
0 0

which is finite because Lrh € L? (Fr). Therefore  belongs to V.
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Now we look for the r-weak time-derivative of 7. We consider any set A; € F; and any
adapted function ¢ € C! ([t,T], L>° (Fr)). Recall that, for any JF;-measurable set A;, the
functions 14, are Fr-measurable for all 7 € [¢t,T]. Since dp/dt is adapted too, we deduce
that

T
/ E[LTW (T)].Atde(T)] dr
s dt
.
—_ / E|L,E. [LT,Te— I T<8)d5hT} 1Atcfif(7)} dr
t L

Tl d
— - / E |E, |Lye™ ) % nr1y | C;D(T)} dr
¢ L t

T T d
_ / B |Lre I r<s>d5hT1AtC;f(T>} ar.
t L

eI ()45 /dt(T) is a continuous function of 7 € [t, T, hence it is Bochner integrable.
The expectation is a bounded operator, so Lemma 11.45 in |Aliprantis and Border| (2006)
allows us to exchange expectation and integral. Therefore,

T T
_/ E |:L77r (7‘) ]_AtdSO(T):| dr = —-E |:LThT]-At / e f"TT(S)deSO(T)dT:|
] dt . dt

T T dQO
=E |Lrh 1,4/ 1— e Jr r(e)ds TdT]
[TT ‘), ( )dt()

Tq
K [LTthAt / df(T)dr]
t

T
=E [LTthAt/ (1 —e ffr(s)ds) d(’O(T)dT]
' dt

because ¢ has compact support. Now consider the function u — r(u)e” L r(s)ds, This
function is Bochner integrable (because r is bounded) and its Bochner integral coincides
almost surely with the pathwise Lebesgue integral. For any state w € {2 the restriction 7,
of r satisfies:

T — 11— fTT'rw(s)ds.

T
/ Tw(u)e” S mo(s)ds gy — {e_ fuT“J(s)ds}

T

In consequence, the Bochner integral is
g T (s)d T (s)d
/ r(u)e” Jur®)dsgqy = 1 — = J- 7(s)ds a.s.
-

By exploiting integration by parts (see |Craven (1970)), we obtain
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Therefore, the candidate r-weak time-derivative of 7 is rm and L7 (t)7(t) belongs to L? (F;)
for all ¢ because r is bounded. Clearly, r is also conditionally r-weakly Lebesgue measurable
and it belongs to V,.. Hence, rm is the r-weak time-derivative of 7:

dm
() =r(om (1)

As for the L'-convergence to the boundary of L;m(t), observe that
E[ ’Et [LTef I r(s)dshT} - LThT‘ ]
<E|[|B [Lre I 7O%hy — Lyng]|| + B [Lrhr] - Lekl]

—E [|LThT| ‘e_ S r(s)ds _ 1H VE[[E; [Lrhr] — Lrhy|]
1 T 2 %
< (E [LEhT])2 (]E [(6 Ji r(s)ds _ 1) D + E[|E; [Lrhr] — Lrhr|].

2
Lrhy € L? (F) and E [(e‘ S r(s)ds _ 1) ] converges to zero as t approaches T because

r is bounded. Moreover, E; [Lrhr| tends to Lyhy in L' by Lévy’s Upward Theorem, i.e.

Theorem 14.2 in [Williams (1991)). As a result, the right-hand side of the previous inequality

tends to zero as t goes to T and this ensures the L!-convergence of L;m(t) to Lyhr.
Summing up, we showed that m € W, and it solves Problem .

e UNIQUENESS
Let w1, m9 € W, be two solutions of Problem , that is for a.e. t € [0,T]
dm;
dt

(t) =r(t)m(t) i=1,2,
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1
i (T) = hy and Lym; (t) L, Lrhy as t goes to 1. By defining z = w1 — mo € W,., we have
that, for a.e. t € [0,T],

dz
Z0) =)z ),

1
z(T)=0and Lz (t) Li0ast goes to T
The function r(t) is Bochner integrable. Reasoning state by state, we have

T
/t ro(s)ds = Ro(T) — Ru(1),

where R, is a primitive of r,,. By denoting with R the random variable that collects all
R, it follows that the Bochner integral of r is

T
/t r(s)ds = R(T) — R(t) a.s.

Now we show that the r-weak time-derivative of the function e= ")z (¢) is

e R (‘j; () —rz (t)) .

For any adapted ¢ € CL ([t,T],L> (Fr)), consider the function

d
u— e W (u)p(u) — e*R(“)d—f(u).
Since 7 is bounded, this function is Bochner integrable. By reasoning pathwise, it follows
that
"~k “R(u) 0¥ ~R(r)
e r(u)p(u) —e E(u) du=-e o(7) a.s.
Hence, e~y is adapted, it belongs to C! ([t,T],L*° (Fr)) and so we can use it as test

function in the definition of r-weak time-derivative of z:

Tel ~R(7)
E|L;—(7)14,e o(7) |dT
\ dt

. /t B [sz (114, (eR“)Cf;:(T) - eR<T>r(T)¢(T)>] dr

=— /t ! E {LTZ (1)1 Ate—R“)d‘P(T)] dr

that is



This means that the r-weak time-derivative of e=#(®)z (¢) is

R (‘f; () — r(t)2 (t)) .

However this function is null a.s. Therefore, e~#(*) 2 () has null r-weak time-derivative. Con-
sequently, by following the proof of Proposition (3| for test functions in C! ([t, T], L™ (Fr)),
for a.e. t € [0,T] there exists a function f; € L? (F;) such that, for a.e. 7 € [t,T]

E, [LTe_R(T)z (7‘)} = f;.

R(7)

As 7 approaches T, E; [LTe_R(T)z (T)] goes to zero in L'. Indeed, since e~ is bounded,

E HEt [LTe_R(T)z(T)} - OH <E [Et [|LTZ(T)] 6_R(T)”
S CE[|Lrz(7)]]

for some C' > 0. However, the last term converges to zero because L,z(7) tends to zero in
L' as T approaches T.

By uniqueness of the L!-limit, we infer that f; = 0 a.s. As a result, for a.e. t € [0,7],
for a.e. 7€ [t,T]

E; |Lye B2 (1) =0 a.s.

An application of Lévy’s Upward Theorem as in Proposition [2| ensures that, for a.e. 7 €
[0,T), Lye ®(D 2 (1) = 0 a.s. and so z (1) = 0 a.s. This proves uniqueness of the solution of

Problem )
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