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Abstract

The Wold decomposition of a weakly stationary time series extends to the
multivariate case by allowing each entry of a weakly stationary vectorial process
to linearly depend on the components of a vector of shocks. Since univariate
coefficients are replaced by matrices, we propose a modelling approach based on
Hilbert A-modules defined over the algebra of squared matrices. The Abstract
Wold Theorem for Hilbert A-modules, that we prove, delivers two orthogonal de-
compositions of vectorial processes: the Multivariate Classical Wold Decomposi-
tion, which exploits the lag operator as isometry, and the Multivariate Extended
Wold Decomposition, where a scaling operator is employed. The latter enables
us to disentangle the heterogeneous levels of persistence of a weakly station-
ary vectorial process. Hence, the persistent components of the macro-financial
variables into consideration are related to the overlapping of different sources of
randomness with specific persistence. We finally provide a simple application to
V AR models.

1 Introduction

A vectorial process X = {2;},., is a collection of m univariate time series x;;. Al-
though weakly stationary univariate processes generally depend on a unique source of
innovations,' each variable z;; of a weakly stationary multivariate process is possibly

affected by m kinds of shocks €14,€24,...,6m,. This peculiarity is captured by the

*We thank Giorgio Primiceri for valuable insights. Any errors or omissions are the sole responsi-

bility of the authors.
! This is ensured by the Classical Wold Decomposition for weakly stationary time series.



use of matrix coefficients, which has been extremely fruitful for VAR processes in the
macroeconomic and financial literature.? A big econometric issue is the shocks iden-
tification due to the large number of parameters involved, which makes necessary the
imposition of several restrictions to make VAR models empirically tractable.?

The main purpose of this work is to study persistence in multivariate economic time
series. Beyond the long-run risk literature (which focuses on the asymptotic properties
of processes), this topic is usually addressed by spectral analysis techniques, developed
in the frequency domain.* In this paper, we describe a methodology to disentangle
uncorrelated persistent component from a weakly stationary vectorial process entirely
in the time domain. Each vectorial component explains a specific layer of persistence
and it is sensible to a family of shocks with determined half-life. In order to achieve this
goal, we first renew the standard treatment of multivariate time series by using Hilbert
A-modules. The Abstract Wold Theorem for Hilbert A-modules, indeed, allows us to
easily retrieve the Multivariate Classical Wold Decomposition (MCWD henceforth) and
to derive, in turns, the Multivariate Extended Wold Decomposition (MEWD), which is
persistence-based.

The standard approach to multivariate time series modelling considers matrix co-
efficients as a mere collection of sensitivities of the variables x;, with respect to each
shock €;;. Indeed, such matrices are not supposed to embody the projection mean-
ing which is, actually, the distinctive feature of ordinary least squares in univariate
modelling. Hence, we propose a new way to generalize one-dimensional time series to
multidimensional ones, while keeping this meaning. Specifically, we replace the vector
space R of the coefficients of univariate time series with the algebra A of m x m matri-
ces. Accordingly, we substitute the vector space of square-integrable variables x; with
the A-module H, in which matrices play the role of coefficients. Finally, we endow H
with an inner product, with values in A, which generalizes the inner product in LZ.
Such a structure is a Hilbert A-module (see the recent Cerreia-Vioglio, Maccheroni and
Marinacci [10]).5

In Hilbert A-modules, orthogonality and projections on closed submodules are de-
fined. These notions allow us to describe two orthogonal decompositions of H. First,
we provide a brief summary of the MCWD, then we focus on the MEWD, which dis-

2A comprehensive treatment of VAR processes is contained in Liitkepohl [19]. Financial applica-
tions can be found in Barberis [3] and Campbell and Viceira [9].
3Sims [23] provides a deep discussion about this topic. Relevant applications to monetary and

fiscal policy can be found in Bernanke and Mihov [4] and Blanchard and Perotti [8] respectively.
4Cross-spectrum and squared coherency are, indeed, used to quantify the linear association between

single time series in a vectorial process. See, for example, Brockwell and Davis [6].
5The application of Hilbert module in the economic theory is not a novelty. For instance, a

pioneering use of Hilbert modules goes back to Hansen and Richard [16], who exploited this structure

to formalize the effect of conditional information in intertemporal asset pricing models.



entangles heterogeneous layers of persistence from a vectorial process. The latter is
a generalization of the univariate Extended Wold Decomposition of Ortu, Severino,
Tamoni and Tebaldi [20]. The instrument to derive both the decompositions is the
Abstract Wold Theorem for self-dual Hilbert A-modules, that we state and prove.®
The next subsection introduces the Hilbert A-module framework in which we embed
multivariate weakly stationary processes and it provides a quick overview of the main
results. Section 2 revisits the MCWD and provides a proof by employing the Abstract
Wold Theorem for Hilbert A-modules. Section 3 states and proves the MEWD for
weakly stationary vectorial processes. We describe some applications of the latter in
Section 4. In particular we analyse Blanchard and Quah [7] model about demand
and supply influence on GNP and unemployment from the perspective of persistence.
Appendix A contains the main definitions and results about Hilbert A-modules (in
particular, the Abstract Wold Theorem), while Appendices C and D include all the

proofs.

1.1 Summary of main results

Given a probability space (2, F,P), we consider the vector space L?(R™, 2, F P) of
measurable square-integrable random vectors z that take value in R™.” We build
on L*(R™,Q,F,P) the structure of Hilbert A-module and we denote it by H.® In

R™*™ of real m X m matrices. The outer

particular, we consider the algebra A =
product Ax H — H is the standard matrix-by-vector product. This operation makes
H an A-module.® Then, we define the A-valued inner product ( , )y : H x H — A

that associates any x = [z1,...,Zm] ¥ = [Y1,...,Ym] € H with the matrix

(r,y)n =Elzy] = {Elziyl}, o, .-
(, )m satisfies the usual properties of inner products. In addition,

(@, 2)g = E[za'] = {E [ziz;]}

ij=1,...m

is the covariance matrix of z, which is symmetric and positive semidefinite.

It is useful to define the trace functional ¢ : A — R by setting, for any matrix a,

m

p(a) = Tr(a) = Y _ ai.

=1

6See Theorem 7 in Appendix A.

"For any i = 1,...,m the random variable x; belongs to L?(Q, F,P).

8 All details are collected in Appendix A.

9Note that the natural structure of real vector space of H is kept because of the relation

Ax = (M)zx Ve e H MNeR,

where [ is the identity matrix.



Indeed, H is a Hilbert space with the inner product (, )z : H x H — R defined by

m

(@,9)e =@ (z,9)n) = Te (E[zy]) = > Elwy]  Ve,yeH

=1

since (, ) coincides with the usual inner product of L? (R™). The associated norm is
| lg : H — [0, 4+00) such that

l2lle = £/ (2, 2)p = V/Tr (E [z2]) =

Y E[2}] VzeH
=1

As A is finite dimensional, the norm || ||z : H — [0, +00) defined by

lella = Ve, 2)ulla = VIE[z2]la - Ve e H

is equivalent to || [|.'° In particular, ||z||# = v/Amaz, Where Apa. is the largest eigen-
value of the covariance matrix of z, i.e. the one associated with the Principal Compo-
nent of E [z2’] that explains the most variance.!’ Proposition 13 in Appendix B shows
that H is a Hilbert A-module, i.e. it is complete. Since A is finite dimensional, it
follows that H is self-dual, as proved by Theorem 6 in Appendix A.

Now consider a multivariate process x = {x; }1ez such that ; = [x14,..., 2] € H
for all t € Z. Assume that x is weakly stationary and, without loss of generality, that
it has zero mean. The autocovariance function I' : Z — A associates any integer n
with the matrix I',, = [v; j(n)]

L with
i,j=1,...m

%‘,j(n) = Cov (xz',ta xj,t+n> =K [xi,txj,tJrn] .

If I', = 0 for any n # 0, we are facing a multivariate white noise, which displays
unit variance when I'y is the identity matrix. In this case, the single time series of
the multivariate white noise are uncorrelated. In general, the covariance matrix I'y
of x is symmetric and positive semidefinite. We will also suppose that I'y is positive
definite (hence it has a positive definite square root'?), a requirement that parallels the

reqularity assumption in the univariate case.'?

0Here ||||4 denotes the operator norm of matrices. As for the equivalence, see Proposition 6 in

Appendix A.
HTn case any z; is uncorrelated with any xj with ¢ # j, the covariance matrix E [zz'] is diagonal

and so ||z|| g = /max;—1,_m E[27].

12To avoid irrelevant complications in the theory sections, we will use square root matrices for
factorizing covariance matrices. Anyway, our results do not depend on the way the covariance matrix
is factorized. For instance, the Cholesky decomposition can be employed too, without affecting the

conclusions.
13See Bierens [5].



Wold-type decompositions of one-dimensional processes follow from the Abstract
Wold Theorem, a functional analytical result that allows to orthogonally decompose
Hilbert spaces by using isometric operators.'* Indeed, this theorem applies to the
Hilbert space generated by the past realizations of a weakly stationary univariate time
series x = {z;}, so that any x, turns out to be the sum of uncorrelated variables (the
so-called innovations). For example, the Classical Wold Decomposition'® obtains when
the isometry is the lag operator. On the other hand, other choices for the isometry are
possible. For instance, Ortu, Severino, Tamoni and Tebaldi [20] derive a persistence-
based decomposition (named Extended Wold Decomposition) by exploiting the scaling
operator.

In order to address the decomposition of multidimensional processes, we provide a
generalization of the Abstract Wold Theorem for self-dual Hilbert A-modules. Orthog-
onality in Hilbert A-modules mimics the same definition in Hilbert spaces, provided
that the inner product ( , )y is employed.’® Hence, two elements z,y € H are or-
thogonal when any x; is uncorrelated with any y; for all 4,5 = 1,...,m. Similarly to
the Hilbert space case, the theorem requires a Hilbert A-module H and an isometry!”
T : H— H and it delivers the orthogonal decomposition H = H @ H, where

H:ﬁT”(H), ﬁ:éT"(L).

L =T (H)", namely the orthogonal complement of T'(H), is called wandering submod-
ule and it is uniquely determined by 7. The submodule H contains the orthogonal
innovations obtained by iteratively applying the isometry 7" to L, while H is an invari-
ant submodule.!8

The MCWD obtains when we consider the Hilbert submodule H;(x) of H spanned

by the vectorial sequence {z; },cy,, i-€-
+00 +oo 400
Ht(X) =cl {Z QpTi_ @ A € A, Z Z Tr (akf‘k,ha}b) < +OO} ,19
k=0 k=0 h=0

and the lag operator L, that maps any generator y - axx;—x of Hy(X) into Y, apZ—1—g-

The submodule H delivers the purely deterministic term in the decomposition, while

14See Sz.-Nagy, Foias, Bercovici and Kérchy [24] as a reference.
15See, for instance, Brockwell and Davis [6] or the original work of Wold [26].

6Any z,y € H are orthogonal when (z,y)y is the null matrix, i.e. E[z;y;] = 0 for any i,j =
1,...,m.

1"The operator T : H — H is an isometry in case it is A-linear and (T (z),T (y)); = (z,y), for
all z,y € H.

18See Theorem 7 in Appendix A for the precise statement and the proof of the Abstract Wold

Theorem for self-dual Hilbert A-modules.
9See Appendix B for details.



the wandering submodule is spanned by the vector x; — PHtfl(x)xt.QO The normaliza-
tion of such vector produces the multivariate classical Wold innovation (or fundamental
innovation) ;.

The MEWD, instead, comes from the application of the Abstract Wold Theorem
to a different submodule of H. Indeed, we consider the A-module H;(e) generated by

the sequence of fundamental innovations {&; n},cy,, namely
+oo +oo
Hi(e) = {Z are_p :  ap € A, ZTI (aray,) < +oo} )
k=0 k=0

As isometry, we employ the scaling operator R : H;(e) — H,;(g) such that

—+00 —+00 a
k
R: E apEo— E —= (et—ok + Et—20-1) -
k=0 k=0 V2

The wandering submodule associated to R is spanned by the multivariate details at
scale 1, namely 5151_)&]. = (4—op + €1—26—1) /V2, with k € Ny. Accordingly, the submod-
ules R7(L) are generated by the details at scale j

; 1
€£J_)kgj = N Z Et—k2i—i — Z Et—k2i—2i-1— | » k € No.

Each vector of shocks EEJ;)W has half-life in the interval [277! 27) and so its degree
of persistence rises with the scale j. Moreover, the invariant submodule is null. As
a result, any z; € H;(e) decomposes into an infinite sum of (multivariate) persistent

components gt(j ) associated with different scales:

—+o00 “+o00
=Y g’ g => "2 Vi€EN.
j=1 k=0

A fundamental outcome of the Abstract Wold Theorem for Hilbert A-modules is that
the components gt(j) are orthogonal and so any spurious correlation within layers of
persistence is ruled out. The matrices ﬁ,ij ), that we call (multivariate) multiscale im-
pulse responses are, then, precisely associated with the scale j and the time shift k27
Moreover, each entry (p,q) of ﬁ,gj ) quantifies the sensitivity of the variable z,, with
respect to the g-th source of randomness in the vector of shocks, at the specific level
of persistence j and time lag k2.

Different scales may capture diverse reactions with respect to shocks with specific
persistence, that are not recognizable in the classical impulse responses. This is the
case, for instance, of Blanchard and Quah bivariate model of GNP and unemployment,

that we inspect in Section 4.2.

20P, sz, denotes the orthogonal projection of z; on the closed submodule M.
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2 The Multivariate Classical Wold Decomposition

The Multivariate Wold Decomposition Theorem allows to decompose a zero-mean reg-
ular weakly stationary vectorial process x into the infinite sum of uncorrelated multi-
variate innovations that occur at different times. Although a proof of this result can
be found in Rozanov [22], we show how to derive this decomposition by applying the
Abstract Wold Theorem for self-dual Hilbert A-modules.

Given a zero-mean weakly stationary vectorial process x = {z;},.,, we consider the

Hilbert submodule of H spanned by the vectors x;_,, with n € Ny, namely

—+o00 +oo 400
Hi(x) = cl {Z apTip :  ap € A, ZZTr (apTp_nay) < —l—oo} =

k=0 k=0 h=0
Definition 1 We call lag operator the operator L : H;(x) — Hy(x) that acts on

generators of Hi(x) as

“+o00 “+o00
L: E gy E ApTi—_1— k-
k=0 k=0

L is A-linear and bounded, hence it can be extended to H;(x) with continuity.??
Moreover, L is isometric on H(x).23

In order to apply the Abstract Wold Theorem for Hilbert A-modules, we have
to determine the images of H;(x) through the powers of the operator L, and the
wandering submodule. Recall that, in a self-dual Hilbert A-module, the image of a
closed submodule through an isometry is a closed submodule, too.2* By exploiting this
fact, we find that L/H;(x) = H,—;j(x) for any j € N.%

Then, we show that the A-module H;(x) can be decomposed into the direct sum?®
Hi(x) = H—1(x) @ span {xt - PHt_l(x)xt} )
In other words, the wandering submodule associated with the lag operator is

Ly = span {z; — Py, ()Tt} -

We say that x is reqular when, for any t € Z, <xt — PH,_1 ()T, Tt — PHtfl(x)xQH is
a symmetric positive definite matrix. Hence, there exists a symmetric positive definite

square root matrix S such that

<5Ct - PHtfl(x)xta Ty — P’Htil(x)xt>H =S58.

21See Appendix B for details.

22Gee Proposition 15 in Appendix C.
23See Proposition 16 in Appendix C.
24See Lemma 2 in Appendix A.
25See Proposition 17 in Appendix C.
26See Proposition 18 in Appendix C.



As S is invertible, we define the fundamental innovation process € = {4}, by
&t = Sil (th — P’Ht,l(x)xt) s teZ.

€ is a unit variance white noise, that is its components are uncorrelated.?”
Lemma 4 in Appendix C shows that the lag and the projection operator commute:

for any k, 7 € Ny,
LjPHtfkfl(x)xt_k = PHtfkfjfl(x)xt_k_j'

This result ensures that the covariance matrix of @, — Py, (x)¥; is actually not depen-
dent on the time index ¢t € Z and that, for any j € N,

Ljﬁf = span {xt,j — PHt_j_l(x)a:t,j} )

We are now ready to apply the Abstract Wold Theorem to the Hilbert A-module H;(x)
with the isometry L.

Theorem 1 The Hilbert A-module H(x) decomposes into the orthogonal sum

where
) “+o0o ~ “+oo
Hi(x) = m Hi—j(x), Hi(x) = EB span {@y—; — Pr,_, 1 (x)Tt—j } -
=0 =0

Proof. See Appendix C |
The application to zero-mean regular weakly stationary vectorial processes is now

straightforward.

Theorem 2 (Multivariate Classical Wold Decomposition) Let x = {z;}1ez be
a zero-mean reqular weakly stationary m-dimensional process. Then, for anyt € Z, x;

decomposes as
“+o0o
Ty = E QpEt—k + Vi,
k=0
where the equality is in norm and

i) € = {ethez is a unit variance m-dimensional white noise;

2"Indeed,

<6t7€t>H = [Etfg] = 571 <1‘t - ,PHt,l(x)ztaxt - PHt—l(X)xt>H (Sil)/ = 57185571 =1.



i1) for any k € Ny, the m x m matrices ay, do not depend on t,

+oo
o = E [z4e] ] and Z Tr (o) < +00;
k=0

i11) v = {V }ez 18 a zero-mean weakly stationary m-dimensional process,

+o00

v € ﬂ Hi—j(x) and  E[ne,_,] =0 Vke N
=0
iv)
+o0o +o0o
I/tECl{Zath_h € ﬂHt_j(X) : aheA}.
h=1 j=1
Proof. See Appendix C |

The random vector Zzozo ey 1s referred to as the non-deterministic component,
while v constitutes the (predictable) deterministic component of x. If v is the null
vector, we call the process x purely non-deterministic. Similarly, we say that x is
purely deterministic if the non-deterministic component is zero.

The main contribution of the approach that we followed so far is that the mul-
tivariate impulse responses «y, are fully characterized by the projection on Hilbert
submodules. This feature generalizes the OLS methodology employed in the univari-
ate case®® and shows that the multivariate impulse responses are not only a collection of
one-dimensional impulse responses, computed entry by entry. Indeed, each projection
matrix a; minimizes the distance of the outcome z; from the submodule generated by
the vectorial innovation &;_y,.

This construction naturally delivers vectors of innovations composed by univariate
sources of randomness that are uncorrelated within them. Indeed, € is a unit variance
m-dimensional white noise. This property opens the door to the big issue of identifying

structural univariate shocks in vectorial processes.

3 The Multivariate Extended Wold Decomposition

The aim of this section is to generalize the Extended Wold Decomposition for weakly
stationary time series (see Ortu, Severino, Tamoni and Tebaldi [20]) to multidimen-
sional processes. Differently from the univariate case, in which Hilbert space techniques

are employed, we embed multivariate processes in a Hilbert A-module framework.

28Indeed, we are actually treating multivariate multiple regressions.



Let € = {&/},c, be a unit variance m-dimensional white noise and consider the
Hilbert submodule of H generated by the sequence of ¢;_,, with n € Ny, that is

+oo +oo
Hi(e) = {Z apsi—k :  ap € A, ZTI" (agay) < +oo} )

k=0 k=0

We define the scaling operator R : Hy(e) — Hy(g) as follows?

oo —+oco oo
ay aLk)
R: E agEi—p E —= (et—ok + E4—0k—1) = E ik
k=0 k=0 V2 k=0 V2

The scaling operator is well-defined, A-linear and isometric on H;(g).3°

We first show the orthogonal decomposition of H,(g), obtained by applying the
Abstract Wold Theorem for self-dual Hilbert A-modules with R as isometry. Then we
derive the MEWD of a vectorial time series x = {¢},., with fundamental innovations

given by €.

3.1 The orthogonal decomposition of H;(¢) induced by R

Before entering the details of the decomposition induced by the scaling operator, we

define the multivariate detail process at scale 1, denoted by e = {egl)} , where
tez

(1) €t — &1

€ Y
' V2

Each 5%1) has zero mean and unit variance.?! In general, we define the detail process at

teZ.

scale j in the following way.

Definition 2 For any j € N, we call detail process at scale j the vectorial process
el = {ggj)} where
tez

29| .| denotes the floor function, that associates any ¢ € R with the integer |¢| = max{n € Z : n < c}.
30See Proposition 19 in Appendix D.
31Indeed,

1
E [Egl)gﬁl)/} — §E [(Et - €t—1) (5; — E;_l)]

1
=5 {E[ese}] — E [esei_q] —Elee—16)) + E [er—167_4] }

1
=gl-0-o0+1p=1

10



At any scale j, we consider the subseries of €(9) defined on the support Sfj ) = {t—k27 :

k € Z} in order to avoid overlap among the vectors egj ). The vectors eg@m,

exhibit a dual nature depending on the support on which they are considered. Indeed,

in fact,

the process €9 is an M A(27 — 1) with respect to the fundamental innovations of x.
()

Therefore, some spurious correlation is present between the vectors g,”,,; and 5(T‘7_)

k27
with [t — 7| < 27 — 1. Nevertheless, each subseries {ei{)mj }keZ is a unit variance white
noise on the support S 32

Now we want to determine the invariant submodule H,(e) that arises when the
Abstract Wold Theorem is applied on H;(g) with isometry R. The definition of the
scaling operator ensures that the submodule RH;(e) is made of those linear combi-
nations of the multivariate innovations ¢, that have the (matrix) coefficients equal to

each others 2-by-2, that is

+oo
RHt<€) = {Z C](Cl) (éTt_Qk + 5t—2k—1> € Ht(é') . C,(:) S A} .

k=0

The same line of reasoning shows that, for any j € N, the submodules R7H; (&) consist
of the linear combinations of the vectors ; with (matrix) coefficients equal to each
others 27-by-27:

+00 201
Rth<€) = Z C](CJ) Z Et—k2i—i c Ht(€> : C,(g) S A .33
k=0 =0

It follows that the intersection of all submodules R/H,(€) contains only the zero ele-
ment, that is H,(e) is the null submodule: H,(e) = {0}.

We now focus on the submodule ﬂt(s). The wandering submodule £} associated
with R is the orthogonal complement of RH;(e) in H,(g), namely RH,;(e)*. As R is
linear and bounded, such submodule coincides with the kernel of its adjoint operator,
therefore .

LR = {Z bVetly, € Hile) b € A} ks
k=0
Hence, LR is the submodule of H;(e) that contains all infinite moving averages

driven by the detail process at scale 1 on the support St(l). More generally, for each j €

32Gee Proposition 20 in Appendix D.
33Note that the isometric operator R/ acts on the elements of H;(e) as

+00 +00 a 271
R/ : Z@k&s—k — Z 7k Z Et—k2i—i | -
k=0 = V2 \ S0
34Gee Proposition 10 in Appendix A and Proposition 21 in Appendix D.

11



N, the image of LR through the powers of the scaling operator R7~! is the submodule
RIILR {Z WD e B e A}
k=0

In sum, the submodules R/~*LR consist of all infinite moving averages with innovations
given by the detail process at scale j on the support St(] ),
We have now all the instruments to state the orthogonal decomposition of H;(¢)

induced by the scaling operator.

Theorem 3 The Hilbert A-module H;(e) decomposes into the orthogonal sum

+oo
Hi(e) = PRI'LE,
j=1
where .
R/ILR = {Z 0V e He): b e A} .
k=0
Proof. See Appendix D [ |

3.2 The Multivariate Extended Wold Decomposition of z;

Given a purely non-deterministic process x, the MCWD ensures that x; belongs to
H,(g), where g; is the fundamental innovation of x;. As a result, the orthogonal
decomposition of the A-module H;(e) induces a decomposition of x;. Indeed, there

exists a sequence { gt(j )} of random vectors such that
jEN

+oo
Ty = th(J)a (1)
j=1

where each gt(j )is the orthogonal projection of z; on R"!LR in the sense of A-modules.

Definition 3 We call persistent component at scale j the orthogonal projection of x;

on the submodule R?"'LE of H;(€) and we denote it by glfj).
Of course, given t, the components g,gj ) are orthogonal to each others. Moreover, each
¢ belongs to RI"1LR and so

“+00
ggj) = Z ﬁlgj)sii)kzj
k=0

35See Proposition 22 in Appendix D.
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where the m x m matrices ﬁ,(j ) satisfy
S0 = (39507 < oo
k=0 5 k=0

@
Each ﬁ,gj ) is the matrix obtained by projecting x; on the submodule generated by the

detail Eg)mj, that is

. . : /
51?) = (1, 5§j—)kz2j>H =E [xtgij—)kzj ] :
By writing the explicit expression of gﬁj ) into (1), we obtain the Multivariate Extended

Wold Decomposition of x;.

Definition 4 We call Multivariate Extended Wold Decomposition of x; the decompo-

sitton
400 4o
_ (4) .(4)
Ty = Z Zﬁk Ct—koi
=1 k=0

Moreover, we call the matrix ﬁ,gj ) the (multivariate) multiscale impulse response func-

tion associated to the innovation at scale j and time translation k27 .

Since the details at different scales can be expressed in terms of the fundamental in-
novations ¢;, the MEWD and the MCWD exploit the same structure of shocks. Hence,
we can retrieve the matrices ﬁ,(f ) from the matrices ayp, of the MCWD. Furthermore,
the matrices ﬁ,gj ) are independent of the time index ¢.

Proposition 1 For any 7 € N, k € Ny,

2i-1-1 2i-1-1

) 1
_ Z&.,_Z@A;l.
ﬁk - k27 +i k29427144 | »
2] 1=0 1=0

hence ﬂ,gj) does not depend on t. In addition, limy_ B,(cj) =0 for any j € N.

Proof. See Appendix D [ |

Note that an orthogonal decomposition of H;(e) into a finite number of submodules
is also possible. Indeed, H;(e) = RH;(e) ® LR and, by iteratively applying the scaling
operator, we find:

J
Hi(e) = R'Hi(e) o P RI'LE.
j=1

We call residual component at scale j the orthogonal projection of x; on the submodule

R/H, () and we denote it by 7. This random vector has the following expression3®

291

+o00
Wt(]) = Z%E;j) Z Et—k2i—i | »
k=0 i=0

36See the proof of Proposition 1.
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where each matrix 7,(; ) satisfies

‘ 1 291
%(cj) =9 Z Qg2i +i
i=0

As a result, a MEWD of z; holds both in the finite case, i.e. when a maximum scale

J is chosen, and in the infinite one:

J ‘ 400 ‘
xtzwt(‘])jLZgy) or xt:th(]).
=1 =1

Specifically, the residual components 7r§j ) and the persistent components gt(j ) have the

following expressions:

+00 1 27 -1 271
(4) _ - _ .
= 5 QL2 Et—k2i—i | »
k=0 i=0 i=0

21—11 21—1_1

—+o0
) _ 1 | - ()
9 = \/2_3 Op2i4i — Op2i 425144 | €, pos
k=0 i=0 i=0

Theorem 4 (Multivariate Extended Wold Decomposition) Letx be a zero-mean,

weakly stationary purely non-deterministic m-dimensional process. Then x; decomposes
as

e () ()
w=2_ 0 Bl
j=1 k=0

where the equality is in norm and

i) for any fized j € N, the m-dimensional process €9 = {E,Ej)} is an MA(29 —1)
tez

with respect to the classical Wold innovations of x:

20-1_1 21-1_1
o _ 1 o ‘
& = . Et—i Ep—2i—1—
2 - -
=0 1=0
and 5(] ) 18 a unit variance white noise;
t—k2 keZ ’

i1) for any j € N, k € Ny, the m x m matrices ﬁ,(j) are unique and they satisfy

2i-1-1 2i-1-1

.
= — E Qpoji; — E Qlroj19i—1 1
ﬁk - k2741 k27 421—144 )
V2 i=0 i=0

hence they do not depend ont and ) ;- ,Tr ( ,gj)ﬁ,gj)/> < 400 for any j € N;

14



iii) letting
+o0
ggj) = Zﬁlgj)gii)kzm
k=0

then, for any j,l € N,p,q,t € Z, E [g,fj_')pggl_)q/} depends at most on j,l,p — q.

Moreover,

9t—m2i9t—n2t

Proof. See Appendix D [ |

According to i), when t is fixed, the orthogonality among persistent components
j !

zfi)mQj and gt(—)nZZ’
proportional to 27 and 2! respectively. What we can say in general is that the covariance
matrix between gfj, )p and g,gl,)q depends at most on the scales j,1 and on the difference
p—q

By the MEWD we decompose a zero-mean, purely non-deterministic vectorial pro-
cess into the sum of orthogonal components gfj ) associated with the level of persistence
j. Each vector g has innovations on a grid SY) = {t — k2 : k€ Z} with time

involves all the shifted vectors g for any m,n € Z, with time translation

interval between two indices proportional to 2. When the scale j increases, the sup-
port Slfj ) becomes sparser and the degree of persistence of innovations rises. In case
a multivariate multiscale impulse response ﬁ,ﬁj ) is significantly different from the null
matrix, with high j, we are facing a low-frequency component, that affects the process
in the long run.

Although the innovations of the components have support St(j ), the variables g,gj )
are defined for every t € Z. In particular, given two different time indices ¢t and 7 with
|t — 7| < 27 — 1, the innovations of gt(j ) and g&j ) belong to the different grids St(j ) and
SY), Notwithstanding, gt(j ) and ggj ) share the same matrix coefficients ﬁ,gj ), hence we
are handling 2/ versions of the same process (in norm). According to the time index ¢
we choose, we pick up one of these versions, namely the one with support Sfj ). Such a
structure stems from the weak stationarity of the process x.

Note that the MEWD properly generalizes the one-dimensional Extended Wold
Decomposition of Ortu, Severino, Tamoni and Tebaldi [20]. Indeed, in case the matrix
coefficients ay, are diagonal, any entry x;, depends only on the innovations ¢;; and it

satisfies the univariate Classical Wold Decomposition
+oo

Tit = E ah(i7 i)Ei,t—h-
h=0

Accordingly, the multiscale impulse responses ﬁ,ij ) are diagonal matrices too and the
MEWD delivers

400 400
:Ei,t = Z Z ﬁ](g]) <Z7 i)egt)_ky'?
7j=1 k=0
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where
2i—1_1 2i—1_1

N 1
/6]5:.7)(@72) Iy Z O[]C2j+p Z Z Z ak23+21 1+p Z Z) y

as prescribed by the univariate Extended Wold Decomposition.

A justification of the fact that the iterated application of R increases persistence is
due to spectral analysis consideration and it is developed in detail in Ortu, Severino,
Tamoni and Tebaldi [20] for the univariate case.

Finally, we built the MEWD of x; as a refinement of the MCWD, where € is
precisely the process of fundamental innovations of x. Nonetheless, such persistence-
based decomposition holds also in case € is any unit variance white noise that allows
a moving average representation of x;. In addition, in case € has a positive definite
covariance matrix X, then ¥ = 5§ for some symmetric positive definite S € A. Then,
n, = S~ e, defines a unit variance white noise and the MCWD and the MEWD become

respectively,

—+o00 —+00 +oo

_§:~ _}:}:”(j)

- ahnt—h; Ty = 5]4 nt—fh
h=0 7j=1 k=0

where aj, = ;S and B,gj) = ﬁ,(gj)S.

We now address the MEWD from the converse point of view. Suppose that the
dynamics at all time scales are given. We are interested in rebuilding the vectorial
process X = {Z;},.; obtained by summing up such components. In order to make the
sum feasible, we assume a common innovation process € = {&;},.,. This allows us to

define at each scale j € N the detail process ) = {5? )} as
tez

2i-1-1 2i-11

zE]) = \/% ; Et—i — ; Ep_9i-1_;

Then, at any scale j we consider the processes gl = { gfj )} defined by
tez

—+00
B =3 gD,
k=0

where ﬁ,ij ) are matrices in A. Although each gV is a moving average with respect to

the innovations {5?_) W} the variables gt(j ) are defined for every t € Z. The process
keZ

x obtained by the summation of all glfj ) has the following properties.
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Theorem 5 Let € = {&;},., be a unit variance m-dimensional white noise process.

For any j € N, define the detail process €@ = {5@} as
tez

27-1-1 20-11

; 1
Ez(fj) - E Zz:; Et—iq — ; Et_2i-1_4

and consider a vectorial process g = {gt(j)} such that
teZ

“+00 “+oo 400
. . . . N/
g =3 B0, M3 (4080) < +oc
k=0 7j=1 k=0

Then, the vectorial process x = {4}, defined by

+oo
0=
j=1

18 zero-mean, weakly stationary purely non-deterministic and

where, for any h € Ny,

and

WO (h) = -1 if 2{{%e{h—2{+1,...,h—2ﬂ'—1},
1 if 2|2 e{h—27""+1,... h}.

Theorem 5 provides the moving average representation of the aggregated process
x with respect to the underlying innovations e. If, in addition, the shocks ¢; coincide
with the classical Wold innovations of x, we exactly retrieve the MCWD of x; form its
MEWD.

4 Applications

To put the MEWD into practice we first compute the multiscale impulse responses
of weakly stationary VAR(1) and VARMA(1,1) processes. Then, in Section 4.2, we

analyse the persistent dynamics of Blanchard and Quah [7] bivariate process.
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4.1 The MEWD of VAR(1) and VARMA(1,1) processes

Consider a weakly stationary purely non-deterministic vectorial ARM A(1,1) process,
or simply VARMA(1,1), x = {z}1ecz defined by

Ty = pri_y + & + e,

where p,0 € A, p+ 6 # 0 and € = {e}4cz is a multivariate unit variance white noise.
The stationarity condition that we assume is ||p||, < 1.>” Later, by setting § = 0 we
will retrieve a VAR(1) process as a special case.

By using the lag operator L, we can rewrite the previous equation as

Since ||p|| 4 < 1, the operator 3°5°, (pL)" is well-defined.?® Moreover,

+oo

(I—pL)Y (pL)' =1

=0

and so the operator (I — pL) is invertible with 37°, (L)' as inverse. This enables us

to determine the moving average representation of z;. In fact,

+oo +oo
xy = (I —pL) (I +0L)ey = &y + Z P (p+0)e = Z QREt—p,

=1 h=0

1 ith=o0,
ap =
" "o +0) if h > 1.

where we define

We now employ Proposition 1 for the computation of multiscale impulse responses.

Fixed a scale j € N, we obtain

= {1 (12 ) (0 0)

and, for any k € N,

(j)_i o1 it 2 oisa

37Recall that ||p]|% = Amaz (p'p) is the largest eigenvalue of the positive semidefinite matrix p’p. In
pll% o'p gest eig o'p

the literature, other assumptions are also considered, for instance stability (see Liitkepohl [19]).
38Tndeed,

—+oo

> (pL)’

=0

“+oo

—+o0 +oo —+o0
l l l l l
<[y < S nemi < 3 ol I = Y- el < +oo.
=0 =0 =0

=0

18



By setting # = 0 we find the multiscale impulse responses for a VAR(1). In

particular, for any k € Ny, the matrix coefficients ﬁ,gj ) turn out to be

() _ L([_p)*l ([ . pzj—1)2pk2j
k \/2—] :

As an example, consider a weakly stationary bivariate VAR(1) process with z; =

/ ! . . . .
[Ye, 2|, €0 = [ug, v¢] as unit variance white noise and

_—ab
p_Cd’

E ]+

For any 7 € N and k € Ny, the multiscale impulse responses ﬂ,gj ) turns out to be
k27

a b

c d '

As in Blanchard and Quah [7], we take into account a zero-mean weakly stationary

that is

" 1 1—d b ] (, [as]" 2
g _ﬁ[(l—a)(l—d)—bc][—c 1—(1] ! L d]

4.2 Blanchard and Quah model

purely non-deterministic bivariate time series x = {x,},., such that

Ty = Z QREL—h, ap € A (2)

where & = {¢;},., is a unit variance bivariate with noise, A = R? x R? and the matrix

coefficients satisfy the long-run restriction

+o0o
> an(1,1)=0.
h=0

x; is supposed to have also the M A representation

+o0

Ty = Zchnt—h; cp € A, (3)

h=0

where 1 = {1}, is a bivariate with noise with covariance matrix 2. The latter is the
usual formulation obtained by estimating the time series parameters from the data.

Specifically, we first estimate an autoregressive form for x;, that is
N
mt:Zbkl't*k_‘_nt’ N e N.
k=1
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The matrix € is obtained from the covariance matrix of the residuals in this multivariate

regression. Then, the autoregressive form implies that

N +oo +o00 n—1
Ty =+ Z by, Z ChMi—k—h = M + Z Z bn—nCh | Mt—n-
k=1 h=0 n=1 \ h=max{n—N,0}
Therefore,
n—1
co =1, Cp = Z bp—nc,, ¥Yn € N.

h=max{n—N,0}

The M A representations (2) and (3) of x; are related by
nt = &y, ap = CpQy,

where the matrix «y is such that Q = aga. However, many choices for o are possible
since the factorization of € provides just three conditions for the identification of ay.
The long-run restriction is the fourth requirement that guarantees the identification
(up to a sign restriction). Indeed, there exists a unique lower triangular matrix s,
obtained by the Cholesky factorization, such that 2 = ss’. Any «aq such that 2 = agey
is an orthonormal transformation of s, namely ag = s’ with r € A orthonormal. The
long-run restriction and the sign restrictions r(1,2) < 0, 7(2,1) > 0 imply that r is
uniquely determined by

1 v 1
r=—
V2 +1 -1 ¢
with -
9 = 3<2’2) tho Ch(1>2)

sl + s(2,1) Ty en(1,2)

In Blanchard and Quah x; = [y, 2], where y; is the first-difference process of log
real GNP (or output growth) and z; is the seasonally adjusted unemployment rate for
males aged more than 20. Data are taken quarterly and they span from 1950 : ()2
to 1987 : Q4. The maximum autoregressive lag N is chosen equal to 8. To reduce
non-stationarity, the unemployment rate is linearly detrended while the output growth
is demeaned by splitting the sample in two parts: before and after 1973 : Q4. The
multivariate innovation ¢, = [ut,vt]' consists of the demand shock u; and the supply
shock v;. The impulse responses of output are obtained by cumulating the impulse
responses of output growth. They are plotted together with unemployment rate impulse
responses in Figure 1, which reproduces Figures 1 and 2 in Blanchard and Quah [7].
The impulse responses of output with respect to u;, converge to zero in the long term as a
consequence of the long-run restriction imposed from the beginning. This phenomenon,

however, is not present in the impulse responses of GNP with respect to v;. For this

20



IRFs o demand shocks

cumulated a{1,1)
s al21)

bt T
LN
LE I ™
O e e o L A N R = bk o L o B b R T N N e s s s T T

[ ]
05| -'..
’ bl T | | | | | | | | | |
10 20 30 40 a0 60 7o 8O a0 100
lags
IRFs to supply shocks
-
08 |- .'I ... s cumulated a{1,2)
ey & al2?
. '-oo.ooo.-..
06 — LA R Y N N N N R R N R N R N R N R R N N R R P RN R R N R R N RN RPN R R RN RN RN R NN
]
P
- .
[ ]
ozg—®
-
]
1) ety . R e i e b e e et h el h et o b L
]
bl X Rt | | | | | | | | |
10 20 a0 40 50 &0 70 &0 a0 100

lags

Figure 1: Impulse response functions of output (in blue) and unemployment rate (in red) with respect to demand or supply shocks.
See Figures 1 and 2 in Blanchard and Quah [7].



reason, the demand shock w; is associated with a transitory effect, while the supply
disturbance v; has a permanent impact on output.

In fact, Blanchard and Quah’s result is mainly the following. Demand shocks have
hump-shaped effects on output and unemployment, with a peak after two or four
quarters. The main discrepancy between the two humps is given by their sign, that are
opposite. Moreover, the impact of u; vanishes after three or five years. The economic
interpretation is that demand disturbances have similar relevant effects on GNP and
employment but, definitively, the subsequent adjustment of prices and wages leads the
economy back to the equilibrium. As for supply shocks, the influence of innovations
v; on output cumulates over time, reaching a peak after two years. Except for the
first quarter, the evolution of GNP is increasing. Then, the output response declines
and stabilizes on a steady level after five years from the initial shock. A different
reaction, instead, characterizes the unemployment rate. Indeed, even if the supply
disturbance is favourable (due for instance to a productivity increase), in the short
term unemployment rises, plausibly because of wage rigidities. After several quarters
unemployment drops and, later, it slowly reverts to the original value. No effect is
present after five years.

Differently from Figure 1, Figure 2 displays the impulse responses of output growth,
together with those of the unemployment rate. We notice a positive impact of demand
innovations on output growth until the second quarter, followed by a negative oscilla-
tory reaction up to roughly three years. Such behaviour of impulse responses reflects
the hump of cumulated responses of GNP. The reactions of output growth to supply
shocks are oscillatory too. Moreover, the response is positive except for the first quar-
ter, captured by the coefficient o4 (1,2), and the third year. This is the counterpart of
output increase of Figure 1, which is not always monotonic.

From the description above, it is apparent that impulse responses do not always
follow definite dynamics. The unclear patterns of responses may hide the superposition
of contemporary contrasting reactions. Therefore, we compute the multiscale impulse
responses ﬁ,ij ) of x; in order to disentangle the effects of demand or supply shocks with
heterogeneous persistence. It comes out that the hump shape and the oscillations of
responses are due to the overlapping of positive and negative reactions at different
scales. The multiscale impulse responses of output growth and unemployment rate at
the scales 7 = 1,2, 3,4 are displayed in Figures 3, 4, 5 and 6 respectively.

To begin with, consider the output growth reaction to demand disturbances. Mul-
tiscale impulse responses at scales 2 and 3 reflect the behaviour of classical impulse
responses, positive in the short term and negative later. However, the negative reac-
tion is negligible at scale 1 and 4, which reveal a favourable feedback from demand

innovations. As a result, the decline of the hump in the responses of GNP is mainly
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Figure 2: Impulse response functions of output growth (in blue) and unemployment rate (in red) with respect to demand or supply
shocks.



due to yearly or biennial shocks occurring at scales 2 and 3 respectively. As for supply
shocks, the influence on output growth at scales 1 and 4 is generally positive, while
at scale 3 it is negative. This means that the reaction on a biennial basis is counter-
productive. In addition, a brake to GNP growth is captured by ﬁ(()Q)(l, 2) and 553)(1, 2).
Hence, the negative reaction explained by a;(1,2) actually starts at the previous quar-
ter and involves annual and biennial innovations. Such effect is actually concealed by
the contemporary positive response quantified by Bél)(l, 2) and 584)(1, 2).

Now we focus on the unemployment rate. Multiscale responses to demand dis-
turbances are generally negative with the exception of ﬁél)(2, 1) and ﬁ(()z)(Q, 1), which
provide evidence for an immediate and temporary positive reaction to biannual and
yearly innovations. On the other hand, the negative coefficient 6(()4)(2, 1) is prevailing
and all the classical impulse responses of unemployment are negative. However, the
short-term positive impact of demand shocks delays the large drop in unemployment
and makes the hump shape arise. As for the impact of supply disturbances, the be-
haviour of multiscale responses reflects that of classical responses, except for ﬁél)(2, 2)
which reveals a temporary mean-reversion.

As a result, the MEWD allows us to disaggregate demand/supply calendar-time
shocks and to quantify the impact of innovations with different persistent levels. The
rigidities advocated by Blanchard and Quah to justify the dynamics of output and
unemployment act differently across scales. Moreover, the shocks 5? ) may be due to
policies of diverse nature according to the scale, from temporary tax-benefits to long-
lasting monetary policy interventions, for instance. Therefore, the fact that the vector
process x comes from the superposition of persistent components with scale-specific
behaviours is useful from the policy maker perspective, too. Indeed, the impact of
the introduction of short, medium or long-term innovations in the economy is easily

quantified. This is the approach formally described by Theorem 5.
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Figure 3: Multiscale impulse response functions of output growth (in blue) and unemployment rate (in red) with respect to demand

or supply shocks at scale 1.
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Figure 4: Multiscale impulse response functions of output growth (in blue) and unemployment rate (in red) with respect to demand
or supply shocks at scale 2.
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5 Conclusion

A wide literature supports the idea that the realizations of economic time series are
actually the outcome of the reaction to contemporary phenomena with heterogeneous
persistence. Daily news and demographic trends are examples at opposite sides of
the spectrum. The situation is even more involved when multivariate processes are
taken into account. Indeed, the diversity of persistence commingles with a collection
of, possibly correlated, sources of randomness. As things stand, we reach our purpose
of eliciting persistent components from vectorial processes by the following plan.

We first revisit the standard treatment of multivariate time series in a Hilbert mod-
ule framework, where the role of matrix coefficient is clarified. We, then, prove the
Abstract Wold Theorem for Hilbert modules that allows us to derive two orthogonal
decompositions of the original process: the well-known Multiscale Classical Wold De-
composition and the persistence-based Multivariate Extended Wold Decomposition.
The latter provides a decomposition into uncorrelated vectorial components that ex-
plain idiosyncratic layers of persistence. Multivariate multiscale impulse responses
quantify the dependence on persistent shocks.

As we saw in the analysis of Blanchard and Quah’s model, the MEWD provides
useful information about the dynamics of multivariate processes. Such information is,
indeed, often unrecognisable when the aggregate process is observed by the lenses of
classical impulse response functions. Hence, we expect our methodology to be fruitful
applied to macroeconomic and financial variables usually modelled by V AR processes.

Further potential applications may involve DSGE models, too.
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A Hilbert A-modules

In this section of the appendix we present a short primer on Hilbert A-modules. The
purpose is twofold: a) to present a uniform and self-contained treatment of the topic, b)
to present results that are key for our theory and we could not find in the literature. We
will mostly focus our attention to the case of A being the algebra of squared matrices,
but we will keep our setting abstract in order to avoid getting lost in useless details.
Hilbert A-modules are nothing else, but a generalization of Hilbert spaces. In
particular, one starts from the observation that the scalar field R in a Hilbert space
can be replaced by an abstract algebra A: for example, the algebra of matrices. All

39 are then kept identical to the ones of the scalar case. Since the seminal

definitions
paper of Kaplansky [17], Hilbert modules have been widely studied in Mathematics. In
Economics instead, Hilbert A-modules were studied and fruitfully used by Hansen and
Richard [16] to prove a conditional version of the fundamental theorem of asset pricing.
Mostly, the mathematical literature focused on complex C*-algebras and developed
very rapidly and in a non systematic/scattered way.“® On the other hand, the real case
received little attention. Particularly, most of the results available have been developed
for algebras that are commutative, which is not our case here. This includes the work
of Hansen and Richard [16], Guo [13], and Cerreia-Vioglio, Maccheroni, Marinacci [10].
One notable exception to this is the paper of Goldstine and Horwitz [12] which deals
with the case we have at hand here: the algebra of squared real matrices.

We conclude by observing that the reader might be tempted to think that Hilbert
A-modules behave exactly like Hilbert spaces. For example, one might think that, as it
is the case for Hilbert spaces, each linear and bounded functional can be represented by
using the (generalized) inner product: the famous Riesz Theorem. Similarly, one could
also think that any closed subspace is automatically complemented. Unfortunately,
this is not the case and much of the truth of these statements depends on both the
properties of A and H.*' In what follows, we will derive both results and, in so doing,
we will highlight what are the connections and differences with the existing literature.

These two results will be instrumental in proving the Abstract Wold Theorem.

A.1 Introduction

Let A be a real C*-algebra with (multiplicative) unit e which is isomorphic to the real
(C*-algebra of bounded operators over a real Hilbert space. We order A with the partial

order induced by the cone of its positive and self-adjoint elements. It follows that A

39See, e.g., Definition 5.
40See also Frank [11].
41 This applies even to the complex case (see Lance [18, p. 7).
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has a (multiplicative) unit e. We next proceed by defining the objects we study in this
paper.

Definition 5 An abelian group (H,+) is an A-module if and only if an outer product
-1 Ax H — H s well defined with the following properties, for each a,b € A and for
each x,y € H:

(1) a-(x+y) =a-v+a-y;
(2) (a+b)-z=a-z+b-z;
(3) a-(b-x) = (ab) - z;

(1) e x=ux.

An A-module is a pre-Hilbert A-module if and only if an inner product { , )y : H x
H — A is well defined with the following properties, for each a € A and for each
x,y,z € H:

(5) (z,2), >0, with equality if and only if = = 0;
(6) (.9} = (Y, 2)ys

(7) (x+y,2)p = (@, 2) g + W 2y

(8) (a-z,y)y = alz,y)y-

For A = R conditions (1)-(4) define vector spaces, while (5)-(8) define pre-Hilbert
spaces. 2

Given a pre-Hilbert A-module, we will show that*3

<:U>y>>;—l <xay>HS H<$7x>HHA <y7y>H vmayeH

where || ||, is the norm of A.
Given an element y € H, note that (, ), induces an operator f : H — A defined

as f (x) = (z,y) with the following properties:

- A-linearity f(a-z+b-y) =af (x)+bf (y) for all a,b € A and for all z,y € H;

- Boundedness There exists M > 0 such that || f ()|, < M |z, x) 4 , for all
r € H.

42We will use Latin letters a, b, ¢ to denote elements of A, Latin letters x, y, z to denote elements of

H, and Greek letters «, 8 to denote elements of R.
43We will adapt the techniques of Raeburn and Williams [21, Lemma 2.5] to the real case.
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In light of this fact, we give the following definition:

Definition 6 Let H be a pre-Hilbert A-module. We say that H is self-dual if and only
if for each f: H — A which is A-linear and bounded there exists y € H such that

f(z)=(x,y)y Vo e H.

A.2 (*-algebras

In our case, we will consider A to be isomorphic to the algebra of bounded operators on
a real Hilbert space H'. In particular, A is a real normed algebra with multiplicative
unit e, we denote by || ||, the norm of A. We denote the norm dual of A by A*. Recall
that A is also a C*-algebra with unit, that is, there exists an involution * : A — A such
that for each a,b € A and o € R

(CL + b)* = a* 4 b*, (Gb>* — b*a*’ (&a)* _ aa*’ and a** — (a*)* —a
The involution also well behaves with the norm, that is,
2 *
|a||}, = |la*all,  Va€ A

The algebra A is also naturally ordered by the order > induced by the closed con-
vex cone of positive elements that are such that a = a*.** We denote by A, =

{a € A:a > 0}. The following useful properties will be very useful in what follows:
L lally = lla*]l 43
2. If a € A, then we have that a*a € Ay;
3. If a > 0, then bab* < ||a|| , bb*;
4. If a > b >0, then |a||, > ||b]] 4;

5. If A is finite dimensional, then there exists a continuous linear functional ¢ :
A — R such that
a>0 = ¢(a) >0
a>0and ¢(a) =0 <= a=0
¢ (a) =@ (a") Va € A
JK > 0 such that ||la||, < @ (a) < K|a| 4 Va > 0.
We will call a continuous and linear functional ¢ that satisfies the first three prop-

erties of point 5. strictly positive. We will call a functional as in point 5 a trace. Since

A, is a closed convex cone, there exists a closed and convex set C' C A* such that

a>b <= ¢(a) > p(b) Vo e C. (4)

41n the real case, the extra requirement a = a* is not redundant.
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A.3 The vector space structure of H

In this section, we will first show that a pre-Hilbert A-module has a natural structure
of vector space. Next, we will show that the Avalued inner product (, ), shares
some of the properties of standard real-valued inner products. In particular, under the
assumption that A admits a strictly positive functional @, we will show that it also
induces a real valued inner product on H, thus making H into a pre-Hilbert space.

We use the outer product - to define a scalar product:

€. RxH — H

(,z) +— (ae) -z

We next show that -¢ makes the abelian group H into a real vector space.
Proposition 2 Let H be an A-module. (H,+,-¢) is a real vector space.

Proof. By assumption, H is an abelian group. For each o, 3 € R and each x,y € H,

we have that
(1) af(z4+y)=ae- (x+y) =(ae) -+ (xe) - y=a-“c+a-°y;
(2) (a+p8)cx=(a+pP)e) -z = (ae+Pe) x=(ae) - x+(fe) - x=a-x+ [ x;
(3) a-(8-“x) = (ae)- ((Be) - x) = ((ae) (Be)) -z = ((af) e) - x = (af) - z;

(4) 1cz=(le)-z=e€-x=u.

From now on, we will often write ax in place of « -¢ x.

Corollary 1 Let H be an A-module. If f: H — A is an A-linear operator, then f is

linear.

Proof. Consider z,y € H and «, 3 € R. We have that

flox+By) = f ((ae) -z + (Be) - y) = (ae) f (z) + (Be) [ (y)
=af (x)+6f(y),

proving the statement. |

Assume A admits a strictly positive functional ¢. Define (, ), : H x H — R by

<£C,y>¢ = @<<x7y>H) Vr,y € H.
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Proposition 3 Let H be a pre-Hilbert A-module. If A admits a strictly positive func-

_ 1S an inner product.

tional @, then ( , ),

Proof. We prove four properties:
a. Consider € H. By assumption, we have that (z,z), > 0. Since ¢ is positive,
it follows that

¢ ({z,2) ) = 0.

(z,2); =
Since ¢ is strictly positive and (z, ), > 0, note also that
o((z,2)y) =0 <= (z,2); =0 < 2 =0.
b. Consider x,y € H. Since ¢ (a) = ¢ (a*) for all a € A, we have that
<ya x)@ = @ (<ya :L‘>H) = @ ((y,ﬂf)}}) = @ (<x7y>H) = <IE, y>¢7
c. Consider x,y,z € H. Since ¢ is linear, we obtain that
= ¢ (=, >H) + oy, 2) ) = (2, 2) 5 + (Y, 2)
d. Consider x,y € H and a € R. Since ¢ is linear, we obtain that
(az,y), = ¢ ({(ae) -z, y)y) = ¢ ((ae) (z,y) )
= ¢lalr,y)y) = alr,y),.
Properties a-d yield the statement. |

Corollary 2 Let H be a pre-Hilbert A-module. If A admits a strictly positive func-
tional @, then <H, +,-(, >¢> is a pre-Hilbert space.

Proposition 4 Let H be a pre-Hilbert A-module. The following statements are true:

1oz, )y (@) g < @, 2) gl 4 (wyy) gy for all x,y € H;
2. [z y) s < W) gl y 1y, ) el for all 2,y € H;

1 1
3 ey ulla < 1@ ) ll2 1y y)ulla for all 2,y € H.

Proof. Consider w, z € H and assume that (w, z),; = (w, z)};. It follows that for each
t>0
0<(w+tz,w+tz),; = (w,w+tz)y + (tz,w+t2),
L) gy (W, t2) g + (tz,w) gy + (t2,t2)
WY+t (w, 2) y +t(zw) g+ 17 (z,2)
W)+t (w, 2)y +t{w, 2) g + {2, 2)
W)y + 2t (w,2)y + (2, 2) 4 -

36



Consider ¢ € C'. It follows that
0<o((w+tz,w+tz)y) =¢((ww)y+2t(w,z)y +°(2,2),)
= ((w,w) ) + 2t ((w, 2) ) + 20 (2, 2) ) |
yielding that
(0, 2) )" < o ((w,0) ) 0 ((2,2) ) - ()
Choose Z,§ € H. Define w = (Z,9)}; T and § = y. It follows that
(w,2) g =T, ) (T W)
yielding that (w, z) ; = (w, z)}; and (5) holds. In particular, we have that
o (&0 5 (@0 a)" = @ (w,2)4)° < o ((w,w) ) ¢ ((22) )
=0 ((&9)5 (@ 2) (T, 9) 1) 0 (G ) ) -
Define a = (Z, ), and b = (Z, §)};. Recall that
bab* < ||al| , bb*and bb* > 0.

Thus, we have that

o (@95 (@00 <o (@05 (®8) 4 @9 e (7,9) 1)
<o (6@, 2) yll o & 0% (@0 i) ¢ (G, 9) )
< Kz, Z) gl 4 0 (2, 9) g (T 9) ) 0 (0, D) 1)
and
0 ((Z,9) 5 (2,9)) 20
We thus have that
e (T, 95 (@0 ) < o (I@.2) gl 4 (T 9) ) - (6)

Since ¢ was arbitrarily chosen, we have that (6) holds for all ¢ € C, that is, by (4)

(@9 (@0 < 22 yll4 @9y -
Since T and y were arbitrarily chosen, the statement follows.

2. Consider z,y € H. Call a = (z,y) and b = ||(z,x) 4| , (¥, ¥) ;- By point 1, we
have that
0<a'a<hb.

It follows that
2 2 «
[, y) gl = llally = lla*all, < 10114 = [[II<z, ) g1y vs 9) | 4
= @, 2l s Ky, )l 4
proving the point.

3. It trivially follows from point 2. |
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A.3.1 Topological structure

The || ||; norm
Define || ||;; : H — [0,00) by

el = /I, 2) gl Vo€ H.

Proposition 5 Let H be pre-Hilbert A-module. The following statements are true:

1. || Iy is a norm;

2. la-z||g < |lall, |zl g for alla € A and all z € H.
Proof. 1. Note that

ey =0 <= [{@.a)yll, =0 < {22}y =0 & =0,
Note also that for each « € R and v € H
lawlly = /I aw, az)yll, = y/lla? (@, 2}yl

= laly/Il@ 2)gll 4 = lad |2l -

Finally, we have that for each x,y € H

lz + 9l = Iz + v, 2 + )yl 4
=z, 2) g + @9y + W2y + (U Yl
< e, @) gl + 1@ 9 el g + 11y 2) gl s + 1Ky 9) il 4
{

< mh gl + 16 2 1 0+ 1 9l 1 )l + 1 90
= ||<$7x>H||A+2\/|| fax H“A”(y»wH”A‘{' ||<yay>H”A

1 1\ 2
= (Ilz. 213 + (w9 all3)

We can thus conclude that

1
I+ ol < (W) ulli + 1y, 13
Nzl + Iyl

proving that || || is a norm.

2. Given any a € A and x € H, define b = (z,z), > 0.

2
la- el = a- a2yl = llafe,2)y a’ll, = laba*]l, < b1l laa”l

2 2 2
< [z 2) gl 4 lally = llalla llz ]l
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proving the statement. n

By Proposition 4, it readily follows that

Kz ) plla < Nwllg lylly  Ve,y € H. (7)

Corollary 3 Let H be a pre-Hilbert A-module. For eachy € H, the functional (-,y)

H — A is A-linear, || || — || [|4 continuous, and has norm |ly||,-

Proof. Fix y € H. It is immediate to see that the operator induced by y is A-linear,
thus, linear. Continuity easily follows from (7). Since the norm of the linear operator
is given by
sup { [z 9)gll 4 / 12ll 7 - @ # 0},
the statement easily follows from (7) and the definition of || || ;. |
The | ||, norm

Assume A admits a strictly positive functional ¢. Define || ||, : H — [0,00) by
lzlly = /(. z); Vo eH. (8)

By Corollary 2, (, ) is an inner product on H and it is immediate to see that [| |, is
a norm and

lell, = /@, 2)y) Vo e H. (9)

Relations among norms
Assume A admits a strictly positive functional ¢. Since @ is a continuous linear
functional, it follows that there exists K > 0 such that

¢ (a) < K a4 Va € A,
This implies that
|2]2 = ¢ ((z,2) ) < K |{a,2)yll, = el Vo e H,

that is,
lzll, < VE |zl Vo€ H.

We can conclude that 0
T ”LH 0 = « ¢

n — 0.

Proposition 6 Let H be a pre-Hilbert A-module. If A is finite dimensional, then A

admits a trace ¢ and the norms || ||, and || ||y are equivalent.
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Proof. Since A is finite dimensional, there exists K > 0 such that [jal|, < ¢ (a) <
K |la|| 4 for all @ > 0. It follows that

el =\l 2l 4 < /2 (o)) = 2,

= /o ((z,z) ;) < VK (@, 2) gl o

= VK ||z||, VzeH,

proving the statement. u

A.4 Dual module
Given a pre-Hilbert A-module H, we define
H™ = {f e A" : fis A-linear and bounded} .

By definition of boundedness and || ||;, we have that f is bounded if and only if there
exists M > 0 such that

If (@), < M|zll,  VzeH.

Recall that if f € H™, then f is linear. Thus, in this case, we have that H~ C B (H, A),
where the latter is the set of all bounded linear operators from H to A when H is

endowed with || ||, and A is endowed with || || 4.
Proposition 7 If H is a pre-Hilbert A-module, then H™ is an A-module.

Proof. Define 4+ : H~ x H~ — H"™ to be such that for each f,g € H™

(f+9)(x)=f(z)+g(z) Vo € H.

In other words, + is the usual pointwise sum of operators. Define - : A x H~ — H~
to be such that for each a € A and for each f € H™

(a-f)(z)=f(x)a" Vo € H.

It is immediate to verify that H™ is closed under 4+ and -. In particular, (H,+) is an
abelian group. Note that for each a,b € A and each f,g € H™:

Loa-(f+9)(x) = (f+9)(x)a” = (f(z)+g(x))a” = f(z)a" +g(r)a” =
(a-f)(z)+ (a-g)(x) = (a- f+a-g)(x) for all z € H, that is, a- (f+¢g) =
a-f+a-g.

2. ((a+b)-f) (@) =f(2)(a+b)" = f(z)(a" +b) = f(x)a"+[ (2) b" = (a f) (x)+
b-flx)=(a-f4+b-f)(zx)forallz € H, thatis, (a+0b)-f=a-f+b-f.
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3. (a-(b- 1) (x) = ((0-f)(@)a” = (f(2)b")a” = f(z)(b"a") = [(x)(ab)” =
((ab) - f) (z) for all z € H, that is, a- (b- f) = (ab) - f.

4. (e- f)(z) =f(r)e* = f(x)e= f(x) for all z € H, that is, e- f = f. [

Since H™ is an A-module, it is also a vector space. Note that the scalar product
-¢ coincides with the usual scalar product defined on B (H, A) once restricted to H™.

Thus, we can also define a norm on H™ defined as || ||~ : H~ — [0, 00) such that

1fllg~e = sup ||f(x)|l,  VfeH™.

z|| =1

Define S~ : H — H™ by

S“ () =(vyy YyeH.

Given Corollary 3 and the properties of ( , ), the map S~ is well defined and linear.
In fact, for each o, 3 € R and each y,z € H

S™ (ay + B2) (x) = (z,ay + (2) y = (x, ay>H (z, B2)

{
( pe)

= (57
(
(

proving that
S (ay + Bz) = (ae) - 5™ (y) + (Be) - 57 (2) = aS™ (y) + BS™ (2).
Proposition 8 Let H be a pre-Hilbert A-module. The following statements are true:
1. H™ is || || g~ complete.
2. S~ is an isometry, that is, ||S™ (y)|| g~ = |yl gy for ally € H.

3. If H 1s self-dual, then S™ is onto and H is || ||; complete.

Proof. 1. By Proposition 7, H~ is an A-module. In particular, H~ is a vector
subspace of B (H, A). Consider a || ||~ Cauchy sequence {f,},.n € H~ C B (H, A).
By Aliprantis and Border [2, Theorem 6.6], we have that there exists f € B (H, A) such
that f, I g~ f. We are left to show that f is A-linear. First, observe that f: H — A
is such that

f(z)= li7rln fn () Vo € H
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where the limit is in || ||, norm. We can conclude that for each a,b € A and z,y € H

L@ r @), ) ) = afa @) "B ar @), v @) 'S s )
— afu (@) +bfa () H af (@) +bf (1)

At the same time, af, (z)+bf, (y) = fo(a-z+b-y) Il fla-x+b-y)foralla,be A
and x,y € H. By the uniqueness of the limit, we can conclude that f(a-x+b-y) =
af (x) +bf (y) for all a,b € A and z,y € H, proving the statement.

2. Define S~ : H — H™ by
S~ (y) (x) = (x,y) g Vo € H.

By Corollary 3, it follows that ||.S™ (v)|| 4z~ = ||yl for all y € H.
3. If H is self-dual, it is immediate to see that S~ is onto. Consider a || ||; Cauchy

sequence {x, } C H. Since S~ is an isometry, it follows that {S™~ (x,)}, oy is a

neN
| ||~ Cauchy sequence in H~. Since H™ is || ||z~ complete and S™ is onto, it follows

that there exists f € H™~ such that S~ (x,) I g~ f =5~ (x) for some x € H~. Since

S~ is an isometry, we have that x, I Mg x, proving that H is || ||;; complete. |

A.5 Self-duality

Theorem 6 Let A be finite dimensional and H a pre-Hilbert A-module. The following

statements are equivalent:

(1) H is || || complete, that is, H is a Hilbert A-module;
(it) H is || ||, complete;
(11i) H is self-dual.

Proof. Since A is finite dimensional, it admits a trace @.

(¢) implies (ii). By Proposition 6 and since A is finite dimensional, || || ; and || ||y
are equivalent. It follows that H is || ||, complete.
(#4) implies (iii). By Corollary 2 and since H is || ||, complete, it follows that H is
a Hilbert space with inner product ( , ) 5 Consider f: H — A which is A-linear and
bounded. In particular, by the proof of Proposition 6, we have that there exists M > 0
such that
If @4 < Mljzlly < Mjzll, — veeH

We can conclude that f : H — A is linear and || ||, — || ||, continuous. Consider the

linear functional [ = o f. Since ¢ is || ||, continuous and f is || ||, —|| |, continuous,

42



we have that [ is || ||, continuous. By the standard Riesz representation theorem, there
exists (a unique) y € H such that [ (z) = (z,y), for all z € H. It follows that

P(f (@)= (e, y)g) =@ (f (@) —@(z,9)y) = 1(x) = (z,y), =0  VeeH (10)

Fix z € H. Define a = (f (z) — (Z,y) ;)" € A. By (10), we have that

p(fla-z)={a-T,y)y) = ¢(af (T) = a(Z,y)y)
(a(f () = (T, y) ) = p(ad”).

“Gl

Since @ is a trace and aa* > 0, this implies that aa* = 0, that is, ||a*| = [lal} =
|laa*|| , = 0. We can conclude that f (z) — (z,y), = a* = 0. Since T was arbitrarily
chosen, it follows that f (z) = (z,y) for all € H, proving that H is self-dual.

(i13) implies (7). By point 3. of Proposition 8, it follows that H is || ||;; complete.
[

The implication (i7) implies (iii) can be found in Goldstine and Horwitz [12] al-
though few mathematical differences are present. Namely, Goldstine and Horwitz use
a different norm over A. The characterization of self-duality, that is, the remaining
implications, to the best of our knowledge is novel. A similar observation holds for the

implication (i) implies (ii) of Proposition 9.

A.5.1 Orthogonal decompositions

Pre-Hilbert modules behave very much like Hilbert spaces also in terms of orthogonal
decompositions. Consider a pre-Hilbert A-module H and let M C H. Define

t={zeH:(z,9),=0 Vye M}.

It is immediate to prove that M* is a submodule.?® It is also immediate to show that
M N M+ = {0} and that M+ D M where

MY = (MY ={yeH: (r,y), =0 VYoxeM'}.
Before stating our result on orthogonal decompositions, we need an ancillary fact.

Lemma 1 Let H be a pre-Hilbert A-module. If M C H, then M= is || ||;; closed.

45 A subset N of H is a submodule if and only if for each a,b € A and z,y € N

a-x+b-yeN.
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Proof. Fix z € H and define ker {2z} = {x € H : (z,2), = 0}. Consider a sequence

{#n},en € ker{z} such that z, e . Since 5~ (2) is || ||z — |l |l 4 continuous, it
follows that S~ (z) (x) = 0, that is, ker {2z} is closed. Since M+ = Myear ker {y}, the
statement follows. [ |

Proposition 9 Let A be finite dimensional and H a pre-Hilbert A-module. If H is

self-dual and M s a submodule of H, then the following statements are equivalent:
(1) M is || ||, closed;

(ii) H=M & M*;

(iii) M = M++.

Proof. (i) implies (ii). Clearly, M & M+ C H. We next prove the opposite inclusion.
Since M is a submodule of H, if we define ( , ),, as the restriction of ( , ), to M x M,
then (M,+,-,(, ),,) is a pre-Hilbert A-module. It is immediate to see that || ||,, =
| |l once the latter is restricted to M. Since M is || ||, closed, it follows that M is || ||,,
complete and is itself self-dual. Fix y € H. The map defined on M by z — (z,y)
is A-linear and bounded. Since M is self dual, it follows that there exists a unique
11 € M such that

<x>y1>H:<xayl>M:<x,y>H Yo € M.
Define ¢y, = y — y;. It follow that
<x>y_y1>H:O v.’EEM,

that is, y» € M*. It is also immediate to see that 3; + y» = y. Since y was arbitrarily
chosen, we can conclude that H C M @ M*.

(ii) implies (iii). Since M C M+, we only need to prove the opposite inclusion.
By assumption, if x € M*+, then there exists 3, € M and . € M~ such that
x = xp + L. Since M C M+, we have that M+ 3 2,0 = — xp € M++. Since
M+ N M+ = {0}, this implies that  — 2, = 0, that is, x = x); € M, proving the
opposite inclusion and the statement.

(iii) implies (i). By Lemma 1 and since M = M*+ = (ML)L, it follows that M is
| |l closed. |

We conclude with a last piece of notation given M, N C H we write M LN if and
only if (z,y),; = 0 for all x € M and y € N. Clearly, we have that M _LM* for all
M C H.

Proposition 9 allows us to define the (orthogonal) projection of an element z € H

on a || ||, closed submodule M.
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Definition 7 Let A be finite dimensional, H a Hilbert A-module and M C H a || ||
closed submodule. We call projection on M the linear map Py : H — M such that,
for any x € H,

PMIL‘ = Twm,

where xa € M and ;0 € M* are the unique elements that satisfy © = Ty + T L.

Given v € H and y € M, y = Py if and only if (z —y,2), = 0 for all z € M.
Moreover, Py;x minimizes the distance between x and the submodule M because, for
any z € M,

2 2
lz = 2lI% = [[(z = Parz) + (Puz — 2l = o = Pasally + 1Parz — 2[5 -

A.6 The Abstract Wold Theorem for Hilbert A-modules

In this section we prove an abstract version for Hilbert modules of the Wold Decom-
position Theorem.*6 It is important to observe that the properties of self-duality and
complementability (see Theorem 6 and Proposition 9) are fundamental in allowing us
to follow the proof strategy used for Hilbert spaces. We say that T': H — H is an

isometry if and only if T is A-linear and such that
(T(2), Ty = zy)y  Vryel (11)
Note that an isometry in this sense satisfies the usual property
1T @)y = llzlly  VozeH (12)

It is immediate to prove that for each n € Ny the iterate T satisfies (11) and (12).47
In particular, by Abramovich and Aliprantis [1, Theorem 2.5, if H is || ||;; complete,
T"(H) is a || ||;; closed submodule of H.

Definition 8 LetT : H — H be an isometry. We say that a submodule L is wandering
if and only if for all m,n € Ny such that m # n

T" (L) LT™ (L).

Lemma 2 Let T' : H — H be an isometry. If H s self-dual, then the following

statements are true:

1. If M is || ||y closed, so is T (M).

46See Sz.-Nagy, Foias, Bercovici and Kérchy [24].
4TRecall that T° = 1.
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2. IfL=T (H)L, then L is wandering.
3. If L =T (H)", then for each n € Ny

T (H)=T"(L)®T"™ (H) and T" (L) LT"* (H).

4. If L =T (H)", then for each k € Ny

k

@ (L) =1 (H)".

n=0
Proof. 1. Since T is A-linear, that is, for each a,b € A and each z,y € H
T(a-z+b-y)=a-T(x)+b-T(y),

we have that T is linear. By the proof of Abramovich and Aliprantis [1, Theorem 2.5]
and since T satisfies (11), we have that 7' (M) is closed.

2. Observe that 7" (H) C H for all n € Ny. It follows that 7" (H) C T (H) for
all n € N. Since L C H, it also follows that 7™ (L) C T" (H) C T'(H) for all n € N.
Since T (H) LL, this implies that 7™ (L) LL for all n € N. Next, consider m,n € Ny
such that m # n. Wlog, assume that n > m. By the previous part of the proof, we
have that 7"~™ (L) LL. By (11), we can conclude that 7™ (L) LT™ (L).

3. We proceed by induction.
Initial Step. n = 0. By definition of L, point 1, and Proposition 9 and since H is self

dual, we have that L is a || ||; closed submodule and
T"(H)=H=LoL"=LeT(H)=T"(L)®T"™ (H)

proving the Step.

Inductive Step. Assume the statement is true for n. By assumption, it follows that
T"(H)=T"(L)® T (H) and T" (L) LT"" (H). By (11) we have that

T (L) LT (H) (13)

as well as

where the last equality follows from (13).

The statement follows by induction.
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4. We proceed by induction.
Initial Step. £ = 0. By definition of L,

éT” (L)=T°(L)=L=T(H) =T (H)".

Inductive Step. Assume the statement is true for k. By assumption, it follows
that @ﬁ:o Tm (L) = T (H)". By Proposition 9 and since H is self-dual and since
T (H)is a || ||;; closed submodule, this implies that

k
H =T (H) e T (H)" = DT (L) & T ().
n=0
At the same time, by point 3., we also have that T** (H) = T* (L) @ T*"2 (H) and
T (L) LT*2 (H). We can conclude that

k+1 k+1

P71 (L) e TH? (H) = H and T (L) =T (H)".

The statement follows by induction. ]

Theorem 7 (Abstract Wold Theorem for Hilbert A-modules) Let T : H —
H be an isometry. If H is self-dual, then H = H @ H where

H= ﬁT”(H), ﬁ:éT”(L), L=T(H)".

Moreover, the submodules orthogonal decomposition, (]:I, ]:I), of H is the unique sub-

modules decomposition such that T (1{]) = H and H = @, T" (L) given a wandering
set L.

Proof. Define L = T (H)". Define also M, = @izo T (L) for all k € Ny, H =
@, T (L), and H = H*. Tt is immediate to see that H and H are two | |,
closed submodules. Note that M, C M, for all k£ € Ny and H = cyy, (UkeNO Mk)
By construction, we have that H LM, for all k € Ny. By Lemma 2, it follows that
M, = T (H)" for all k € N. By Proposition 9, this implies that if 2 € H, then
x € M- =T (H) for all k € Ng. We can conclude that z € (), T" (H) N H =
N>, 7" (H). Vice versa, since My = TF (H)" for all k € N, if z € (°°, 7" (H),
then .
(x, )y =0 Yy € UM”'

n=0

*With the notation @,~ 7" (L), we mean the || ||, closure of the set U, cx, Mi-
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Since cljy 1, (Up—o M) = H, this implies that z € H+ = H. In other words, we proved
that H = (2", T" (H).

We next prove uniqueness. Since T (H) CT™ (H) C H for all n € Ny, it follows
that

T(H) :T(QT”(H)) :QOT(T”(H))ZQT"(H):QT”(H)mH:H

Assume that <I:[ ' H ') is another decomposition. Consider the wandering set L' gen-
erating H'. By construction and since L' is wandering, we have that L' LT (f[ ! ) and
L'eT (f[ ! ) — H'. By construction and (11), this implies that

L=T(H) =T (ﬁ’@ﬁ’)L - (H’@T (ﬁ[’))L —

proving the statement. [ ]

A.7 Adjoints

Given a pre-Hilbert A-module, we define by B~ (H) the collection of all bounded A-
linear operators. In other words, T' € B~ (H) if and only if

Ta-xz+b-y)=a-T(x)+b-T(y) Va,b € AVz,y € H
and there exists M > 0 such that
|T (z)||y < M|zl  VoeH.

Since any A-linear operator is linear, we have that B~ (H) C B (H) where the latter
is the set of all bounded and linear operators from H to H.
Given T' € B~ (H), we define the adjoint of T, denoted by T*, to be such that

(T'(z),9)y = (&, T"(y)y  Vr,yeH (14)

The next result shows that adjoints are well defined and all the properties that hold for
Hilbert spaces are satisfied once suitably adjusted to Hilbert modules. It is immediate
to see that B~ (H) is a vector subspace of B (H). Note also that if S,T € B~ (H),
then the composition of S with T is also in B~ (H).*

49Note that 5,7 € B~ (H) C B(H), thus ST € B(H). We only need to prove A-linearity. We
have that for each a,b € A and xz,y € H

(ST)(a-z+b-y)=ST(a-z+b-y)=S(a-T(z)+b-T(y))
=a-S(T(zx)+b-S(T'(y)=a (ST)(z)+b-(ST)(y),

proving A-linearity.
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Proposition 10 Let H be a self-dual pre-Hilbert A-module. The following statements

are true:
1. *: B~ (H) — B~ (H) is a well defined, injective, and linear;
2. T =T forallT € B~ (H);

3. *:B~(H)— B~ (H) is a surjective;

4TI =Tl for all T € B~ (H);
5. \ISTI < [ISIHIT] for all S,T € B~ (H);
6. ||T*T|| = |TT*|| = |T|)* for all T € B~ (H);

7. (ST)* = T*S* for all S,T € T € B~ (H);
8. For allT € B~ (H), ker (T*) = T(H)*, where
ker (T*)={x e H: T"(z)=0}.
Proof. 1. Consider ' € B~ (H). Fix y € H. Since T is A-linear and bounded, note
that the element y induces a bounded A-linear operator on H to A via the map
r— (T (x),y)y Vo € H.
Since H is self-dual, there exists a unique z, € H such that
(T'(x),y)y = (,2y) 5 Vo € H.

We define T* : H — H to be such that 7% (y) = z,. It follows that 7" is well defined
and satisfies (14). Next, observe that for each y;,y» € H and a,ay € R

<IE, T (alyl + a2y2)>H = <l‘, Zoc1y1+0c2y2>H = <T (ZL“) , QY1 + a2y2>H
= (T'(z),y1)g + 2 (T (), 92)y
= 1 (X, 2y, )y T Q2 (T, 2y) y = (T, 12y, + Q22y,)

= <$, alT* (yl) + aQT* <y2)>H Va € Ha

yielding that 7™ is linear. Finally, note that

177} = sup [T (Y)llx = sup (sup ||(x7T*(y)>H||A)

Iyl =1 ol =1 \llzll =1

= sup <| sup ||(T(x),y)H||A> < sup (sup ||T<x>||H||y||H>

Iyl =1 \llzll =1 lyll =1 \llzll z=1

lyll =1 \llzll =1

< sup ( sup [T ||$||H\|y||H> <71,
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proving that T* € B~ (H) and * is well defined. Next, fix y € H. Consider S,T €
B~ (H) and «, f € R. Observe that

(@, (@S + BT)" (y)) g = (@S + BT) (x) , y)y = (@S (x) + BT (x) . y)y
(@), y) g =z, 5" (y)y + 6. T (y)y
= (2,a5" (y) + 6T (y))y = (x,(aS" + 6T") (y))y ~ Vo€ H.

We can conclude that (S + T)" (y) = (aS* + ST*) (y). Since y was arbitrarily cho-
sen, we can conclude that (aS + 8T)" = (aS* + T*), that is, * is linear. Next, fix
x € H and assume that 7" = S*. It follows that

(T(@),y)y = (@1 (Y)y =@, W)y =(S@),y)y  VyecH
We can conclude that 7' (x) = S (x). Since z was arbitrarily chosen, we can conclude
that T'= S, that is, * is injective.
2. Fix x € H. By definition of T* and T™**, we have that

(T(x), 9y =@ T" W)y =T W), 2)y = T (@) =T (), y)y  VyeH.
We can conclude that 7' (z) = T** (z). Since x was arbitrarily chosen, we can conclude
that T' = T,

3. Consider S € B~ (H) and consider T' = S*. By point 2, it follows that 7% =

S* = S, that is, * is surjective.

4. By the proof of point 1, we have that
|| < [Tl VT e B™(H).

In particular, we have that |7 < ||T*| < ||T|| for all T' € B~ (H). By point 2, we
can conclude that | T|| < ||T*|| < ||T|| for all T' € B~ (H), proving the statement.

5. Consider S, T € B~ (H). We have that

15T} = sup [[S(T W)y < sup (ST W) < IST sup (1T @)ll) < ISIIT

lyll =1 llyll =1 llyll =1

proving the statement.

6. Consider S € B~ (H). By points 4 and 5, observe that

ISI° = sup [IS (2)llz = sup [{S (2), S (2))gll,

el =1 el =1
= 5w 1z, 5™ (S (@) prll 4 < S [l 1157 (S (@)l 2
= SHup_lll(S*S) @y = 1578 < IS™HISI = 1151,

50



yielding that ||S*S| = ||S||*. If we choose S = T, then ||T*T|| = ||T||*>. If we choose
S =T, then ||TT*|| = |T*|* = |IT|".
7. Consider S,T € B~ (H). Fix y € H. We have that, for any z € H,

(z, (ST)" (y)) = ((ST) (), y) y = (S(T'(2)) , y)y
=(T(2),5" W)y = (. T (5" (W)

It follows that (ST)" (y) = T* (S* (y)). Since y was arbitrarily chosen, it follows that
(ST)* (y) = T*(S* (y)) for all y € H, that is, (ST)" = T*S*.

8. First we show that ker(7T™) is included in T'(H)*. Equivalently, we prove that
each y* € ker (T™) is orthogonal to any y € T(H). Note that T* (y*) = 0 and that
y = T(x) for some x € H. By the definition of adjoint operator,

W,y = (T(x),y" ) n = (z.T" (y"))u =0,

proving the orthogonality of y* and y. Conversely, consider any y* € T(H)*, that is
(T(x),y*)g = 0 for all x € H. Since T* is the adjoint operator, (z, T* (y*))y = 0 for
all x € H and this ensures that 7% (y*) = 0. [

Point 1 can also be found in Goldstine and Horwitz [12]. Also in this case, there is

a technical difference in terms of norm used over A.

A.8 Ancillary results

Proposition 11 Let H be a pre-Hilbert A-module. The following statements are true:
1 (z,x+y)y = (2,2) 5+ (z,y)y for all z,y,z € H;
2. (x,a-y)y = (x,y)ya* forallaec A and for all z,y € H;
3. (x,ay)y = a(x,y)y foralla € R for all x,y € H.

Proof. 1. Consider z,y, 2z € H. We have that

(zoxt+y)g = (r+y.2)y =z, 2)g + (¥, 2)p)
= <$,Z>;I + <y,Z>E = <va>H + <27y>H7

proving the point.
2. Consider x,y € H and a € A. We have that

(z,a-y)y =(a-y,x)y = (aly,x)y)" =y, ) 0" = (x,y) a",
proving the point.
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3. Consider z,y € H and o € R. We have that

(z,ay)y = (v, (ae) - y)y = (2, y)y (€)= a(z, )y,

proving the point. |

Proposition 12 Let H be a self-dual pre-Hilbert A-module. If M, N, P,Q are four

| || closed submodules such that
H=M&N, N=P®Q, N=M"*, and PLQ,
then Q+ = M @ P.

Proof. Note that
H=M®P&Q. (15)

Consider x € M,y € P,and z € Q. Sincex € M and 2 € Q C N and N = M+, we
have that (z,z),; = 0. Since y € P, z € () and PL(Q, we have that (y,z), = 0. It
follows that
(z+y,2)y = (&, 2)y + (Y, 2)y =0.

Since z was arbitrarily chosen, it follows that (z 4+ y,2), = 0 for all z € @, that is,
x4y € Q*. Since x € M and y € P were arbitrarily chosen, we have that M ®P C Q*.
Next, consider y € Q+. By (15), we have that there exist z; € M & P and z, € Q such
that y = 1 + 5. Since M @ P C Q*, it follows that Q+ > y — 2, = 25 € Q, proving
that y —x; = 0, that is, y = 1 € M @ P. Since y € Q* was arbitrarily chosen, we can
conclude the opposite inclusion Q+ C M @ P. |

B Hilbert A-modules for multivariate time series

We describe the special Hilbert A-modules that we employ for the treatment of random
vectors. We first introduce the Hilbert A-module H = L*(R™, ), F,P) that generalizes
the space of square-integrable random vectors, allowing for matrix coefficients. Then,
we review the main definitions of weakly stationary vector processes and we describe
the submodules of H induced by them.

B.1 The Hilbert A-module L*(R™ Q, F,P)

Given a probability space (2, F,P), we consider the vector space L2(R™, ), F,P) of

measurable square-integrable random vectors z that take value in R™.5° We build on

50For any i = 1,...,m the component z; belongs to L?(Q, F,P).
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L*(R™, Q, F,P) the structure of Hilbert A-module and we denote it by H. We consider
the algebra A = R™*™ of real m x m matrices. The unit in A is the identity matrix
and the product in A is the usual row-by-column product. A is normed by the operator

norm || [|a such that, for any a = {a;;},,_, ,, n 4,

lalla=sup [laz]l,
z€R™ ||z|l2=1

where || ||2 is the L? norm in R™. In the algebra A, the involution that associates any
matrix a with its transposed a’ is defined. Such operation induces an order > on the
convex cone of symmetric positive semidefinite matrices. For any a,b € A, a > b when
the matrix a — b is symmetric and positive semidefinite (equivalently, a — b > 0).

Moreover, we define the trace functional ¢ : A — R by setting, for any matrix a,

¢(a) = Tr(a) = Zam-
=1
¢ satisfies the properties:®!
ea>0 = ¢(a)>0,
ea>0, ¢a)=0 <= a=0,
e o(a) =p(d) Vae A,

¢ llalla < @la) <mlalla Va=0.

The outer product A x H — H is the standard matrix-by-vector product. This
operation makes H an A-module. Note that the natural structure of real vector space

of H is kept because of the relation
Ax = (N)z Vee H, MeR,

where [ is the identity matrix.

51Indeed, the trace of a symmetric positive semidefinite matrix a is nonnegative and it equals zero
just when a is null. Moreover, Tr(a) = Tr(a’) and, by denoting {z;};~, an orthonormal basis of

eigenvectors of a (any z; is an eigenvector of the nonnegative eigenvalue );), we have
m m
pa) =Tr(a) = Y Ailzilla = Y llazilla < mal|a.
i=1 i=1

In addition, for any vector z = Y, p;z; with ||z[|3 =Y, p? =1,

m m m m
D maz|| <Y fplllazilly < llazill, = D Aillzill = Tr(a).
=1 =1 =1 =1

Consequently, ||alla < @(a).

lazlz =

2
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We define the A-valued inner product (, )y : H x H — A that associates any
v=1[21,..., 20,y =[y1,...,ym| € H with the matrix

(v,9)u =Efzy] = {E[vyl}; iy
(, )y satisfies, for any x,y,z € H and M € A,

1. {z,z)g > 0 with equality if and only if z = 0;%?

[\

Az ) = (Y 2)s

@

(x+y,2)g = (x,2)n + (Y, 2) u;
4. {azx,y)g = al{z,y)g.

As a result, H is a pre-Hilbert A-module with the above operations. A useful conse-

quence of the previous properties is that
(ax,by)y = alz,y)gb’  Va,be A.

In addition,
(v,2)ir = E[22'] = {E [2;7]}

ij=1,....,m
is the covariance matrix of x which is symmetric and positive semidefinite. Hence,
E [x2] has a unique symmetric positive semidefinite square root matrix S such that
(z,z)g = SS. Such matrix is positive definite in case E [zz/] is.>

As ¢ is a trace functional, it is strictly positive. Therefore, H is also a pre-Hilbert

space with the inner product (, ) : H x H — R defined by

m

<x,y>¢ = ((xvy>H) = Tr(<x7y>H) =Tr (E [:Uy/]) = ZE [xzyz] Vl‘,y € H.

i=1

(', )5 actually coincides with the usual inner product of L? (R™) and the associated

norm || || : H — [0, +00) is

[zl =/ (2, 2)p = V/Tr (E [z2]) =

52(z,x) i > 0 means that (x, )y is a symmetric semipositive definite matrix.
53See Horn and Johnson [15, Theorem 7.2.6] as reference. Note that an alternative factorization

is provided by the Cholesky decomposition (see Trefethen and Bau IIT [25]). If E[zz'] is positive
definite, its Cholesky decomposition E [z2'] = LL' is unique and L is a lower triangular matrix which
has positive entries on the diagonal. However, if E [z2'] is only positive semidefinite, the decomposition

is still possible (with zero entries on the diagonal), but it is not unique.
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As A is finite dimensional, the norm || ||z : H — [0, +00) defined by

lellz = Ve, 2)ulla = VIE[z2]la - Ve e H

is equivalent to || ||z.** In particular, observe that ||z||g = vAmaz, Where Apeq is
the largest eigenvalue of the covariance matrix of x, i.e. the one associated with the
Principal Component of E [z2] that explains the most variance.”® In case any z; is
uncorrelated with any z; with i # j, the covariance matrix E [z2'] is diagonal and so
2]l = /maxi_1, . m E [27].

In addition, an equivalent formulation of ||z||f exploits the Rayleigh-Ritz ratio:*

=3 = max, y'E [z2] y.

Proposition 13 H is a Hilbert A-module.

Proof. We already described that H is a pre-Hilbert A-module. We are just left to
show that H is || ||z complete. Thus, we consider a Cauchy sequence {a:(”)}n C H,ie.
for any € > 0 there exists N > 0 such that

[ 2|2 = S"E [(x(”) - g;j.m)>2] <& Vn,m>N.
=1

Therefore, for any component ¢ = 1,...,m, the sequence {xl(")} C L*(Q, F,P) sat-
isfies the Cauchy condition. As L?*(Q, F,P) is complete, there exists z; € L*(Q, F,P)
such that )

2
E {(mfn) — xz> ] < = Vn > N;.
m

As a result, by defining x = [x1,...,z,,]" € H, we have

i=1,....m

Hx(")—xH;:ZE {(wl(")—xi)zl < g Yn > max N;

54Gee Proposition 6 in Appendix A.
5Indeed, let {z;}.", be an orthonormal basis of eigenvectors of E [zz’], where each z; is an eigenvec-

tor of the nonnegative eigenvalue );. Then, for any vector y = >, u;2; such that ||y||3 = >, u? =1,

ZMQAQ

Iz} = I|E[z2"] |a = Zﬂz/\2 V A az = Amaz

|E [z2'] yl, = [z2/] iXiZi

2

As a result,

because the supremum is attained by associating the highest weight 1 with the largest eigenvalue

Amaz- Hence, ||zl g = vV Amaz-
56See Horn and Johnson [15].
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and so H is || || complete. |
Hence, H is self-dual by Theorem 6 in Appendix A.
We summarize in Table 1 the connection between general Hilbert modules and the
special case of H = L*(R™,Q, F,P).

B.2 Weakly stationary multivariate time series

Let x = {z }1ez be a stochastic process that takes value in R™, that is x; = [z14, ..., T
with z;; measurable on (Q2, F,P).

Definition 9 The vectorial process x = {x; }1ez s weakly stationary when, for any t,
i) E [m?t} is finite for alli=1,...,m, i.e. z; € L*(R™,Q, F,P),
i1) E[x;] does not depend on t,

iii) the cross moments matriz E [a:'tx;+k] depends at most on k, for any k € 7Z.

With no loss of generality we assume that x; has zero mean. When x is weakly
stationary, the autocovariance function I' : Z — A is well-defined: for any integer n,

', is the m x m matrix such that I';, = [v; ;(n)] with

ig=1,0ym
Yij(n) = Cov (T4, Tjt1n) = B[22 110 -

Note that 7; ;(n) = v;:(—n), that is T, =T"_, .57

n

Definition 10 A weakly stationary vectorial process € = {e;},., is a multivariate
white noise if E [;] =0 and I',, = 0 for any n # 0.

The covariance matrix 'y of € is symmetric and positive semidefinite. We will also
suppose that 'y is positive definite (hence it has a positive definite square root), a
requirement that parallels the reqularity assumption in the univariate case.’® In addi-
tion, we say that € is a unit variance multivariate white noise when I’y is the identity
matrix. In this case, the components of €, are uncorrelated.

Given a white noise €, we consider the submodule H;(e) of H generated by the

innovations ¢;_; with £ € Ny:

< 400

@

“+o00
Hi(e) = Zakst_k ©oap €A,
k=0

“+00
E QREt—fk
k=0

57See Hamilton [14] as a reference.
8See Bierens [5].
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General theory

Random vectors theory

Description

Algebra

multiplicative unit in A

product in A

norm in A

involution in A

order in A

trace functional ¢ : A — R
Hilbert A-module

outer product - : Ax H — H
inner product (, Yy : Hx H— A
inner product (z, )y

norm | ||

orthogonality (z,y)y =0

inner product (, )s: H x H—R

norm || |

A= Rmxm

e=1

ab= {325 ainbr;},

lalla = SUDger™,||z|j2=1 |az ||

a =a

a—b>0

¢ =Tr(a) =37, ai

H = L*R™,Q, F,P)

ar = [, e QT
(z,y)u = E[zy] = {E [z:y,]}, ;
(v, 2)n = E[z2'] = {E [z;2;]},
2]l = vV Amar

Elziy;] =0 Vi,j=1,...,m

(@, 9)e = Tr (Efzy]) = 3231 E [yl

Izl = v/Tr (B [z27]) = /3272, E[a]

real m X m matrices

identity matrix

row-by-vector product

operator norm

transposition of matrices

a — b symmetric and positive semidefinite
trace of the matrix a

square-integrable random vectors
matrix-by-vector product

matrix of cross-covariances

covariance matrix of x

square root of the largest eigenvalue of E [zz/]
any z; uncorrelated with any y;

inner product of L? (R™)

norm of L? (R™)

square root of the sum of eigenvalues of E [x2]

Table 1: Relations between the general Hilbert module theory and the Hilbert A-module used to model random vectors.




Lemma 3 The following equality holds:

o0 2 o0
/
E apci—k|l = E Tr (axloay,) -
k=0 5 k=0
Proof.
+o00 2 +o0 400 +oo +o0
/

d “aerk|| =Tr| () ek Y ansion =T (D) ar ek i)y i,
k=0 @ k=0 h=0 " k=0 h=0

+oo +oo
=Tr (Z akF0a§6> = Z Tr (axToay,) .
k=0 k=0

[ |
We call generators of H,(e) the random vectors ), aye;—j, that satisfy the previous
summability requirement. From now on, € is supposed to be a unit variance white

noise, so that Iy is the identity matrix and we rewrite H, (&) as

+oo +oo

H,(e) = {Z arp€e_p :  ap € A, ZTI‘ (apay) < —i—oo} )
k=0 k=0

In case m = 1 we retrieve the usual square-summability requirement for univariate

time series.

Proposition 14 H;(e) is a closed submodule of H.

Proof. Consider z € H such that there exists a sequence {z™} C H,(e) such that

o) ]|, — 0.

We show that o € H,(g), too. Observe that any 2™ can be written as

+oo
a2 = Z <517(n)7 5t—k>H Et—k
k=0

because, if (W = Yo a,in)at_k with a,ﬁ”) € A, we have

+00 oo
(™ ey, = <Z ayein, 5t—k> - Z ) (ernr i)y = ay”.
H

h=0 h=0
In addition, the limit x can be decomposed as

—+00

T = Z (T, e1-k) gy €tk +V

k=0
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with v € H such that (v,e,_y), = 0 for all k € Ny. This implies that

(v,err)y =Tr (v, e-1) ) = 0.

In consequence,

2
Hx _l’H x75t7k>H5t7k_V () _x>5t7k>H5tfk +HVH?Z>'
- _
As ||zt — :EH¢ is arbitrary small, ||v||; = 0 and so v = 0. Thus,
+o00o
T = Z (T,eek) g €  Hi(e).
k=0
|

Similarly, if x is a weakly stationary vectorial process, we define the closed sub-

module H;(x) of H by

“+oo “+oo
Zakxt,k ©oap €A, Zakxt,k < 400y,
— k=0 @
where cl denotes the closure in the || || or || ||
Equivalently,
+00 +oco 400
x) = cl {Z apTi_p . a € A, Z ZTr (apTs_pay,) < —i—oo} )
k=0 k=0 h=0

C Proofs about the Multivariate Classical Wold De-

composition

Statement and proof of Proposition 15

Proposition 15 The operator L is well-defined and it is A-linear and bounded on the
span of generators of Hy(x). Hence, it can be extended to H(x) with continuity.

Proof. Consider any generator X = »".° axz—j in H,(x), that is

—+00 +00

||X||§-, = Z ZTY (arTk—pay,) < +oo.

k=0 h=0

By the definition of LX and the weak stationarity of x,

+00 400 +oo +00
X2 =) Tr (@l geeny—nanyan) = > Y Tr (aTionay) = [ X2 < +oo.
k=0 h=0 k=0 h=0
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Therefore, LX belongs to H;(x) and so L is well-defined.

To show A-linearity, we take two arbitrary generators of H,;(x), that is X =
Yopeo Wik, Y = D> o bpxii and a matrix m € A. The element X + mY is
defined by

—+00
X+mY = Z (ar + mby) T4y
k=0

The lag operator maps X + mY to the vector

400 +o00 +o0
L(X +mY) = (ar+mby) x4 = »_ a1 +m Y _bpxy_i_ = LX +mLY
k=0 k=0 k=0

and so L is A-linear.

As for boundedness, we already proved that |[LX| s = ||X||z for any generator
X € Hu(x). In consequence, L is a bounded operator and it can be extended to the
closed submodule H,;(x) with continuity. Indeed, consider the limit Z € H;(x) of a

sequence of generators {Z, },, namely
HZn - Z”@ — 0.
{Z,}, is a Cauchy sequence and so is the sequence {LZ,}  because

ILZ, — LZy|% = Tr ((LZ, — LZy, LZ, — LZy)p)
=Tr ((Zn = Zim: Zn — Zm)11) = 120 — ZuI2

is arbitrarily small when n,m are big enough. Since H;(x) is || || complete, there
exists the limit of {LZ,}, , that we denote ¢;. Such vector does not depend on the
sequence of generators that we choose. Indeed, consider the sequence of generators
{Y,}, convergent to Z. Similarly, LY, tends to a limit ¢y. Then, take the sequence
{X,},, where X,, equals Z, when n is odd and Y,, when n is even. Accordingly, LX,,
converges to a limit {x = {5 = {y. Hence, the extension of L on Z € H,(x) is unique
and we can define LZ = ¢;. In addition, the continuity of || ||z ensures that the
extended L is A-linear and bounded, too. |

Statement and proof of Proposition 16

Proposition 16 If x is a weakly stationary vectorial process, L is an isometry on the
Hilbert A-module H,(x) for any t € Z.

Proof. We prove the isometry property just for the generators of H;(x). Indeed, the

continuity of the extension of L on the closure ensures that the property is satisfied on
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the whole H,;(x). Consider, then, any X = > japzi—p, Y => 7 bpai—p in Hy(x).
By the weak stationarity of x, we have

“+oo 400 “+oo 400
(LX, LY)H = Z Z ak<$tfk71, xt7h71>Hb, = Z Z akr(k+1)—(h+1)b;l
k=0 h=0 k=0 h=0
+00 00 +oo 400
= Z Z arlp—nby, = Z Z ar(Tipy Tep) bl = (X, Y )m.
k=0 h=0 k=0 h=0
Therefore, L is an isometry on H;(x). [

Statement and proof of Proposition 17
Proposition 17 For any j €N, LIH,(x) = H;—;(x).

Proof. We start with showing that LH;(x) = H;_;(x).

Consider any generator X = Y 7~ apx;—r of Hy(x). Its image LX belongs to
H;_1(x) by definition. As for the generic elements of H;(x), the continuity of the
extension of L and the closure of H;_1(x) ensure that the whole L'H;_;(x) is included
in Hyq(x).

Conversely, take any generator Y =Y 7 bya—g of Hy—1(x). Y is the image of the

element X = >~ by12—k belonging to H,(x) because

o0 “+00
LX = Zbk+1xtflfk = Z bpvi—p =Y.
k=0 k=1

Consequently, the generators of H;_;(x) are contained in L’H;(x). Since L is an isome-
try and H,;(x) is a self-dual Hilbert A-module, by Lemma 2 L'H;(x) is a closed submod-
ule of H,;(x) and so, by taking the closures we get that the whole H;_;(x) is included
in LH,(x).

Following the same steps with the isometric operator L7 : H,;(x) — H,(x) that

acts on generators of H;(x) as

“+oo “+oo
L’: Z apTi_p Z AkT—j—f,
k=0 k=0
it can be proved that LIH,(x) = H;_;(x) for any j € N. [ |

Statement and proof of Proposition 18

Proposition 18 The wandering submodule associated with the isometric operator L
on the Hilbert A-module H;(X) is

EtL = span {xt - PHt,l(x)OCt} )
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Proof. We show that
Hyi(x) = H—1(x) @ span {xt - Pﬁt,l(x)l’t} .

Trivially, H;—(x) @ span {xt — PHt,l(x)ﬂft} C Hi(x).
Conversely, if Y € H;(x), there exists a sequence {Y,,} C H;(x) of generators such

that [|Y, — Y|, — 0 as n goes to infinity. In particular, for any n

+oo
Yn = Z a,](cn)l't_k.
k=0

Hence, we can write Y,, = W,, + Z,, with

+0o0o
W = a"Pr,_ oz + Y ay ze s, Zy = a§” (20— Pry_y 1) -
k=1

W,, belongs to H,;_1(x), while Z, is included in the span of the vector z; — Py, ,x)Zt.
The two addends are orthogonal, thanks to the definition of orthogonal projection on
the closed submodule H;_(x).

Observe that Y can be decomposed into its orthogonal projections on the closed
submodules H;_1(x) and H;(x) & H;—1(x), that is

Y =P 0¥ + Pruert a0V
The orthogonality ensures that, for any n € N,

1Yo = Y2 = W + Zo = Y3
= [ (Wa = Pros0Y) + (Zn = Prscocras oY)
= W = Prs oY [+ 1120 = Pruworo Y |

and this quantity converges to zero as n increases. As a result,
120 = ProercwY [, — 0.
Since each Z, belongs to the (closed) span of x; — Py, (x)@+, we deduce that
Pr,(x)oH,1(x)Y € span {xt — PH]H(X)xt} )

Hence Y is contained in H;_1(x) @ span {xt — PHt_l(x)xt} and this shows that H;(x) C
H;—1(x) @ span {xt — PHt_l(x)xt}. [ |
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Statement and proof of Lemma 4
Lemma 4 For any k,j € Ny,
LjPIHt—k—l(x)xt—k = P’Htfkfjfl(x)l‘t_k_j'

Proof. We prove the result for £ = 0 without losing generality. In addition, we show
the property for j = 1 because the general case follows by induction. Precisely, we
prove that

LPy,_ )%t = Pr,_ox)Ti—1-

Orthogonality of projections on the submodules H; »(x) and H;_;(x) leads to the

following normal equations: for any [ € Ny,
<117t71 = PH, »(x)Tt-1, l‘t7271>H =0, <$t = Pr, 1 ()Tt $t7171>H =0.

The first one may be rewritten as

(o1, Tr—2-1) p = (Pry_o(0Tt—1, Te—2-1) VI € N,
while the second one becomes

(T, x121) g = <PHt71(x)xt,xt,1,l>H Vil € Ny.

By using the isometry of the operator L in the last equation,

(w1, t1—2-1) p = (LPr,_ (o)t Tem21) VI € N,

where the left-hand side coincides with the one of the first equation. By matching the

expressions above we obtain

<LP’Ht71(x)xt7 xt72fl>H - <7D’Ht72(x)xtfl7xt727l>H VZ S N07

namely
<L7JHt_1(x)xt - PHt_Q(x)xt—la xt—2—l>H =0 Vil e No.

The Hilbert A-module H,;_5(x) is also a Hilbert space with the inner product ( , )s. In
addition, H;_»(x) is countably generated and so it has a countable complete orthonor-
mal system, that we denote by & _ 5. As the last normal equation holds for all vectors

{xt_Q_l}leNO, that generate H; »(x), the condition is also satisfied by &_», namely:
<LPHt71(x)xt = Pr,_o(x)Ti—1, e>H =0 Ve € &_,.
As & 5 is a complete orthonormal system, we conclude that
LPr, 1%t — Pry_yx)Te-1 =0,

as we wanted to show. [ |
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Proof of Theorem 1

Since H;(x) is a Hilbert A-module, by Theorem 6 in Appendix A, it is self-dual. Since,
in addition, L is an isometry on H;(x), we can apply the Abstract Wold Theorem for

self-dual Hilbert A-modules.?
As for the submodule H,(x), since each LiH,(x) coincides with H,;_;(x) by Propo-

sition 17, we find
+o0 +o0

ﬂt(X) = ﬂ Lth(X) = ﬂ Ht_j<X).

=0 =0
Now consider the submodule H,(x). By the Abstract Wold Theorem for Hilbert

A-modules,
+oo
§=0

where LI is the innovation submodule defined by LF = H;(x)©LH,(x). By Proposition
18,
EtL = span {xt - PHtfl(x)xt}

and Lemma 4 ensures that, for any j € N,

LjEtL = span {xt_j — PHt,j,l(x)xt—j} )

Proof of Theorem 2

For any ¢ € Z, the vector z; belongs to H,(x) and so we apply Theorem 1. We denote
v, the orthogonal projection of x; on the submodule ﬂt(x) and we define the process

€ = {&t}1ez by setting, for any t € Z,
&t = S_l (':Et - PHt_l(X)xt) )

i.e.

where S is the square root matrix of <xt — Pr,_1 ()Tt Ty — PHt,l(x)ﬂft>H, 1.

<$t - PHtfl(X)xta Ty — P’Htfl(x)xt>H = 55.

Specifically, S is positive definite because x is regular and so <xt — P, ()Tt Ty — PHtfl(x)xQ "
is a symmetric positive definite matrix for any ¢ € Z. Moreover, as discussed in Lemma

4, the isometry of L guarantees that S is not dependent on t.

59Gee Theorem 7 in Appendix A.

64



We call a; the matrix in A that constitutes the projection coefficient of x; on the

submodule generated by &;_; and we find the decomposition

in which the equality is in norm. We still need to show that ay are not time-dependent.

i) € has unit variance because, for any ¢ € Z,
E [5155:%] = S_l <xt - PHt—l(X)mt’ Ty — PHt—l(X)xt>H (S_l), = 8_1885_1 =1.

In addition, for any h # k, it is true that E [g,_xe}_,] = 0 because the vectors &;
belong to orthogonal submodules. Hence, in order to prove that the process € is
an m-dimensional white noise, we are just left to show that E[¢;,] = 0 for any .
To begin with, we show that E [Py, 2] = 0.

In case the projection of z; on H;_1(x) coincides with a generator of H;_1(x),
that is

+o0
P, 1)t = Zﬁh«rt—l—hu B € A,
h=0

we immediately see that

+oo
E [P, 02t] = Z BrE[xi—1-p] =0
h=0

as X is a zero-mean process.

In general, we can find a sequence { X ™}, of random vectors X (™ = >"7° | ﬁén)xt,l,h

that converges to Py, _,(x)Z; in norm:
HX(") - 7771t71(,()az:t||(/3 — 0 as n — +00.

For any j = 1,...,m let u; be the j-th vector of the canonical basis of R™.

lujl, =1 and the Cauchy-Schwartz’ inequality ensures that

[0 = Pr ), || = To (B LX) = Pr ) ]
= <X(n) — P’)—{t,l(x)xtu u]>2¢
< 1% = Prs o] Nl 2

S HX” o PHt—l(X)xt”Z '
Therefore, when n goes to infinity,
[E [X™] = E [Pr,_,pone] | — 0.
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i)

On the other hand, for any n € N,
+oo
E[X"] = Zﬁf(Ln)E [2-1-n] = 0.
h=0

Since the limit is unique, we deduce that E [Py, _, x| = 0.
Summing up, since S is a matrix of real numbers,

E [€t] = E [Sil (.th — PHtil(x)xt)} = Sil (]E [.Tt] — ]E [Pﬂtil(x)xt]) = O
and we conclude that € is a multivariate white noise.

Each «j comes from the projection of the random vector x; on the submodule

+oo
(Z QpEr_p + Vt> Ef;k]

generated by €; ;. For any k € N,

(¢, 60— k)p = E [a:tg;fk] — K

h=0
+o0
= Z aplE [Et—h&/t_k} +E [l/teg_k} = Qy,
h=0

because € is a unit variance white noise and, in addition, v; and ¢, j belong to
orthogonal submodules. Moreover, ), ae;—i belongs to H;(x) and so

400
g OREi—k
k=0

2 o
= ZTr (apal,) < +o0.
@ k=0

We are left to prove that each matrix a; does not depend on t. By Lemma 4, for

any 7,k € Ny,
Deet = TS (11— Pric s sotir) = S~ (01t = Prs s iois) = 1ot

Given the decomposition of

we apply the lag operator on both sides to obtain

—+00 —+00 “+00
71 =L (Z Oékf?t—k) + Ly, = Z aple;_j + Ly, = Z aggs——1 + L,

k=0 k=0 k=0

where we exploited the A-linearity and the continuity of L. Hence, we note that

the projection matrices of x;_; on the submodules generated by ¢, y_; are the
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i)

same as the projection matrices of x; on the submodules generated by &;_, for

all £ € Ny. In other words, ay, is also equal to
oy =E [z18)_; 4] -
More generally, by using the operator L7, we have
ar=E [a:t_jaft,k,j] V7 € Ny
and so «ay is independent of the time index ¢, for any k.

By the Abstract Wold Theorem for Hilbert A-modules, 14 is the projection of x;
on the submodule ﬂt(x) and (v, e, )y = E [Vteg_k] = 0 for any k € Ny because
v and g,y are in orthogonal submodules of H;(x). Moreover, v is zero-mean

because, for any t € Z,

E[wn] =E

—+o00
Ty — E OpEi—k
k=0

because both x and € are zero-mean processes.

=Efz] — ) oxElers] =0

Before showing the weak stationarity of v, we establish that
E[zire;] =0  VIe{0,...,k—1}.

Indeed, the vector x;_; decomposes as

—+o0 —+o0
Ty = E QpEt_f—h T Vi = E Bigt—1 + Vi—k,
h=0 =0

where we defined the matrices

5 = ap, ifl=k+h for some h € Ny,
"“"lo ifledo,....k—1}

The above expression enables us to embed the submodule H;_1(x) in H;(x). Since
the decomposition of x;_j is unique in H;(x), it follows that E [%—kdg,l} =06,=0
forall 1 € {0,...,k—1}.

Now, the last step in order to show that v is weakly stationary is to prove that

E [Vt,put’_q] depends at most on the difference p — ¢, for any p, ¢ € Ny. Indeed,
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suppose that ¢ > p + 1:

+o0 +oo !
LTi—p — E OREt—p—k LTt—q — E ApEt—qg—h
k=0 h=0
+o0 !
Ti—p E OpEt—qg—h
h=0

“+oo ! “+o0o +o0 !
Ti—q E OkEt—p—k E OREt—p—k E ApEt—g—h
k=0 k=0 h=0

+oo
o / /
=Tpq— E ,E [xt—pgt—q—h] Op
h=0
—g Emtqstpkozk+§ E ozkEstpkétqh} o,

E [ut,pug,q} =K

=E [zpz;_,| — E

—+00 +0o

k=0 h=0
q—p—1
/ /
Fp—q - E :O‘q—p+hah - § , E [xt_qgt—p—k] O
h=0 k=0
+oo
_ Z :ct Ctp k o, + Z ik
k=q—p k=q—p
=Ipq— E :O‘q p+nQ — 0 — § , pqikQf + E : ST ——
k=q—p k=q—p
/ / /
pq = Z Qg—p+h@h Z (@0 gik — Opgin) -
h=0 k=q—p

In consequence, £ [Vt,pl/{_q] depends at most on p — g and so v is weakly sta-

tionary.
iv) Since

I/tGHt ﬂHt]

v, is also an element of the closed submodule H;_;(x) and so we can find a se-

quence of vectors {X (”)}n C H:-1(x) that converges to v; in norm. For instance,

we can set
+oo
= Zﬁ](gn)xt—l—k
k=0
with
+00
H’/t — X(")”@ = ||y, — Zﬁ,ﬁ")xt,l,k —0 as n — +0o0.
k=0 %
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Any of the variables x;_;_j has, in turns, a Multivariate Wold Decomposition

+o00

Ty 1k = E QApE{1—k—h + Vi—1—k,
h=0

in which the equality is in norm. By combining these facts together, we get

400 +o0o
Vi — Z 5/(;1) (Z Qp€t—1—k—h T Vt—l—k)
k=0

h=0

@
+oo
< |\ — Zﬂ,ﬁn)xt,kk
l‘t 1— k—Z@g <Z(1h€t 1—k—h + Vio1- k>
- P
< ||y — Zﬁ]in)xt—l—k
k=0 ¢,
+oo +oo
+ Z ‘51(:)‘ L1k — (Z QpEt—1—k—h T Vt—l—k)
k=0 h=0

400
§ : (n)

Vy — Bk Ti—1—k
k=0 @

When n goes to infinity, the right-hand side converges to zero. Therefore, also

+00 +00
— Z 51@ (Z QpEi—1—k—n + Vt—l—k) — 0
k=0 h=0
The last convergence may be rewritten as
% O

+oo
B S (z o ) -
k=0 =

=0

Observe that the element
+

(Zﬁk Q- k) €t—1-1

=0

belongs to Hy(x), while
+o00
Dy — Z @E;n)Vt—l—k
k=0

is contained in H,(x). Since H,(x) and H,(x) are orthogonal submodules, in the

limit it must hold that

— 0.

+oo
} : (n)

Vy — ﬁk Vi—1—k
k=0 @
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As a result, we can claim that
—+00 —+00
VtECI{Zathh € ﬂHt,j(X) : aheA}.
h=1 j=1

D Proofs about the Multivariate Extended Wold

Decomposition

Statement and proof of Proposition 19

Proposition 19 The operator R : Hi(e) — Hy(e) is well-defined, A-linear and iso-

metric.

Proof. In order to show that the scaling operator R is well-defined on H;(e), consider

any element X = "2 agei_i, € Hy(e), Le.

+o00
IX)12 =" Tr (axay) < +oc.
k=0

Our purpose is to prove that RX belongs to H;(e) too, namely

IRX |2 ZT(\/_\/_><+OO.

Since index k is either even or odd, the sum actually is

IR ZT( ) ZTr( Ja,téJ):fTr(%a;):HXHé

and this quantity is finite. As a result, R is well-defined. In addition R is a bounded

operator because |[RX||; = || X]|5.

About the A-linearity of the scaling operator, consider any matrix m € A and
two arbitrary elements X = "% jarei—g, Y =Y poobicii in Hy(e). The element
X +mY =", cyei— has for coefficients the matrices ¢, = ay + mby, for every k in Nj,.
The operator R maps X +mY to the element

+ooc

L&)
R(X+mY) =) —Ze
k=0 \/5

As a result, R(X +mY) = RX + mRY, that is the scaling operator is A-linear.

Finally, we prove that the scaling operator is isometric on H;(e). Consider any two

elements X =) " akei—k, Y = poobrer—n in Hy(€). By exploiting the properties
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of the multivariate white noise €, we find that

oy - (3 e S0 <33 S ag v
RX,RY)y = ——=Ci—k —Ck) =2 a k) (Etmk €t—n) b} 1
Y 9 ) \_7J
k=0 V2 h=0 V2 H 2 =0 he0 :
1 —+00 —+00
k=0 k=0
Hence, R is an isometry. |

Statement and proof of Proposition 20

Proposition 20 For any fized 7 € N, the process {5§i)k2j} 18 a unit variance white
keZ

noise.
Proof. First of all, we show that {EE{)W }k is weakly stationary.
€z

i) The vectors e, are the classical Wold innovations of the process x, hence E [&?t_pagfq] =
0 for all p # ¢ and E [g,e}] = I for any t. Therefore, for any k € Z,

1 20-1_1 20-1_1
€ R C) I Z _ Z .
E|:€t_k2j€t_k2j —gE Et—k2i—i — Et—k2i—2i-1—4
=0 i=0

2i—-1_1 2i-1_1
/ _ /
Ctk2i €t k2i—2i-1_
1=0 i=0
291

1 , 2J ,
= 2-] : E [éft&ft] = 2—]E [éft&ft] =1

=0

Hence, E [ei@k%agwl] is finite and it does not depend on k.

it) Since E [g;] = 0 for any ¢, by A-linearity we find that E [egj_) W} =0 for any k € Z

and so the expectation does not depend on k.
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ii1) Consider the cross moments matrix in the support St(j). By taking h # k,
27-1-1 20711

G G _1
E [Qihm‘gtikzﬁ } = gE

21—11 21—11
! _ !
Et_k2ii €t_k2i—2i-1_]
=0 =0

2i—1_1292i— 1—1
. /
51& h2ﬂ—i€t7k2jfl:|
2i—1_192i-1_1
. /
- Et hQinEt_kzj_ijl_l}
=0 =
271127~ 171
_ E ) ) !
Et—h2i—2i-1_i€4_goi_y
i=0 =0

2i—1_19i-1_1

/
+ g E 5t h2j—2j_1—i€t—k2j—2j*1—l} }
=0 =0

Since h # k, the sets of indices {h27,... h29 +27 —1} and {k27,... k27 +27 —1}
are disjoint and so all the last sums are null. In consequence,

B[V, | =0 vh#k

To recap, {sij_)w }keZ turns out to be weakly stationary on its support St(j ). In partic-

ular, it is a unit variance white noise. |

Statement and proof of Proposition 21

Proposition 21 The adjoint of R is the operator R* : H,(e) — Hy(e) such that

Qok + 02k+1
R*: E ArEi—k — E ——&t—k-
k=0

In addition, the kernel of R* is

ker(R¥) —{Zb el € Hyle) : b}j’eA}.

Proof. To prove that R* is well-defined, we take any Y = Z;‘;O arei_r in Hy(e), ie
HYH?B =Y 1o Tr (anaj,) < 4o00. Then,

R

3 Z Tr ((azk + agetr) (aby + dhyyq)) -
k=0

* 2 _
IRTYZ =
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N2
For any i = 1,...,m, the (i,7)-entry of the matrix aaj, is Z;"Il (a,{f”) , while the

iy N2
(i,1)-entry of the matrix (asy + ask+1) (aby + ahyyq) is POy <aé’g) + a§2ﬂ21> . Hence

Tr (apay,) = zm: zm: (aﬁf’j)>2

@
Il
—
.
Il
—

and

Therefore,

* 2
IRY|7 =

/AN
7=
—N
/N
)
oD
T
N—
+
/N
S
S
Te
AR
N—
[\
H/_/

We deduce that ||R*Y||? is finite.
Now we establish the validity of the relation (RX,Y )y = (X, R*Y) g for any vectors
in He(e) as X = oo gbper—p and Y =3 77 Jages—g. By the unit variance white noise

properties, we have

“+o00 +oo

RXYH—ZZ Ty Zb Zk%

h=0 k=0
“+o0o 400

a +al .
= Zzbh Et—h, Et— k 2k \/—%H = <X,R Y)H
h=0 k=0 2

Therefore, R* is the adjoint of the scaling operator.

Finally we prove that

ker(R*) = {Zd (E1-ok — Er-ak1) € Hele) :  dV € A} .

Any element of H,(e) as, for instance,

+o00
X = Z d;(gl) (5t—2k - €t—2k—1)
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can be rewritten as X = > 7 ape—p With aggy1 = —agy, for every k € Ny, L.e. ag +

a1 = 0. Consequently, R*X = 0 and so

+oo
{ng) (Et—ok — €1—2k-1) € Hy(e) : di}) € A} C ker(R").
k=0

Conversely, let X = 3>7)° ; ane;—p, belong to ker(R*). Since |[R*X||, = 0, by Lemma 3,

we have
1

3 Z Tr ((CLQk + aopq1) (ayy, + a/2k+1)) = 0.
k=0

As we observed before,

m m 2
Tr ((agk + ager1) (aby, + abyy)) = Z <&ékj + a2k+1>
i=1 j=1
and so
+oco m m )
33 (ol ) -
k=0 i=1 j=1
It follows that azzij21 = —a2k ) for any k € Ny, 4,7 = 1,...,m. Therefore, asr1 = —ag

for any k € Ny. As a result,
+00
X = Z dS) (Et—ok — Et—2k—1)
: (1 _
with d;” = ag, and so

ker(R*) C {Z " (eroop — o) € Hole) 1 dy) € A}.

k=0

Statement and proof of Proposition 22

Proposition 22 For any j € N,

“+oo
R/ LR = {Z 0e¥ e Hie): b e A} .

Proof. As the general case follows by induction, we prove that

—+00
RLR = {Z be?, e Hule): b € A} .

k=0
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In particular, we show that
+oo
RE? = {Z d;(f) (Et—ak + Et—ak—1 — Et—ah—2 — Er—ak—3) € Hy(€) : d;(f) € A} .
k=0

Consider any element Y € RLE. As Y is the image of some element X € L}, there

exists a sequence of matrices {dg)} such that
k

+o0
X = Z d;(:) (5t72k - 5t72k71>
k=0

and

+
8
S8

=

o

(Et—ak + Et—ak—1 — Et—ak—2 — Et—ak—3) -

£
I
o
>

As a result,
+o00
2 2
R,CtR C {Z d,& ) (5t—4k + €4k 1 — Et_4k_2 — 5t—4k—3) c Ht(€) : dl(c) € A} .
k=0
Conversely, consider any element Y € H,(e) of the kind
+oo
2
Y = Z d,ﬁ ) (Et—ak + Et—ak—1 — Et—ak—2 — Et—ak—3) -
k=0
Then Y belongs to RLR too, because it is the image of the element
+oo
2
X = Z \/id](C ) (et-ok — €r_ak1) € LR
k=0
Consequently,

+oo
{Z d,(f) <5t—4k + €4k 1 — Et_dak_2 — 5t—4k—3) & Ht(E) : d,(f) c A} C RﬁtR.
k=0

Proof of Theorem 3

H,(e) is a Hilbert A-module and so, by Theorem 6 in Appendix A, it is self-dual.
Moreover, on H;(e) the operator R is isometric by Proposition 19. Thus, we apply the
Abstract Wold Decomposition for Hilbert A-modules, which provides the orthogonal
decomposition H,(e) = H,(e) & Hy(e), where

“+o00

Hi(e) = [\ R/ Hi(e),

=0
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+oo
Hi(e) =P RLE  with L} =Hi(e) ©ORH,(e).
5=0
First, we show that H,(e) is the null submodule. Indeed, the submodules RIH, (e)
consist of linear combinations of innovations with matrix coefficients equal to each
others 27-by-27:

27 -1
R/H, (e ZC D eiraini | € Hule) : D e A
=0

Therefore, H,(g), being the intersection of all R7H,(e), can just include vectors as

Y peo e, with ¢ € A. Such vectors must belong to H,(e), hence

ZTr o) = fii (c(i’j))2

is finite. Since the addends do not depend on k, it follows that ¢ = 0 for all
1,7 = 1,...,m and so ¢ is the null matrix. Consequently, Ht(s) = {0} and so the
orthogonal decomposition of H, () simplifies to H,(e) = H,(e).

As for the submodule H,(¢),

+oo +o00
e)=PRLY=EPR 'L},
=0 g=1
where LF is the wandering submodule. As the orthogonal complement of RH;(x)

is the kernel of the adjoint operator R* (see Proposition 10), by Proposition 21 the
wandering submodule is

LR = H,(e) © RH,(e) = ker(R¥) {Zb el eHie): bl e A}.
Moreover, by Proposition 22, for any j € N,
oo
R/'LR = {Z b)e, € Hile): b € A}
k=0
and so the decomposition of the Hilbert A-module H;(g) is proved. |

Proof of Proposition 1

To begin with, we show that, for any fixed scale j € N,

Zﬁ t k2J
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(J)

i—1 (4)
belongs to R~ LR that is we assess the convergence of sz 0 B8 € ko

()

t—k27

. By making
)

the variables e
derive that

explicit with respect to the classical Wold innovations of xz;, we

+o0 2111

ggj) = Z Z \/—Et k29—l — Z \/—51& k2i—2i—1_]

k=0

For any h € Ny, we uniquely find k¥ € Ny and [ € {0,1,...,27—1} such that h = k27 +1.

Consequently, we can express the component gﬁj )

Znh Et—h,

where the matrices n,(lj ) are defined by

€] .
) %(_) for k €Ny, le€{0,...,271—1}
— = for ke Ng, e {271,...,27 —1}.

Therefore, we have to check the convergence of the series

ZTf(m )i"”ﬁ( )zTr(gk )

k=0 1=0

As we observed in the proof of Proposition 21,

Tr(ah) =S ada). T (8060) = 33 (W 0)

p=1 ¢=1 p=1 ¢=1

7



Note that

—+o0 +oco m m
N g . 2
Som(5787) = DD (800, 9)
k=0 k=0 p=1 ¢=1
1 +o00o M m 2i-1_1 29—1_1 2
ZQ—JZZZ Z g2 +i (P, q) — Z 21 12i-14i(P; q)
k=0 p=1 ¢=1 i=0 i=0
9 +o0o m m 29-1-1 2 20-11 2

|

(]
(]
(]

Z 2P q) |+ Z 2 42i-14i(P; q)
i=0 i=0

9 +o0o m m 27-11 27—1-1

2|

(]
]
I

//\

97
2SN il

k=0 p=1 g=1 =0

+oo m m

=33 aipa)

h=0 p=1 g=1
—+o0
/
= E Tr (apay,) ,
h=0

where Y2 Tr (apa},) = thHé is finite because x; belongs to H;(e). Observe that we

used twice the inequality

n 2 n
(ZQZ) é(n—l—l)Zaf, n € N.
i=0 i=0

As aresult g belongs to R ~1LR. Furthermore, since > Tr (ﬁ,gj ) ﬁ,gj )/> is finite, for
any fixed scale j € N we have that Tr (ﬁ,(gj ) ﬁ,(cj )/> tends to zero as k increases. Hence,

any (p, ¢)-entry of the matrix 5,‘3 ) must converge to zero and so limy_, ﬁ,gj ) =0 entry
by entry.

In order to find the exact expression of the matrices ﬁ,gj ), we exploit the orthogonal
decompositions of the Hilbert A-module H,(g) at different scales J € N:

Hi(e) = R'H(e @@RJ LR,

We call 7rt ) the orthogonal projection of z; on the submodule R?H;(¢) and we proceed

inductively.
Let us start by the first decomposition z; = 7r§1) + g,fl) coming from scale J = 1:
Ht(€) = RHt(€) S5, ;C?
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By using the characterization of submodules RH;(€) and LR, as remarked in Section

3.1 and stated in Proposition 21 respectively, we set

+oo
) - Z’Y}gl) (Etfzk; + 5t—(2k+1)) >
k=0

Zﬁk ey, = Zd (€t—2r — €t—21-1)

for some sequences of matrices {fy,g )} and {dkl)} or equivalently { ( )} , to deter-
k K

mine in order to have z; = 77,5 ) 4 ggl), where we set /2 dkl) = ﬁk . The expressions

above may be rewritten as

S R (AR PR ) PN S

However, from the Multivariate Classical Wold Decomposition of x, we know that

“+00

Ty = E {oaker—ok + aopt1€i-2k-1},
k=0

where we use the same fundamental innovations as before. By exploiting the uniqueness
of writing deriving from the Classical Wold Decomposition, the two expressions for z;

must coincide. As a result, 7,531) and d,(cl) are the solutions of the linear system

{ 7]21) - d](cl) = Q9
1) n _

e o — d/(f ) = Q2k+1,
that is,
(1) _ Ok + Qg g _ Q2 = Xk
ko T? k. T

In particular, we find that
5(1) Qo — Q2k41

ko \/5
Hence,

(1) o Q2 + Qg Qi Oé2k1()

1 2 2k+1 — 2kl (1
T = Z — 5 (€t—ok +€-2k-1), Z — = i

k=0
Now, focus on the scale J = 2. We exploit the decomposition of the submodule
RH,(e) = R*H,(e) ® RLY,
1) _ (2 (2)

that implies the relation 7, ’ = m,” +¢g,”’. We follow the same track as in the previous

case, by using the features of the elements in R*H;(e) and in RLR} and, finally, by
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comparing the expression of 7rt(2) + g£2) with the (unique) writing of wﬁ” that we found

before. We easily discover that

(2) Ok + Qqpyr + Qapyo + Qapys J® _ T Qpy1 — Ofy2 — Qg3
k. 4 ) ko 4

and, in particular,
(2) O + Q4py1 — Oy — Qg3
3 = - .

Consequently,

—+o0
Qu + Qg1 + Qg2 + Qg3
7152) = Z = 1 = * (5t74k + Et—(4k+1) T Et—(ak+2) T 5t—(4k+3)) ;

k=0

+0o0
2 O + Qfr1 — Qaky2 — Qdk+3 (2)
9i = Z 2 Ct k-
k=0

As for the generic scale J = j, we conjecture that

27 -1 21-1_1 21—1_1

. 1 ; 1
v = % > g | B = NG D Qi D, Okl
i—0 i=0 i=0

In addition, it may be helpful to highlight the expressions of 7r§j ) and gy ),

+o0 1 27 -1 271
4 _ .
Ty —E 2—j E Qlg2i 44 E Et—k2i—i |
k=0 i=0 i=0
“+o0 2/-1_1 21-11
G) _ 1 , o )
9 = NG Qp2i4q — k20425144 | €, ko
k=0 i=0 i=0

Proof of Theorem 4

The representation of x; comes from the Wold decomposition of the space H,(e),
claimed in Theorem 3. Indeed, by applying the Multivariate Classical Wold Decompo-
sition to the zero-mean, weakly stationary purely non-deterministic process x, we find
that z; belongs to the Hilbert A-module H,(g), where € = {¢;},; is the unit variance
white noise of classical Wold innovations of x. Afterwards, by exploiting the orthogo-
nal decomposition of H,;(e) given by Theorem 3, justified by the fact that the scaling

operator R is isometric on H;(g), we know that

+o0

Hi(e) = PRLE,

J=1
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where .
R/ICR = {Z bV e Hie): b e A} ,
k=0
as stated in Proposition 22. Recall that the random vectors 5? ) are defined by

2911 21—1_1

; 1
&EJ) = ﬁ ; Et—i — ; E—2i—1_4

(

Hence, by denoting gt‘j ) the orthogonal projections of the vector x; on the submodules

R/71LR, we find that
+oo
Ty = Zg§])7
=1

where the equality is in norm. Then, by using the characterizations of submodules

R/7ILR for any scale j € N we can find a sequence of matrices { ,(gj )} such that
k

+oo
o =% 80
k=0

. -/
with > ;2 Tr < ,Ef ) ,Ef ) ) < 400. As a consequence, we can decompose the vector z; as

“+00 +oo

Ty = Z Z ﬁlij)gj(gi)kgh

j=1 k=0
where the equality is in norm.

i) As we can see in the definition of vectors 5§j ), the process eij ) is an M A(29 —1)
with respect to the fundamental innovations € of the process x. In addition, as
()

claimed in Proposition 20, the subprocess {5t_k2j

} 1S a unit variance white
kez

noise.

ii) For any fixed scale j € N, once the detail process €@ is defined, since the

E@W are orthonormal when k varies, the component gfj ) has a unique

representation of the kind

vectors €

“+oo
ggj) = Z ﬁlgj)gii)kzj'
k=0

Thus, the matrices ﬁ,(gj ) are uniquely defined.

By Proposition 1, ﬁ,ij ) do not depend on t and they can be expressed in terms of

the matrices «y, of the Classical Wold Decomposition of x;:

20711 21711

; 1
51?) :ﬁ ; Op2i4i — ZZ; Qg2 425144
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i)

Moreover ) Tr (ﬁ,(cj)ﬁ,(cj)/> < +oo for any j € N, as explicitly shown in the
proof of Proposition 1. Indeed, it holds that

+00 +oo
> T (ﬁ,ﬁ”ﬁ,‘j”) < T (anal) < +oc.
k=0 h=0

First of all, when ¢ is fixed, (gt , glf )) =E [gfj)gt(l)/] = 0 for all j # [ because

g and ¢ are, respectively, the projections of z; on the submodules R/~ LF
and RI71LR which are orthogonal by construction. Now, consider any gij_)my

with m € Ny. Clearly, belongs to R/~ 1£R i but, by the definition of

g9 we can write

gt m27

) (3)
gt m21 Zﬁ m+k’)23 Zﬁj & ko>

where
ﬁ(j)_ 0 ifKE{O,...,m—l},
K ﬁlgj) if K =m+ £k for some k € Nj.
As a result, glfj o; belongs to Rj_lﬁf”, too. Similarly, at scale [, taken any

n € Ny, it is easy to see that gt o belongs to R!71LR. Hence, the orthogonality

of such submodules guarantees that

<(]) (0 >H—E[(]) @) /}:0 Vi #1l, Vm,n €N

9i—m2i+ Jr_nat 9t—m2i9t—nat

; /
As for the more general requirement concerning E [g,gj_)pgy_)q } for any 7,/ € N and
p,q,t € Z, we have that

400 400

l /!
E [gt pgt q] ZZBkJ)E [ Ctp— k2z5§)q h2l:| I(z)
k=0 h=0
+oo 400 27-1_12i=11
SF O NIV IR LSRRI
k=0 h=0

/
—E |:€t—p—k’2j—u8t7q7h2l—21_1fvj| —E [gt—p—ij—Qj_l—ugtquhQZf’U}

/ 0’
+E [Et—p—kzj—2jfl—u5t_q—h21—2l*1—v] }ﬁh
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and so

. , ] feedee 2711211
= [gt(i)pg’glf)q] NGY Z Zﬁl(cj) {FP—Q+k2j+u—h2l—v
204 k=0 h=0 u=0  v=0

- Fp7q+k2j +u—h2t—2i=1_y

- Fp*q+k2j+2j—1+u7h217v

UK
+ Fp—q—|—k2j+2j*1+u—h21—2l*1—v }6]7, )

where the matrices ﬁ,(j ), ﬁ}(bl) do not depend on ¢, as remarked in 7). Hence, after
the summations over u v and k, h, the one remaining variables are j,l[,p — ¢. In

other words, E [gt 291 q] depends at most on j,[,p — q.

Proof of Theorem 5

First, observe that processes gt are well-defined. Indeed,

+oo +oo
; 1
gLS]) Zﬁl(g])ggi)kgj = _ﬁf)ﬁ X(])(h’)gt—h’

k=0 hoo V2 L2

where®
i | h
WO (h) = -1 if 2 2] e {n 241, h =27
1 it 27|kl e{h—2"1+1,... h}.

Hence,

St (o ) N ) = 3 s (04 )

where the last quantity equals ;;xa Tr ( ,ij ) ,ij )’>’ which is finite by assumption. As
a result, each gV is well-defined.

For any j # [, the components g ) and gt belong to orthogonal submodules of
H(e). This ensures the well-definition of z;:

400 400

4 _ J' ~ j
. zgt -S5O Z<me <h>>gth

]IhO

69We used the identity h = k27 + i, with k= | 2| and i = h — 27 | L |.



because

which is finite by assumption.

Now we show that x is a zero-mean weakly stationary multivariate process.

i) The well-definition of x; already ensures that the second moments of each variable

x;,; are finite and not dependent on ¢.
ii) Since the processes gl have zero mean, also x; has zero mean for all t € Z.
i7i) For any k € Z consider the cross moments matrix

() (£e)]-EEew)

7j=1 [=1

E [actx2+k} =E

Following the same steps of Theorem 4 iii), we have that E [gﬁj ) g, +k] depends

at most on 7,1, k. Hence, E [:vtx;rk} depends at most on k.

It follows that x is weakly stationary, with zero mean.

As we remarked in the previous lines, each variable x; decomposes as
OO o
-5 (S ) e
As a result, the decomposition of x; with respect to the process € turns out to be
_ : (4) J)
T = ORE_ with ap = 6 h) Yh € Np.
= > 0 ety

The process x has null purely deterministic part, therefore it is purely non-deterministic.
[ |
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