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Abstract

We consider a game with sequential moves played by agents who are randomly
drawn from large populations and matched. We assume that, when players are un-
certain about the strategy distributions of the opponents, preferences over actions at
any information set admit a smooth-ambiguity representation in the sense of Klibanoff,
Marinacci, and Mukerji (Econometrica, 2005). This may induce dynamically inconsis-
tent preferences and calls for an appropriate definition of sequential best response. We
take this into account in our analysis of self-confirming equilibrium (SCE) and ratio-
nalizable SCE in sequential games with feedback played by agents with non-neutral
ambiguity attitudes. Battigalli, Cerreia-Vioglio, Maccheroni, and Marinacci (Amer.
Econ. Rev., 2015) show that the set of SCE’s of a simultaneous-move game with
feedback expands as ambiguity aversion increases. We show by example that SCE
in a sequential game is not equivalent to SCE applied to the strategic form of such
game, and that the previous monotonicity result does not extend to general sequential
games. Still, we provide sufficient conditions under which the monotonicity result holds
for (rationalizable) SCE.

KEYWORDS: Sequential games with feedback, smooth ambiguity, self-confirming
equilibrium, rationalizable self-confirming equilibrium.

1 Introduction

Self-confirming equilibrium When a game is played recurrently and the learning dy-
namic has reached a rest point, each agent chooses a best reply to his subjective belief,

*We thank Sarah Auster, Roberto Corrao, Enrico De Magistris, Nicodemo De Vito, Thomas J. Sargent
and the partecipants to conferences and seminar presentations at Bielefeld University, Hebrew University of
Jerusalem, CISEI-2017 (Anacapri), the 6th Workshop on Stochastic Methods in Game Theory (Erice), and
ESEM 2017 (Lisbon) for useful comments. Financial support from the European Research Council (grant
324219).



which may be incorrect and yet confirmed by the evidence available to him. A profile
of strategies and beliefs with this property is a self-confirming equilibrium (henceforth,
SCE).! The standard definition of SCE assumes that agents are subjective expected utility
maximizers, i.e., that they are ambiguity neutral.?> Yet, a large body of empirical evidence
supports the ambiguity aversion hypothesis. This is particularly relevant when agents only
have scarce evidence of opponents’ behavior and face therefore strategic uncertainty. Fol-
lowing Battigalli, Cerreia-Vioglio, Maccheroni and Marinacci (2015, henceforth BCMM),
we analyze the SCE concept in games played by ambiguity averse agents. Unlike BCMM,
who essentially restrict their attention to simultaneous-move games, we consider games
with sequential moves, represented in extensive form. We also analyze a notion of rational-
izable SCE that captures sophisticated strategic reasoning. In a sequential game, agents
have evidence, at best, of how opponents play on the equilibrium path, but no evidence of
how they would play off the path. Thus, sequential games constitute a natural context for
self-confirming equilibrium analysis. In the rest of this introduction, we describe how our
paper adds to the previous literature in general and to BCMM in particular.

SCE and model uncertainty BCMM analyze SCE in simultaneous-move population
games played recurrently by agents with non-neutral attitudes toward ambiguity, which is
the imperfect quantifiability of the relevant risks. Specifically, agents are assumed to have
smooth-ambiguity preferences in the sense of Klibanoff, Marinacci, and Mukerji (2005,
henceforth KMM). This decision model is flexible and analytically convenient for game
theoretic applications. First, it separates ambiguity attitudes, a stable personal trait like
risk attitudes, from the perception of uncertainty, which is a property of subjective beliefs
affected by the game situation; second, it provides a parameterization of ambiguity aversion
analogous to the parameterization of risk aversion, which simplifies comparative static
exercises.

SCE is defined as follows: Let I denote the set of player roles (e.g., buyer and seller)
and 5; the set of pure strategies of any agent playing in role i. A profile of strategy
distributions ¢* = (07)icr € XicrA(S;) is a SCE if, for each ¢ € I and each s} € S; with
of(s}) > 0, there is a belief p; about the strategy distributions o_; of the opponents that
justifies s} as a KMM-best response and is consistent with the long-run distribution of ex-
post observations for ¢ generated by s and o*, (e.g., the (s}, 0”;)-induced distribution of
terminal nodes). Since the distribution of observations may not reveal the true underlying
distribution of strategies o* ;, agents may be uncertain about it.

Assuming that the own-payoff relevant consequences are observed by each agent after
each play, BCMM prove a monotonicity result: higher ambiguity aversion entails a larger
set of equilibria. Intuitively, for each agent, the strategy played repeatedly in equilibrium
yields known risks because the agent observes its long-run distribution of payoffs, while

'This terminology is due to Fudenberg and Levine (1993).
?For a perspective on ambiguity attitudes that applies to this paper, see Cerreia-Vioglio et al. (2013)
and the survey by Marinacci (2015).



deviations are untested and may be perceived as ambiguous; therefore, higher ambiguity
aversion penalizes deviations relative to the equilibrium choice. This monotonicity result
implies that greater ambiguity aversion entails less predictability of strategies in the long-
run, because the set of possible steady states is larger.

Our contribution I: lack of covert commitment The scope of BCMM’s analysis
is essentially limited to simultaneous-move games and, possibly, games played in strate-
gic form—such as experimental games played in the lab with the so-called “strategy
method”3—because it is well known that ambiguity aversion may make preferences over
strategies dynamically inconsistent (e.g., Siniscalchi 2011). As a consequence, there would
be incentives to make covert commitments if such commitment moves were available.*
Thus, the fact that agents in sequential games cannot (irreversibly) choose strategies—
because they just choose actions at decision nodes—must be faced and dealt with explic-
itly. We assume that agents are sophisticated: They understand their future contingent
incentives and choose actions in early stages predicting that such incentives determine their
actions in later stages, that is, they plan by “folding back” given their subjective condi-
tional beliefs about the strategies of other players. Hence, they execute “unimprovable”
strategies. Since unimprovable strategies may be different from best replies in the normal
form of the game, the definition of equilibrium due to BCMM cannot be applied to se-
quential games. Note that this is unrelated to how agents react to completely unexpected
moves. The SCE concept has two features: First, its confirmed-beliefs condition implies
that agents cannot be surprised on the equilibrium path. Second, it does not rely on
complete information nor does it capture strategic reasoning. In particular, SCE does not
model how agents predict the reactions of others to unexpected moves. In this paper, we
also put forward a notion of rationalizable SCE to analyze reactions to unexpected moves
and strategic reasoning about such reactions.

Two questions naturally arise: First, how does SCE defined on the extensive form relate
to SCE in the normal form of the same game? Second, does the comparative ambiguity
aversion result extend to games with sequential moves? To elaborate on the first question,
fix a sequential game I' represented in extensive form with a set of paths (terminal nodes) Z
and a specification of players’ feedback f = (fi);c; that describes what they can observe at
the end of each play; formally, each f; is a function defined on Z. Then, we can derive the
normal (or strategic) form (G, F) = N (T, f), where G is given by the normal-form payoff
functions, and each player i’s feedback f; about the path is replaced by a corresponding
normal-form feedback F; defined on the set S = X;¢1.S; of pure strategy profiles (e.g., each
player only observes his monetary payoff, which is a function of s € S). Under subjective
expected utility maximization, which is dynamically consistent, SCE in the extensive form

3See the survey by Brandts and Charness (2011) and the references therein.

4Unlike overt commitment, covert commitment moves are not observed by other players. The strategic
advantages of overt commitment are well known at least since Schelling (1960) and do not depend on
dynamic inconsistency as traditionally defined in decision theory.



is realization equivalent to SCE in the normal form. With ambiguity aversion, instead, we
show that there may be different, non-nested sets of equilibrium outcomes; in other words,
working with the normal form is neither too permissive nor too restrictive, it is just wrong.

Given that the sets of SCE outcomes in the extensive and normal form do not coincide,
we cannot rely on the monotonicity result of BCMM to argue that, in a game with sequential
moves, the set of SCE outcomes expands as ambiguity aversion increases. Indeed, we
show by example that monotonicity does not hold in general. It is still true that, on the
equilibrium path, equilibrium actions entail known risks while deviations may be perceived
as ambiguous. But, if a deviation is followed by other actions of the same player, folding-
back planning may require that plans (i.e., predictions) about these actions change with
ambiguity aversion, and dynamic inconsistency may lead to an increase in the value of
deviations.

Despite this, we can prove the monotonicity result for two special cases: (i) games where,
on each path, no player moves more than once, and (ii) pure strategy equilibria of games
with no chance moves.® In case (i), the difficulties mentioned above cannot arise; in case
(ii) we show that, loosely speaking, in equilibrium ambiguity aversion is not distinguishable
from the risk aversion of expected utility maximizers, who are dynamically consistent. We
also prove a related noteworthy result: The set of SCE outcomes with ambiguity neutral
agents is always included in the set of SCE outcomes with ambiguity averse agents. This
means that the standard version of the SCE concept, by ignoring ambiguity aversion,
overestimates the predictability of long-run outcomes in recurrent interactions.

Our contribution II: lack of overt commitment Next, we turn to the well known is-
sue of the impossibility of overt (i.e., observable) commitment and how this affects strategic
reasoning and equilibrium. Rationality in dynamic games requires that agents choose sub-
jective best replies to their updated beliefs at all information sets, including the unexpected
ones. We call this condition “full unimprovability.” If SCE is not refined so as to capture
strategic reasoning, requiring full unimprovability rather than simple unimprovability does
not change the set of equilibrium outcomes. The reason is that in an SCE agents may hold
wrong beliefs about the reactions of others to non-equilibrium moves, which are necessarily
unexpected; hence, they can expect responses that are irrational given the actual payoff
functions of co-players. Assuming instead that (some features of) such payoff functions are
common knowledge, one can embed strategic reasoning into the SCE concept: if (a) play-
ers are rational, (b) their beliefs are confirmed, and (c) there is common belief of (a) and
(b), then their strategies form a rationalizable SCE. This concept has been analyzed un-
der the assumption of subjective expected utility maximization, that is, neutral ambiguity
attitudes (e.g., Rubinstein and Wolinsky 1994, Dekel et al. 1999). Here we provide an ex-
tension for non-neutral ambiguity attitudes and we prove that versions of our monotonicity

>We call such equilibria “symmetric” because in the population game scenario they represent situations
where all agents in the same role play in the same way.



results hold for rationalizable SCE.

Related literature This is the first paper that analyzes SCE and rationalizable SCE
with non-neutral ambiguity attitudes in sequential games. BCMM and Battigalli et al.
(2016b) only consider games played in strategic form. The extensive form game from which
the strategic form is derived only affects feedback: two strategy profiles that yield the same
terminal node necessarily yield the same feedback to every player. Furthermore, Battigalli
et al. (2016b) focus on “maxmin SCE” a notion of equilibrium with extreme ambiguity
aversion, whereas here we apply the smooth ambiguity criterion of KMM. Hereafter we
call “standard SCE” the self-confirming equilibrium concept with ambiguity neutrality,
i.e., subjective expected utility maximization.

A version of the standard SCE concept was first put forward in the undergraduate thesis
of Battigalli (1987)% and called “conjectural equilibrium” ( “equilibrio congetturale”). The
first definition in English appears in a working paper by Battigalli and Guaitoli (1988),
who also define and apply a rationalizability refinement.” Fudenberg and Levine (1993)
independently provided a definition of standard SCE under the maintained assumption that
agents perfectly observe ex-post the path of play. Unlike Battigalli (1987) and Battigalli
and Guaitoli (1988), the analysis of Fudenberg and Levine applies to large population
games. This is important because it justifies the assumption that agents maximize their
short-run expected utility even if they are patient. The reason is that in a large population
game there are no incentives to affect the future behavior of current opponents, who are
almost surely different from the future ones.® For further references and details see the
survey by Battigalli et al. (1992) and the discussion in Section IV of BCMM.

Fudenberg and Levine (1993) note that standard SCE is not strategic-form invariant,
arguing that the strategic—or normal—form is therefore insufficient to characterize SCE.
But their comment rests on the maintained assumption that players always observe ex-
post the path of play, which in a simultaneous-move game is just the actual profile of
strategies (actions of the strategic form). Therefore, when they compare standard SCE in
the extensive (i.e., sequential) and strategic form, they change what players can observe ex
post about the behavior of others: only on-path actions in the extensive form, and complete
strategy profiles in the strategic form. If feedback about the behavior of others is instead
kept constant—as we do when we look at strategic-form feedback—standard SCE in the
extensive form is equivalent to standard SCE in the strategic form (see Remark 3). On
the other hand, we show that SCE with ambiguity aversion is not strategic-form invariant
(see Example 4).

Standard SCE can be refined to make beliefs consistent with deductive strategic think-
ing based on common knowledge of the game (or some aspects of it). Rubinstein and
Wolinsky (1994) put forward such a refinement for simultaneous-move games with complete

Tn Ttalian.
"Published in 1997 as a book chapter.
8Furthermore, incentives to experiment vanish in the long run.



information; Esponda (2013) extends the analysis to simultaneous-moves games with in-
complete information and provides as explicit derivation from epistemic assumptions about
how players reason about each other; Dekel et al. (1999) analyzed a similar refinement for
sequential games under the assumption that players have perfect feedback about the path of
play, Fudenberg and Kamada (2015, 2017) extend the analysis to allow for imperfect feed-
back about the path of play. These equilibrium concepts appear under different names such
as “rationalizable conjectural equilibrium” and “rationalizable partition-confirmed equilib-
rium,” but they are all refinements of standard SCE—as defined here and in BCMM—that
capture common initial belief in both rationality and belief-confirmation.” Battigalli (1987)
and Battigalli and Guaitoli (1988) consider instead a different forward-induction refinement
of standard SCE derived from rationality, confirmed beliefs and common strong belief in
rationality.!? In this paper we define and analyze rationalizable SCE with non-neutral
ambiguity attitudes, by looking at the behavioral implications of (folding-back) rationality,
and mutual initial belief in rationality of level k for each k = 1,2, ...00. Thus—like Esponda
(2013) and unlike the other papers on rationalizable SCE—we give an inductive definition
based on iterated deletions of strategy profiles. In Section 8 we discuss the merits of this
and alternative definitions.

As mentioned above, BCMM proved that in simultaneous-move games the SCE cor-
respondence is monotone with respect to players’ degree of ambiguity aversion. Here we
prove partial versions of this result for sequential games. A similar monotonicity result
can be proved for comparative risk aversion in the particular case of pure standard SCE
(see the lecture notes of Battigalli, 2017), and for comparative risk or ambiguity aversion
in the case of rationalizable strategies (Battigalli et al., 2016a). However, the intuition and
proof in the case of rationalizability are very different from the SCE case. Interestingly,
we rely on Battigalli et al. (2016a) to prove (in some special cases) monotonicity of the
rationalizable SCE correspondence (see Section 8).

Hanany et al. (2017) use the smooth ambiguity criterion of KMM to analyze sequential
games with incomplete information. Their work differ from ours in two important ways.
First, they analyze a notion of perfect Bayesian equilibrium, which assumes that players’
conjectures about the (type-dependent) strategies of other players are correct, whereas we
analyze SCE, which allows for incorrect conjectures. Second, they differ from us in the
way they model subjectively rational planning: We maintain that players’ beliefs satisfy
the standard rules of conditional probability, which imply Bayes rule; given this, each
player adopts an unimprovable strategy that—by the dynamic inconsistency of ambiguity
averse preferences—may be suboptimal according to his initial preferences, or the interim
preferences he holds at some information set. Hanany et al. instead assume that each
player’s equilibrium strategy is sequentially optimal, that is, optimal according to his pref-

9Common initial belief is common belief at the beginning of the game. In simultaneous-moves games, it
coincides with the usual notion of common belief.

10The connection between forward-induction thinking, common strong belief in rationality, and strong
rationalizability is established in Battigalli and Siniscalchi (2002).



erences at each information set. Ambiguity aversion implies that this cannot always be
reconciled with Bayesian updating. But they show it is without loss of generality to re-
strict attention to beliefs generated using a particular generalization of Bayesian updating,
where more ambiguity aversion implies larger deviations from standard Bayesian updating.
Eichberger et al. (2017) also analyze a notion of equilibrium with ambiguity aversion in
sequential games. Like Hanany et al. (2017) they deviate from Bayesian updating; like
us, they rely on folding-back planning; but they model ambiguity aversion with a form of
Choquet-expected utility maximization.

Outline The rest of the paper is organized as follows. Sections 2 and 3 introduce the
setup and the smooth ambiguity criterion; Section 4 defines and analyzes unimprovability;
Section 5 defines our SCE concept; Section 6 presents comparative results for SCE; Section
7 introduces full unimprovability and shows that such strengthening by itself does not affect
SCE outcomes; Section 8 relies on full unimprovability to define rationalizable SCE and
provides comparative results for such concept; finally, Section 9 discusses the relevance of
some assumptions and equilibrium concepts, and provides hints for the generalization of
the analysis. The main text contains some intuitive arguments, but all formal proofs are
collected in the Appendix.

2 Framework

We analyze an agent with non-neutral ambiguity attitudes who plays a game with sequential
moves. We assume that the commitment technology of this agent is explicitly represented
by the rules of the game. Therefore, the agent can control—i.e., irreversibly choose—only
his (pure) actions at whatever information set is being reached. We also assume that he is
sophisticated and therefore he takes this into account when he plans how to play the game.

Consider an agent who plays in role ¢ € I of a finite extensive-form game I" with
perfect recall. Let H; denote the collection of information sets of i and let A;(h) be the
set of actions available at h € H;. We assume for expositional simplicity that |4; (h)| > 2
for each h € H;, where |X| denotes the cardinality of a finite set X. This means that we
include in H; only the information sets where ¢ is active. Let @ denote the root of the game;
then {@} € H; if and only if i is a first mover.!! We endow H; with the weak (respectively,
strict) precedence relation < (<) inherited from the game tree.!? The set of strategies

"'Our preferred representation of games in extensive form starts from sequences of action profiles, that
correspond to the nodes of the game tree (e.g., Chapters 6 and 11 of Osborne and Rubinstein, 1994) and
allows for the representation of players’ information also at nodes where they are not active, such the root
for players who are not first-movers. This affects the way we draw pictures and describe examples, but it
is otherwise irrelevant for the analysis of the paper.

"2Perfect recall implies that, for all h,h' € H;, there are nodes (histories) € h and 2’ € k' such that
x precedes z’ if and only if every node of b’ is preceded by a node of h. With this, we can stipulate that,
for all h,h' € H;, h strictly precedes k', written h < h’, if every node of h’ is strictly preceded by a node



for player i is S; = Xpem, Ai(h). For every s; € S; and h € H;, we let s; ;, denote the action
specified by s; at h; thus, s; = (sin) ey, € Xnem, Ai(h). Welet S = x;c1S; denote the set
of pure strategy profiles of the players.

We model randomization explicitly as the choice of a randomization device. Therefore
it is important to allow for chance moves as the moves of a special player denoted by
0 ¢ I. With this, Hy denotes the collection of information sets of the chance player, Ag (h)
is set of chance moves available at h € Hp, and Sy = Xpem,Ao(h) is the set of “strategies”
of the pseudo-player 0. Throughout, we maintain for simplicity the assumption that the
probabilities of chance moves are commonly known. Such probabilities are specified by a
“behavioral strategy” By € Xnem,A (Ag (h)), with B (ag|lh) > 0 for every h € Hy and
ag € Ao (h); By induces the “mixed strategy” &g € A (Sp) such that

5o (s0) = [ Bo(s0nlh) >0

heHy

for every so € Sp. Thus, the outcome distributions respectively induced by 3, and &g
coincide for every strategy profile of the true players (see Kuhn, 1953). We let Iy = I U{0}
denote the set of true player-roles and chance, and we let —i = Ip\{i}. In particular,
S_i = Xjer\{iyS; denotes the set of pure strategy profiles of the opponents including
chance.

Let Z denote the set of terminal nodes of the game. Every profile (sg,s) induces a
complete path, hence a terminal node, through the outcome function

CZSOXS—>Z.

Since the definition of ¢ is standard, we take it for granted and then define some derived
concepts using (.
For conceptual clarity, we also include in the description of the extensive form I' a
consequence function
v:Z—C

which specifies the material consequence ¢ = y(z) € C of each terminal node z € Z. For
example, we may have C C R! where ¢ = (¢j)jer € C is a consumption allocation or a
distribution of monetary payoffs to players. Thus, player ¢’s risk attitudes (preferences over
objective lotteries of consequences) are represented by a vIN-M utility function

v; : C — R.
To ease notation, we write the payoff function of i as

u; =v;ovy:Z — R.

of h. Perfect recall implies that each h € H; can have at most one immediate predecessor. The reflexive
closure of < is <, an antisymmetric, and transitive relation that makes H; a directed forest. If {&} € H;,
then (H;, =) is a directed tree.



It is convenient to specify the information about strategies implied by any information
set h. First, for any node z, let

S1p () = {(s0,8) € So x S 2 < ((s0,5)}

denote the set of pure strategy profiles reaching x. With this, for any subset of nodes h,
Sfo(h) = U Sty (2)
z€h

is the set of strategy profiles (s, s) reaching h,
S_i(h) = projg_,S1,(h) = {s—i € S_; : I(w,8;) € h x Sj,x < ((s5,5-3)}
is the set of pure strategy profiles of chance and opponents that allow for h, and
Si(h) = projg,Sry(h) = {s; € S; : Iw,5-;) € h x S, < ((s4,54)}

is the sets of i’s strategies allowing for h.
It is useful to keep in mind that perfect recall implies the following factorization:

Vh € H;, S[O(h) = Sl(h) X S,Z(h)
Furthermore, it also implies that
Vg, h € Hi, g <h = 5_;(h) C 5_i(g).

Intuitively, ¢ obtains finer information about strategies as the play unfolds.

Players are drawn at random from large populations of agents, each playing a pure
strategy. The distribution of pure strategies in population j; € [ is denoted by
oj € A(S}), and it is unknown to the other players. For any profile of distributions
(0))ers we let!3

o_; =09 X (XjeI\{i}Uj) € A(S_Z)
denote the product distribution over strategies of chance and of i’s opponents. From the
viewpoint of an agent in role i, o_;(s_;) is the unknown objective probability of facing
opponents and chance playing pure strategy profile s_;.!* We let

Y= {U—i S A(S_I) -3 <Jj)j€I\{i} S Xje[\{i}A (S]) ,0_; =09 X (Xjel\{i}gj)}

13We use symbol x to denote both the Cartesian product of sets and the product of measures.

M Statistical independence follows from random matching: For each i € I, let P; denote the set of agents
playing in role 4, and let ¢; : P; — S; denote the (measurable) strategy map of population i. If agents
are drawn at random from their populations, that is, according to a uniform distribution on X;crP;, then
the induced distribution on S given (s;),.; is a product measure. Taking into account that player ¢ has a
known deterministic plan, knows chance probabilities, and knows that opponents are randomly matched,
we obtain the product formula in the text.



denote the set of these product distributions. We endow ¥_; with the topology inherited
from the Euclidean topology on RS~ which makes it compact, and with the corresponding
Borel sigma algebra B(X_;).

At each point of the game, the agent playing in role ¢ has some belief u; € A (X_;).
Note that by the definition of ¥_;, the marginal of p, on 3¢ always assigns probability
1 to 9. The belief p,; that ¢ holds at the beginning of the game is ¢’s prior. For each
i € A(X_;), welet p,, € A(S_;) denote the predictive probabilities implied by p;: for
each s_; € S_;,

puls-) = [ oilsui(do ).

We summarize our notation in the following table and illustrate it with an example.

We will refer to this example repeatedly.

Primitive Elements | Terminology
i,j €I (Io=1U{0}) | players (0 ¢ I denotes chance)
h € H; information sets of ¢
= (=) (strict) precedence relation of I’
(H;, <) directed forest of information sets of ¢
ze€Z terminal histories/nodes
v:Z —C consequence function
vi: C—R vIN-M utility function of ¢
a; € A;(h) 7’s actions at h € H;
Derived Elements Terminology
si € Si = Xpem,Ai(h) strategies of i
s€ S (s—; € 5-) strategy profiles (of —i = Ip\{i})
S1,(h) strategy profiles (including 0) reaching h

Si(h) = projg.Sr,(h) strategies of i allowing for h
S_i(h) = projs_,S1,(h) | strategy profiles of —i (including 0) allowing for h

o; € A(S)) strategy distributions on S;

o_i €3_; CA(S-) product distributions on S_;, with margy, o_; = &9
w; € A(X-5) beliefs of

Pu, € A(S_) predictive probabilities implied by
C:5x8S—Z outcome function

u;=v;0v:7Z—R payoff function of ¢

Example 1 The game depicted in Figure 1 is a two-person, common-interest, multistage
game where I = {1,2} and 0 is chance. If we identify nodes with histories,!? information

"See, e.g., Chapter 11 in Osborne and Rubinstein (1994).
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Figure 1: Leading Example

sets, actions sets and terminal histories/nodes are as follows:
Hy={In}, H; = {{@}, {(In7 G)}} s Hy = {(Inv G)}7

Ap({In}) = {E,G}, A2({(In,G)}) = {L,R},
Ai({2}) = {In, Out}, A;({(In,G)}) ={T, M, B},
Z = {Out,(In, E)} U {{(In, G)} x {T,M, B} x {L,R}}.

Numbers at terminal histories/nodes, including the boxes in the matrix subgame, give the
common payoff of players 1 and 2. The probabilities of chance moves are 5 (E) = 7¢(G) =

5.
Assume that the agent in role 1 has the following belief about the behavior of player
2:16

1 .
N — 5 1f02€{5L,5R},
pi(02) = { 0 otherwise,

where 0, denotes the Dirac measure supported by z. Intuitively, he thinks that all the
agents playing in role 2 “attended the same school” and hence are doing the same thing,
but he does not know what. The induced predictive probabilities are p,, (L) = p,,(R) = 3.
A

1Tn the examples, we will always specify beliefs about the true opponents only, taking for granted that
G0 is commonly known.
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3 Smooth-ambiguity preferences over actions

In this section, we take the perspective of an agent, or decision maker, playing in role i,
henceforth DM;, with given beliefs about the behavior of agents in different roles and a
contingent plan, or strategy. Specifically, he has a plan s; specifying the action s; , € A;(h)
he expects to take (but he is not committed to take) at each information set h € H;; he has
no randomization technology beyond what is already explicitly represented in the extensive
form of the game (see Section 2), and we assume that he is certain about his contingent
behavior, i.e., he has a deterministic contingent plan.

Conditional distributions and conditional objective expected utility Let X_;(h)
denote the set of distributions that assign positive probability to S_;(h), that is,

Z,Z(h) = {O',l' eEX_,;: O',Z(S,l(h)) > 0}

For every h € H; and 0_; € ¥_; (h), we can compute the objective conditional distribution
on the opponents’ strategy profiles consistent with h:

o_i(s—;)
Vs_; € 8_i(h), 0_i(s_i|h) = ———*— 1
S—i ’L( ) g Z(S l| ) O'_Z(S_Z(h)) ( )
(note that whether o_; € X_;(h) or not depends only (o) ;ep i3 because og = ¢ is strictly
positive). With this, we can define the strategic-form Bernoulli conditional expected
utility function

Ui(', ’h) : Sl(h) X E_Z(h) — R,
(si,o—ilh) = > cs in) o—ils—ilR)ui(C(si, 5-4)))-

In words, if 7 is certain that o_; is the true objective probability model, then upon observing
h (he believes that) his conditional objective expected utility from following strategy s; €
Si (h) is Ui(Si, Ufi|h).17

Plans and replacements Plan s; yields a continuation on the information sets in H;
following any given h € H; (that is, the projection of s; onto X gprepr,:n<nyAi(R')). DM;
expects to continue according to this plan, but he knows (by perfect recall) that he has
already chosen the actions leading to h, possibly violating s;, and he considers the conse-
quences of choosing action a; € A;(h), again possibly violating s;. It is convenient to define

70One can show that this coincides with the more familiar formula

Ui(sivo—i|h) = Z]P)Siwﬂ—i (Ji‘h) ZP‘%’U*«; (Z|$) Ui (Z)

x€h z€Z

where Py, »_, (') denotes the probability of reaching a node conditional on an information set, or an earlier
node, given by o_;.
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the replacement plan (s;;,,a;) obtained by replacing s; with the already chosen actions
at information sets preceding h and with action a; at h:

a; if b/ = h,
(8ips @i)y = § «i(h';h) if B' < h,
Si b otherwise,

where a;(h/, h) is the action chosen at h' < h in order to reach h.'® Finally, we let Silh
denote the replacement plan obtained when action s; j is played at h:

(S ) { Oéi(hl, h) lf h/ < h,
ilh) =

Si otherwise.

Action values We assume that DM;’s preferences over actions, given his beliefs and
plan, satisfy the smooth-ambiguity model of KMM: On top of the vN-M utility function
v; : C' — R specified by game I' (hence, the payoff function u; = v; o 7), we assume that
there is a continuous and strictly increasing second-order utility function

¢7; . V’L_) R,

where
Vi = |minvi(y(2)), maxui(y(2))|

is the convex hull of the range of v;. For every given h € H;, u; € A(X_;(h)), and s; € S;,
DM; assigns values to actions a; € A;(h) as follows:!?

Vi(ailh; si i &) = 677! (/Z " ¢; (Ui ((siyn, i), 0—i|h)) Mi(da—i)> : (2)

Condition p; (¥_;(h)) = 1 suggests that, in eq. (2), we interpret u; as the conditional
belief of DM; upon observing h. We postpone the definition of conditional beliefs to Section
4. If p; assigns probability 1 to some o_; € ¥_; (h) (that is, u; = d,_, € A(X_; (h))), then

Vi(ailh; si, s 65) = 67 (03 (Ui (i, i), 0—ilh))) = Ui (841, ai), 03| ) .

Thus, ambiguity attitudes are immaterial when DM; is certain about the true probability
model, because in this case he does not perceive any ambiguity. Note also that (2) boils
down to the classical subjective expected utility formula if ¢; is linear (ambiguity neutral-
ity), hence equivalent to the identity function Idy,. On the other hand, ambiguity aversion
is characterized by the concavity of ¢;. We emphasize in our notation only the dependence
of values of #’s actions on parameter ¢;, not on the vN-M utility function v;, because we
are going to consider different possible shapes of ¢; (in particular, linear and concave) with
a fixed v;.

8By perfect recall, o is well defined.
9For an axiomatization of the smooth ambiguity criterion, see Cerreia-Vioglio et al. (2013a)
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Example 2 In the game of Figure 1,

Uy (IH.B,a'O X 5L| {(ID, G)}) = 36,
Ui (In.B,5¢ x 0r|{(In,G)}) = 1,

and

U, (In.B,&O X 6L| {@}) =

U, (In.B,&O X 5R| {@}) =

N — DN~

Assume ¢, (u;) = \/u; and consider the (marginal) belief of Example 1, that is

L if o, € {01,0R},
uz(ag):{g if o € {0r, 0r}

otherwise;
then )
1 1
Vi (B[{(In, G)}; 81,1, 01) = (2\/%+ 2ﬁ> = (3.5)2 =12.25
for each s; € S; ({(In,G)}). A

4 Conditional beliefs and unimprovability

A vprior belief p; € A(X_;) over opponents’ strategy distributions induces a joint belief
T, € A(S_; x ¥_;) determined by the following equation:

\V/(S,i,E,Z') €S ;X B(Z,Z), Wui({sfi} X E,Z) = / U,i(S,i)/ﬁi(dO',i). (3)

Note that?’
T (S—i X Ei) = p; (E—) (4)
and
T, ({5—i} X X)) = py, (s-4).-
Each information set h € H; corresponds to the conditioning event S_;(h) x X_; (h).
Let

Hi(p) = {h € Hy : 7, (S_i(h) x S_; (h)) > 0} = {h € H; : p,.(S_i(h)) > 0}

200One may use beliefs over the product space S_; x ©_; as the primitive object. Of course, the structural
assumption that agents know the probabilities of chance moves and that they are randomly matched
with opponents drawn large populations implies that only beliefs that admit the representation (3) for
some p; € A(X_;) are admissible. Then we can derive the belief over distributions using (4). For a
decision theoretic approach akin to the one discussed in this footnote, with models in place of population
distributions, see Cerreia-Vioglio et al. (2013b).
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denote the subset of information sets of player 7 that he believes he can reach with pos-
itive probability. If h € H;(u;), then we can derive the conditional probability of every
measurable set E_; € B(X_;) of strategy distributions:

pi(E—ilh) = 7, (S—i X E_i|S—i(h) x ¥_; (h))

Ty, ((S—i X E_i) N (S-i(h) X X_i (h)))

Ty, (S=i(h) x X (h))

T, (S=i(h) x (i (h) N E-;))
Zs,ies,i(h) fE_i(h) o—i(s—i)p;(do—;)
Zs,ies,i(h) fZ_i(h)mE_i o—i(s—i)p;(do )
25 seSi(h) Pui(5=i)
Jp_, o-i(S=i(h)p;(do—;)
- R ®)

For example, if u; has finite support:

pi(o—i) - 0—i(S=i(h)) _
ZaLiESupp’ui pi(o’ ;) - o’ (S—i(h))

pi(o—ilh) =

With this, we let

Vi (aslh; si, s, &) = &7 (/E " ¢; (Ui ((sijn, ai), 0—ilh)) Mi(d(f—ilh)> (6)

whenever h € H; (i;), and we derive well defined preferences over actions (given p; and s;)
only for information sets that are possible according to p,;. This is what we need for our
baseline definition of unimprovability, which is instead silent about choices at information
sets deemed unreachable.

Definition 1 A strategy s; is (u;, ¢;)-unimprovable if

Vh € Hi(w;), Si,n € arg maxh)Vi(aﬂh; Sy i, D)

aieAi
Since the game is finite, we can interpret unimprovability as “folding-back optimality”:
given (u;, ¢;), DM; derives a contingent plan that prescribes a choice for each information
set he deems reachable. He starts from information sets h € H;(u;) with no followers in
H;(p;), and to each one of them he assigns an action s; j, that maximizes V;(a;|h; s, p;, ¢;)-

Then he folds back, considering the information sets h € H;(u;) such that every follower
has no further followers; for every such follower, viz. h’, DM; predicts that the previously
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selected maximizing action s; s will be chosen; and so on until all the reachable informa-
tion sets in H;(u;) have been covered backwards. The folding-back procedure—possibly
breaking some ties arbitrarily—computes an unimprovable strategy for every (u;, @;).

Of course, we could define beliefs, and thus impose optimality requirements, also at
information sets in H;\H (y;). For the time being, we are not interested in doing so: the
moves of DM; at each h € H;\H(y;) will be immaterial for the equilibrium outcomes (by
ex post perfect recall and confirmed beliefs, see Section 7), and impossible to predict for
the opponents as long as we do not assume that they know the payoff function of i (cf.
Section 8).

From the point of view of an external observer, or of agents in roles different from ¢, it
is impossible to distinguish between two strategies of DM; that yield the same outcomes
independently of the opponents’ behavior. This leads to the following notion of equivalence,
which will play an important role in comparing self-confirming equilibria for different levels
of ambiguity aversion (see Section 6).

Definition 2 (Kuhn, 1958) Two (possibly degenerate) strategy distributions o} and o; are
realization-equivalent if they induce the same distribution on terminal nodes, that is,

V(z,5-i) € Z x S, Z ol (si) = Z ai(si).

83:C(84,8—4)=2 8::C(8i,8—4)=2
The set of strategy distributions realization-equivalent to o is denoted by [o}].

We let [s7] denote the set of strategies (that is, Dirac distributions) realization-equivalent
to s;.
Remark 1 Fiz any 04,0 € A(S;); 0; € [oF] if and only if o; ([s]]) = o} ([s}]) for every
S%k S SZ‘.

Let H;(si) = {h € H; : s; € S; (h)} denote the subset of information sets of DM; that
can be reached when s; is played. Focusing on pure strategies, we obtain the following
observation:

Remark 2 (Theorem 1, Kuhn 1953) Fiz any s;, s} € S;; si € [s]] if and only if s; and s}
are behaviorally equivalent, that is, if and only if Hi(s;) = H;(s}) and s, = s}, for each

h e HZ(S:)

Now, suppose that DM; is ambiguity neutral: ¢; = Idy,. Then, by a classical dynamic

programming result, unimprovability is (realization) equivalent to “global” (ex ante) sub-

jective EU-maximization:>!

21 All the dynamic programming results of this section can be proved by standard folding-back arguments.
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Proposition 1 For every strategy s € S; and prior p; € A(X_;) the following are equiv-
alent:
(1) [s}] contains a (p;,1dy,)-unimprovable strategy,

(2) s; € argmaxg;es; 2, P, (5-i)ui (C(si,5-)).
We introduce the following strengthening of unimprovability:

Definition 3 A strategy s; is (u;, ¢;)-sequentially optimal if

S;GSi

—i

Vh € Hi(p;), si € argmax ¢; ' (/ ?; <Ui(3;|h70—i|h)> Mi(dg—i’h)> :
S _i(h)

If DM; has dynamically inconsistent preferences over strategies, a (u;, ¢;)-sequentially
optimal strategy may not exists, as illustrated in Example 3 below. However, if DM;
is ambiguity neutral (hence, his preferences are dynamically consistent), unimprovability
coincides with sequential optimality:

Proposition 2 A strategy s; is (p;, Idy,)-unimprovable if and only if it is (p;,Idvy,)-
sequentially optimal.

Example 3 Consider the game of Figure 1 and the (marginal) belief of Example 1:

1 -
. 3 lfJQE{(SL,(SR},
pi(o2) = { 0 otherwise.

Then
Hi(pg) = Hy = {{2},{(In,G)}}.
The induced belief on S_; x X_; is

1 . _ _
_ 4 if (S-Ia 0-1) S {E7G} X {(L> go, 5L)7 (Ra g0, 5R)}7
Ty (5-1,0-1) = { 0 otherwise.

For an ambiguity neutral player 1 with belief u,, the value of M and B at (In,G) is
(% - 36 + % . 1) > 9, so it is higher than the value of T'. Therefore, by folding-back, the
(1, Idy,)-unimprovable strategies are In.M and In.B.

Now suppose instead that the ambiguity attitudes of player 1 are represented by some
strictly concave ¢, with:

() = Vu if 1 <u< 36,

It

17



At (In,G), player 1 still prefers M (or B) over T', because:

1

ViM[{(In, G)}; 51, 5 éz) = é;l (; : 551(1) + 9 ¢1(36)>

= (35)>9=Vy(T|{(In, G)} 51, 115, ;).

Hence, a (i, ¢,)-unimprovable strategy must prescribe action M or B at (In,G). But
then, it must also prescribe action Out at {@}. Indeed, for every strategy s; such that
8 1,(n,G) € {M, B} we have:

Vil (@ isrnnndn) = o7 (5000 (530) + 500 (501))

1 1\? .
= <2 V18 — 2) <4 =V(Out|{D};s1, 11, 0;)-
So, on the one hand, the only (i, ¢,)-unimprovable strategies are Out.M and Out.B. On
the other hand, from the perspective of the agent at the root of I, the value of committing
to strategy In.T is

2
Vi(In|{@};In.T, 1y, ¢;) = ( ;9> >4 =V;(Out|{@};Out.as, s 6,),  (7)

for all a; € {T,M,B}. So, player 1 would commit to In.T" if he only could. A

This example illustrates the well known dynamic inconsistency of preferences of decision
makers with non-neutral attitudes towards ambiguity.???3 To address this problem, we
assume that agents are sufficiently sophisticated to understand the incentives they would
face at each information set deemed possible, and plan/predict their contingent behavior
by folding back. The resulting (u;, ¢;)-unimprovable strategy (or strategies) represents how
agents in role ¢ with belief u; predict they would choose at future information sets; such
strategy and u, yield a value for each action available at the current information set.

Of course, DM; may be indifferent at some information sets. A further refinement
can be obtained for ambiguity averse agents by imposing a consistent-planning condition:
whenever DM; is indifferent at h then he breaks ties according to the preferences at the
immediate predecessor of h in H;. If this does not solve all the indifferences, ties are broken
according to the preferences of the twice-removed predecessor, and so on. We omit this
refinement for simplicity, and also because we find it arbitrary.

*2Gee Siniscalchi (2011), for illustrative examples and an in-depth analysis of this issue.

2 Note that these dynamic inconsistencies arise as a consequence of the combination of Bayesian updating
and non-neutral ambiguity attitudes. Indeed, it is not even obvious from the decision theoretic literature
that ambiguity averse players are supposed to update beliefs according to the standard rules of conditional
probabilities (see Epstein and Schneider 2007, Hanany and Klibanoff 2009, and Hanany et al. 2017). Instead
we take the position that these rules are part of rational cognition, and we stick to them. This position
is supported also by works that justify Bayesian updating in an evolutionary perspective, see Blume and
Easley (2006) and the references therein.
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5 Selfconfirming equilibrium

BCMM analyze a notion of smooth self-confirming equilibrium under the assumption that
agents play the strategic form of a game with feedback and ambiguity attitudes, as with
the strategy method in lab experiments. Specifically, consider a triple (T, f, ¢), where I is a
standard extensive-form game, f = (f; : Z — M );es is a profile of feedback functions such
that every f; describes the message m € M that player ¢ observes ex post as a function of
the terminal node, and ¢ = (¢; : V;— R),; is a profile of continuous and strictly increasing
functions capturing players attitudes toward ambiguity.

The structural strategic feedback function of i associates each strategy profile
(so, s) with a corresponding message, that is, F; = f;o(: Sy xS — M. We let B (siy0_i) €
A (M) denote the pushforward distribution of messages induced by strategy s; and the
profile of strategy distributions o_;. Specifically:

V(si,o,i,m) ES; XX _;x M, Fl (Si,O',i) (m) = Z o_; (S,i).
s_i:Fi(si,s—i)=m
To relate to BCMM it is convenient to define the normal form of a game with feedback
(T, f). We first define the strategic form payoff function

UiZU¢OCZSOXS—>R.
With this, the normal-form (expected) payoff function of player i is

U;: § — R,
s = D ges, 00(s0)Uilso, 8)

Similarly, we define normal-form feedback function F; : S — M as follows: If strategy
profile s is played in the long run, then ¢ observes the distribution of messages determined
by s and chance probabilities. Therefore, we let M = A (M) and

V(s,m)€Sx M, F(s)(m)= Y &o(s0).
s0:Fi(s0,s)=m
With this, the normal form of (T, f) is N (T, f) = (S;, ﬁi’Fl’)z’eI‘ The equilibrium concept
of BCMM applies to (N (T, f),¢) = (S%Uiﬂpiv(bi)ie[ under the assumption that each
agent in role ¢ covertly commits in advance to a strategy s;. Here, instead, we analyze an
equilibrium concept that is appropriate when agents play (T, f, ¢) with the “direct method”
making choices as the play unfolds, and we compare it with the strategic-form concept of
BCMM.
Given that the information structure of I' is assumed to satisfy perfect recall, we main-
tain the assumption that (T, f) satisfies “ex post perfect recall”:**

24Gee Battigalli et al. (2016b). There, the statement of the ex post perfect recall property is slightly
different. The two versions are equivalent for extensive-form representations that specify the information
of each player ¢ at each nonterminal node, not only those where 7 is active (cf. Battigalli and Bonanno,
1999). Otherwise, one should use the statement of this paper.
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Assumption (Ex post perfect recall) For every player i € I, the augmented collection of
information sets that includes the partition of Z induced by f;,

H; = HyU{f;"(m):m € fi(2)},
satisfies the perfect recall assumption.

Thus, in particular, for all terminal histories z, 2’ € Z, if there are an information set
h € H; and a node x € h such that x < z and either 2’ has no predecessor in h, or
ai(z,2) # a;(2, 2") for the predecessor 2’ of 2’ in h, then f;(z) # fi(2').

Furthermore, we also consider (but we do not always assume) the following property
of feedback:??

Definition 4 An extensive-form game with feedback (I, f) satisfies observable payoffs
whenever the payoff of every player only depends on his ex post information:

V(z’,z,z') elxZ? f (z2) = fi (z') = u; (2) = u4 (z’) .

In other words, the payoff function is constant on each element of the ex post informa-
tion partition {f;'(m) : m € f; (Z)}. We say that (T, f, ¢) satisfies observable payoffs if
(T, f) does.

In some examples, we will assume that agents observe the terminal node they reach,
that is, f; = Idz. We call this hypothesis perfect feedback.

Definition 5 A self-confirming equilibrium (SCE) of (T, f, ) is a profile of strategy
distributions (7;);er with the following property: For each i € I and 5; € Suppa; there is a
belief s, € A(X_;) such that

1. (rationality) 5; is (uz,, ¢;)-unimprovable,
2. (confirmed beliefs) g, ({o_i eX_;: Fi(gi,a_i) = Fi(Ei,&_i)}> =1.%

An SCFE (5;)icr is a symmetric SCE (symSCE) if, for each i € I, there is a pure strategy
5; with 6;(5;) = 1, that is, if all agents in the same population i play the same pure strategy.

The confirmed beliefs condition requires that the belief ji5, justifying 5; exclude all the
distributions that are not observationally equivalent to the true one, 6_;. When profiles
(i)ier and (ugi)iel p— satisfy the foregoing SCE conditions, we say that (7;)cs is

justified by confirmed beliefs (;Lgi) . The set of self-confirming equilibria of

i€l,5,€Suppa;

#5See Battigalli et al. (2016b) for an in-depth analysis of the properties of feedback and how they affect
the SCE set.
26Recall that 6_; includes 7g.
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(T, f, ¢) is denoted by SCE(T, f, ¢), while symSCE(T, f, ») denotes the set of symmetric
SCE.

As in BCMM, the confirmed beliefs condition says that an agent rules out opponents’
strategy distributions that are inconsistent with his “empirical distribution” of observa-
tions. More specifically, we consider stability conditions for a profile of strategy distribu-
tions in a scenario where agents drawn at random from large populations (corresponding
to game roles) play the given game recurrently and learn from their personal experience.
Suppose each agent keeps playing the same (pure) strategy for a very long time, and con-
sider an agent in role ¢ who has been playing s; and accumulated a large dataset of personal
observations. With probability 1, and in the limit, this dataset is summarized by the fre-
quency distribution of observations generated by his strategy §; and by the actual strategy
distributions for the opponents’ populations, that is, Fi(Ei, &_;).2" Every profile of distri-
butions that yields the same distribution of observations is empirically indistinguishable
from the true one, and hence it cannot be objectively rejected.

We first observe that every sequential equilibrium of a game I' corresponds to an SCE
of any extension of I' with feedback and ambiguity attitudes:

Pﬁroposition 3 For every (L, f,¢), every sequential equilibrium in behavioral strategies
(’Bi)iel of I' corresponds to a realization-equivalent SCE (), of (I, f, ¢).

Intuitively, for every sequential equilibrium (BZ)Z ey In behavioral strategies of I', we
can consider the corresponding realization-equivalent mixed strategy profile (7;);c;. Let
ps, = 0s_; for every i and 5; € Suppd;; since no ambiguity is perceived, agents with
these beliefs behave as expected utility maximizers. With this, it can be shown that
each s; € Suppg; is (ugi,qbi)—unimprovable, because (G;)ier corresponds to a sequential
equilibrium of I'.

Thus, we obtain existence of SCE from well known results of existence for the sequential
equilibrium concept:

Corollary 4 For every (T, f, ®), the set SCE(T, f, ¢) is not empty. Furthermore, if T has
perfect information also symSCE(T, f,®) is not empty.

The second statement in Corollary 4 follows from Proposition 3 and the well known
fact that every finite game with perfect information has a pure strategy subgame perfect
equilibrium, which is also a sequential equilibrium.

Observe that our definition does not coincide with the one proposed in BCMM, because
the rationality assumption of BCMM is given by the ex ante KMM criterion:

$; €S;

5i € arg maX/E _ ?; (Z o—i(s-i)Ui (Si,Si)> pi (do—i),

*7See Battigalli et al. (2016¢) for a learning foundation of self-confirming equilibrium with non-neutral
ambiguity attitudes.
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This best reply condition is appropriate only in simultaneous moves games, possibly ob-
tained by having agents play the strategic form of a sequential game (cf. BCMM, pp.
665-667). Here, instead, we require agents to maximize the KMM value over actions at
every information set they deem reachable. Therefore, the set of self-confirming equilibria
a la BCMM of a sequential game (T, f, ¢) is SCE (N (T, f), ¢).

Proposition 1 implies that our definition is (realization) equivalent to the one of BCMM
when agents are ambiguity neutral: Given (7;)ier € SCE (N (T, f), (Idy,)ier) with as-
sociated beliefs (Msi)ie I,s;cSuppa;» Teplace each s; € Suppo; with a realization-equivalent
(ts;, Idv,)-unimprovable strategy $;(s;), where §;(-) is a suitably defined map (see Proposi-
tion 1); then define o; as the pushforward of ; under map §;(+), that is, o0; = ;0 é;l; the
resulting profile ¢ with associated beliefs (Mgi(si))iel .s;€Suppa; satisfies the SCE conditions.
To sum up:

Remark 3 Suppose that ¢, is linear for eachi € I. Then, for every (5;)ie; € SCE (N(T, f), ®)
there is some (0;)ier € SCE (L', f, ®) such that, for each i € I, ; and o; are realization-
equivalent.

If agents instead are ambiguity averse, the SCE’s of a game are not realization-equivalent
to SCE’s of its strategic-form representation.

Example 4 Consider the game of Figure 1. In Example 3 we considered a belief p; and
ambiguity attitudes ¢, of player 1 such that Out.M and Out.B are (u,, ¢,)-unimprovable
strategies. It follows that (Out.M, L) (for instance) is a symmetric SCE of the game, where
Out.M is justified by belief u, (trivially confirmed for any feedback function) and L is
(vacuously) justified by any belief (for any é,). However, note that inequality (7) implies
that (Out.M, L) does not belong to SCE (N(F,f),q_b). Specifically, (7) implies that, for
every belief i, and action a; € {T, M, B}, strategy Out.a; is not ex-ante optimal, and thus
it does not satisfy the best reply condition of BCMM. A

Comment on knowledge of the game The definition of SCE relies on very weak
interpretive assumptions about agents’ knowledge of the game: each agent playing in role
i has to know only his preferences (v;, ¢;), the extensive-game form (hence, also ¢ : S — Z
and v : Z — ('), and his feedback function f; : Z — M. Therefore, in a SCE an agent in
population ¢ may believe that a positive fraction of agents in population j are implementing
strategies that cannot be justified by any belief, given their true preferences and feedback
(vj, @5, fj) (possibly unknown to agents in population ). Essentially, SCE is a solution
concept for incomplete information games with private values. In Section 8, we analyze
a notion of rationalizable SCE that is appropriate when there is common knowledge of
(T, f,¢). This requires a specification of conditional beliefs also at information sets that
players deem unreachable and the corresponding strengthening of unimprovability to "full
unimprovability" (see Section 7). We note however that this strengthening has bite only
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if it is coupled with strategic reasoning based on knowledge of the game (see Proposition
10).

6 Monotonicity of selfconfirming equilibrium

In this section we analyze changes in the set of equilibria when feedback and ambiguity
attitudes are modified with respect to some baseline f and ¢ respectively. Say that the
feedback profile f is coarser than f if f; is fi-measurable for each i € I.2® In other
words, for each player i, the partition of Z induced by f; is coarser than the partition
of Z induced by f;. It is quite straightforward to show that if f is coarser than f, then
SCE(T, f,¢) D SCE(T, f, ¢), because coarser ex post information makes it easier to satisfy
the confirmed beliefs condition (see BCMM).

We would also like to prove an extension for sequential games of the following monotonic-
ity theorem of BCMM: under observable payoffs, the SCE correspondence is monotone with
respect to ambiguity aversion, that is, as ambiguity aversion increases, the set of SCE ex-
pands. Formally:

Definition 6 We say that (I, f,¢) features more ambiguity aversion than (T, f,¢) if,
for each i € I, ¢; = @; 0 ¢; for some concave and strictly increasing function p;, and that
(T, f, ¢) features ambiguity aversion if each ¢; is concave.

BCMM proved that if (T', f) has observable payoffs and (T, f, ¢) features more ambiguity

aversion than (T, f,$), then

SCE(N(T, f),¢) 2 SCE (N(T, f), ).
Therefore, if (T, f, ¢) features ambiguity aversion, then

SCE (N(T, f),¢) 2 SCE(N(T, f),Idy).

As already observed, self-confirming equilibria in the strategic and extensive form of
the game are not realization equivalent. Hence, the monotonicity result of BCMM cannot
be invoked to obtain an equivalent result for SCE in sequential games, not even in terms of
induced outcome distributions. Yet, the core of the argument of BCMM can be adapted to
sequential games when all the strategies in the support of an SCE with baseline ambiguity
attitudes ¢ are sequentially optimal under the confirmed beliefs that justify them, that is,
at every reachable information set h the prescribed continuation strategy is the one that
maximizes the value at h (see Definition 3).

Recall that [0;] (respectively [s;]) is the set of distributions (resp., strategies) realization
equivalent to o; (resp. s;), and that o’ € [o;] if and only if o ([s;]) = o ([s;]) for every s;.2°

That is, f; =n; 0 fi for some n, : f; (Z) — M.
29GSee Definition 2 and Remark 1.
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Lemma 1 Suppose that (T, f,$) features more ambiguity aversion than (T, f,$) and fix
any (5;)ic; € SCE(T, f,¢) justified by confirmed beliefs (Mgi)iéf,giGSuppﬁi' Suppose that
for each i € I, every 3; € Suppao; is (is,, &;)-sequentially optimal. Then, there exists some
(01)icr € SCE(L, f,¢) such that, for each i € I, o; € [7;] and every s; € Suppo; is justified
by confirmed belief s, for some 5; € [s;] N Suppa;.

We provide a sketch of proof of Lemma 1 because it helps to understand how dy-
namic (in)consistency matters for SCE analysis. Fix (5;)ie; € SCE(T, f,¢) and con-
sider a strategy s; € Suppo; that is sequentially optimal given g . Since the confirmed-
beliefs condition does not depend on ambiguity attitudes, we only have to argue that some
si € [5] is (ps,, ¢;)-unimprovable. Fix any h consistent with 5;, that is, h € H;(5;). By
ex post perfect recall, p; assigns probability 1 to the set of distributions o_; such that
0_;i (S—i(h)) = a_; (S (h)), because i observes the frequency of h. There are two cases.
(1) If &; (S—; (h)) > 0, then g, (X (h)) > 0 and conditional belief y13 (-|h) is determined
by Bayes rule. Since payoffs are observable, according to conditional belief ug, (-|h) the
equilibrium action §; 5, is unambiguous (that is, it involves known risks), whereas devia-
tions are untested and can be perceived as ambiguous. Thus, keeping continuation plan
and beliefs fixed, an increase in ambiguity aversion from the baseline ¢, to the more con-
cave ¢; decreases the value of deviations without affecting the value of 5; ;. Moreover, by
sequential optimality, after each deviation the original continuation plan described by §; is
optimal under ¢; given pg, (-|h). This implies that any (ug,, ¢;)-unimprovable continuation
plan makes deviations less attractive under ¢, (if the plan involves further deviations from
5; down the road) and hence less attractive than §;j, under the higher ambiguity aversion
represented by ¢;. (2) If 6_; (S_; (h)) = 0, also ug, assigns probability 0 to h (that is,
h ¢ H; (ugi)) and unimprovability does not impose any optimality requirement on 5;j,
(see Definition 1). Hence, one can find a (5, ¢;)-unimprovable and realization-equivalent
strategy s; € [5;]. The following example illustrates this intuition.

Example 5 Let IV be the game of Figure 1, but with payoff 5 instead of 4 at outcome
Out. The symmetric SCE (Out.M,L) of (T, f,¢) of Example 4 is also a symmetric SCE

of (I, f, ®) justified by the same confirmed beliefs as in Examples 1 and 4:

py(o2) = { z o2 € {0, 0n},

0 otherwise.

Now, Out.M is not only a (i, ¢, )-unimprovable strategy, but it is also (1, ¢,)-sequentially
optimal, because at the root the best alternative strategy In.T (see Example 3) yields an
unambiguous expected payoff of 4.5 < 5. Consider now any strictly increasing and concave
transformation ¢, = ¢, o ¢, such that:

¢ (w) = ¢(u)=Vvu ifucl0,9]),
0 6> ¢, (36) > ¢, (9) =3.

&
S
I
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Specifically, ¢, (36) is close to 3. In the transformation from ¢, to ¢,, the values of In.M
and In.B at the root (given ;) decrease, whereas the value of In.T is constant. Then, at
the root, In.a(f is worse than Out, where aqlb denotes any action that mazimizes player 1’s
(g, ¢1)-value conditional on {(In, G)}. This implies that Out.a(f is (py, @)-unimprovable

and <Out.a‘f, L) is a symmetric SCE of (I, f, ¢) realization equivalent to (Out.M,L). A

What can go wrong when the SCE strategies are not sequentially optimal under the
confirmed beliefs that justify them? Take the viewpoint of an agent in population ¢ at some
information set h € H;(u;) N H(s;), where s; is the agent’s strategy in an SCE of (F, o, f)
and p,; is the confirmed belief that justifies it. At h, the agent evaluates a deviation from
the equilibrium action s; , to an alternative action a;, after which he might play once more
at an information set h’ € H;(u;). Suppose that, given his belief and some action a; at A/,
the deviation at h has a higher value than the SCE expected payoff. Yet, since s; is not
(i, &;)-sequentially optimal, the agent also realizes that his “future self’ at A’ will play
action s; s different from af, and this makes the agent prefer s;; to a; at h. But, as his
ambiguity aversion increases from ¢, to ¢;, the future self of the agent may switch from
i to a; at b for all the confirmed beliefs that justify s;p under ¢;. Then, although for
any fized belief and action at h' the value of a; compared to s;, at h decreases (because
a; exposes the agent to ambiguity while s;; does not, and the agent has become more
ambiguity averse), the value of a; at h under the predicted choice at h’ can increase when
moving from ¢; to ¢;. The following example demonstrates this possibility.

Example 6 Consider the game of Figure 1. Let ¢, and ¢, be the ambiguity attitudes
described in Examples 4 and 5. In Appendix 10.2 we show that, if ¢ (36) is sufficiently small,
Out does not belong to the set of SCE outcomes of (I', ¢, f), although it is an SCE outcome
of (I, f,¢). The intuition is as follows. For an intermediate level of ambiguity aversion,
captured by the baseline second-order utility ¢, upon reaching (In, G) player 1 is tempted
by actions M and B even under the most pessimistic belief (y¢;(-| {(In, G)}) = 361 + 26g,
cf. Lemma 9). At the root, he anticipates this and, scared by the implied ex-ante objective
expected reward of 1/2 under the “bad model” (6 if he plans M and dp if he plans B),
he chooses Out. For a higher level of ambiguity aversion, captured by ¢, at (In,G) player
1 is tempted by M and B only for sufficiently optimistic beliefs. As a consequence, at the
root, he is less worried by the “bad model,” either because now he plans the unambiguous
action 7" for the subgame, or because he plans an ambiguous action and he deems the “bad
model” sufficiently unlikely. Therefore, he chooses In at the root. A

Thus, the monotonicity result of BCMM does not extend to all sequential games, even
if we restrict our attention to distributions of outcomes.?’ Yet, we can use Lemma 1 to
show that the monotonicity result holds for classes of games and equilibria of interest.

30This shows that the conjecture informally stated by BCMM (p. 667) is false.
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6.1 No player moves more than once

We say that no player moves more than once?®' in I if, for every i € I and z € Z,
there is at most one information set h € H; that contains a predecessor of z. In this class
of games, at any information set h € H;, the agent does not move again after h; thus,
no information set of ¢ is prevented by any strategy of 7. In this case the value of an
action at h € H; does not depend on i’s strategy, unimprovability coincides with sequential
optimality,3? strategies (or strategy distributions) are realization-equivalent if and only if
they coincide, hence Lemma 1 implies the following result:

Corollary 5 Fiz two games with observable payoffs where no player moves more than
once, (I, f,¢) and (T, f,$), so that (T, f, @) features more ambiguity aversion than (T, f, ¢).
Then

SCE(T, f,¢) 2 SCE(T, f,).

6.2 Symmetric self-confirming equilibria

Consider now a symmetric SCE § in a game with observable payoffs and without chance
moves. We can show that there is a symmetric SCE equilibrium s with the same outcome.3?

Theorem 6 Fiz two games with observable payoffs, ambiguity aversion, and without chance
moves, (T, f,¢) and (T, f, &), so that (T, f, @) features more ambiguity aversion than (T, f, $).
Then:

¢ (symSCE(T, f,¢)) 2 ¢ (symSCE(T, f,9)) .

We prove Theorem 6 in the Appendix, here we provide an intuitive argument. The
SCE strategies may not be sequentially optimal under the confirmed beliefs that justify
them. However, consider alternative beliefs that are supported by Dirac models and give
the same predictive beliefs as the original ones. By construction, these beliefs are confirmed
by the equilibrium play, and they feature two additional properties. First, they are the
most pessimistic beliefs among those that give rise to the same predictive probabilities;
thus, by certainty of the equilibrium payoff, they justify a realization equivalent symmetric
SCE. This is shown by Lemma 9 in the Appendix and it is based on the following intuition:
For any belief p,;, the corresponding belief supported by Dirac models ji; with the same
predictive as pu; is a “mean-preserving spread” of u,, and the concavity of ¢, implies that
player ¢ feels worse-off with such spread. Second, absent chance moves, beliefs supported
by Dirac models cannot entail dynamic inconsistencies of preferences over strategies; thus,

31 Perfect information games with this property have been called “simple” (see, e.g., Fudenberg and
Levine, 2006). We prefer the more explicative phrase because (i) we are not assuming perfect information
and (ii) “simple” is vague and had been used earlier with a different meaning (see Battigalli, 2003).

32Indeed, Proposition 2 can be extended to any ¢, in one-move games; yet, Proposition 1 cannot!

33 Note that we can identify symSCE (F,fi,aﬁ) with a subset of S. Hence, it makes sense to write

C(symSCE (I‘,fi,&)).
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the symmetric SCE’s they justify features sequentially optimal strategies. This is shown by
Lemma 8 in the Appendix. The main idea behind this result is that dynamic inconsistency
is due to the perception of hedging opportunities that may be optimal ex-ante, but would
not be implemented ex-post after (partial) resolution of the uncertainty. But, absent
chance moves, an agent whose belief is supported by Dirac models does not perceive such
hedging opportunities. With this, we can use Lemma 1 to prove the monotonicity result
for equilibrium outcomes.

Absence of chance moves and symmetry of the equilibrium are tight conditions. In
Example 6, outcome Out is induced by a symSCE of the game with chance moves (T, f, ¢),
but it is not induced by any symSCE of the game (T, f, ¢), which features more ambiguity
aversion. As for the role of symmetry (pure equilibrium), consider the following example.

4 0
(E,Out) Af
{0,1}
(G,Out) m
4 1\2| L | R
T 9 9
M 1 36
B 36 1

Figure 2: A 3-person common interest game: I = {0, 1,2}

Example 7 Let IV be the following modification of the game of Figure 1: deviating from
our standard notation, here 0 is not chance but rather an actual player, choosing between
E and G simultaneously with player 1 at the root. Assuming common interests, all players
obtain payoff 4 at both outcomes (E,Out) and (G,Out). See Figure 6.2. Assume perfect
feedback and consider the same ¢, and ¢, of Evample 6. The SCE (oy,Out.M,L) of
(I, f, @), where 0 y(E) = 09(G) = %, yields outcomes (E, Out) and (G, Out) with probability
1/2 (cf. Example 4). By perfect feedback and confirmed beliefs, in any realization-equivalent
SCE player 1 is certain of og. Yet, for the same argument as for Ezample 6, no (u;, ¢;)-
unimprovable strategy of player 1 prescribes action Out when the marginal of v, on 3¢ is
ds,- Thus, no SCE of (I, f, &) yields outcomes (E,Out) and (G, Out) with probability 1/2.
A



6.3 Ambiguity aversion versus ambiguity neutrality

Fix a sequential game with feedback (I', f) and let Idy = ((Idy,),.;) denote the profile
of players’ identity functions characterizing their neutrality toward ambiguity. We relate
the set SCE (T, f,Idy) of SCE’s of I" given feedback functions f and neutral ambiguity
attitudes with the set SCE (T, f, ¢) with non-neutral ambiguity attitudes ¢. We start with
a preliminary observation:>*

Remark 4 For every two-person game with feedback (', f) and every profile ¢ of second-
order utility functions, SCE (T, f,1dy) C SCE (T, f, ).

To see this, note that ambiguity neutrality and the convexity of ¥_; = A (S_;) in
two-person games allow to replace the justified beliefs supporting (;);c; as an SCE of
(T, f,Idy) with the corresponding Dirac beliefs supported by their predictive measure.
Since ambiguity attitudes are immaterial for agents with Dirac beliefs, (7;);cs is also an
SCE of (T, f,¢). This argument does not hold with n > 2 players, because in this case ¥ _;
is not convex, hence, the Dirac measure supported by the predictive of j5, may belong to
A(A(S-;))\A(X_;). Nonetheless, we can relate SCFE (T, f,Idy) and SCE (T, f, ¢) for a
large class of games.

As a corollary of their main monotonicity result, BCMM show that, under observable
payoffs, SCE (N (T, f),Idy) is contained in SCE (N (T, f), ¢) if each ¢; is concave and
there are observable payoffs. Even if the main monotonicity result of BCMM does not
extend to SCE of sequential games for the entire spectrum of ambiguity attitudes, we
are still able to obtain a sequential version of this corollary in terms of induced outcome
distributions. By dynamic consistency under ambiguity neutrality (i.e., by Proposition 2),
the result about the comparison between ambiguity neutrality and ambiguity aversion is a
corollary of Lemma 1.

Corollary 7 Suppose that (T, f) has observable payoffs and (T, f,¢) features ambiguity
aversion. Then, the set of SCE distributions over terminal nodes of (T, f, ¢) contains the
set of SCFE distributions over terminal nodes with ambiguity neutrality.

Given the large body of empirical evidence supporting the ambiguity aversion hypothe-
sis, we conclude that the standard SCE concept, which implicitly assumes neutral ambiguity
attitudes, overestimates the predictability of long-run outcomes of learning dynamics.

Finally, note that Corollary 5 and Corollary 7, via Lemma 1, imply that all beliefs
that justify SCE(T, f, $) in one-move games or under ambiguity neutrality (linear ¢) also
justify the corresponding equilibria under ¢. This is not true for symmetric equilibria in
games without chance moves (see the proof of Theorem 6).

34t footnote 23 of BCMM.
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7 Conditional probability systems and full unimprovability

So far we studied how ambiguity aversion and the ensuing possibility of dynamic incon-
sistency (the incentive to covertly commit, if possible) affect SCE analysis. However, we
neglected strategic reasoning based on common knowledge of (some features of) the game.
To analyze strategic reasoning in sequential games we have to address an additional and
more traditional issue: We need to model how a player thinks that the other agents would
react to unexpected moves. Even if players are ambiguity neutral, the analysis of Sections
4-6 is insufficient to address this issue: As a preliminary step, we need to assume that agents
have well defined conditional beliefs at all information sets, including the unexpected ones.
The conditional beliefs of any given agent at different information sets have to be mutu-
ally consistent if we want to preserve/extend the unimprovability principle. Moreover, we
want to model players who reason strategically about the game before playing it. For this
purpose, we have to consider also their beliefs at the root, even if they are not first movers.
Therefore, for every i € I, we will consider the expanded collection of information sets
H; = H;U{{2}}.

To understand the following definition, consider beliefs 11;(-|g), i;(-|h) € A(X_;) at two
information sets g and h, so that g precedes h (¢ < h), and suppose that h is possible
according to ;(+|g), that is, p,. (S—i(h)|g) > 0. Then, the conditional belief y;(:|h) can be
derived from p,(+|g) in the way prescribed by (5): for all E_; € B(X_;),

Je_ins_i(g) T—i(S-i(R)]g)i(do—i]g)
pﬂi(S—l( )|g)

Next note that we can write the required relation between p,(-|g) and pu,;(-|h) without
explicitly stating condition p, (S—;(h)|g) > 0: for all g,h € H; with g < h, and E_; €
B(S)

pi(E—ilh) =

P (Sl = [ (S ilan (o) 0

Definition 7 A conditional probability system (CPS) on (X_;, H;) is an array of
probability measures

pi-1) = (i C1)hem, € [AE-)]™
such that

(J)forallhEHz, w;(X_i(h)|h) =1,
(2) for all g,h € H; with g < h eq. (8) holds.

Definition 8 A CPS on (S_;, H;) is an array of probability measures

piC1) = (i 1Mne, € (DS
such that (pi(1h)ne i, = Py ncr, for some OPS (1) = (- 1W)neq, on (S, Hy).
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In Definition 8, we define a CPS on (S_;, H;) indirectly as the “predictive” of some CPS
on (X_;, H;). We could have given a direct definition: Indeed, p; € [A(S_;)]*i is a CPS on
(S_;, H;) if and only if (1) for every h € H;, p;(S_;(h)|Rh) = 1 and (2) for all g, h € H; with
g=<handall s_; € S_;(h),

pi(s—ilh)pi(S—i(h)|g) = pi(s—ilg). (9)
Notation 8 The set of CPS’s on (S_;, H;) [(S_s, H;)] is denoted by ATi(S_;) [ATi(S_)].

With this, we can give a stronger definition of unimprovability:

Definition 9 A strategy s; is fully (u;(-|-), ¢;)-unimprovable (where y1;(-|-) € AHi(X_;))
if

al'EAl'

Vh € Hj, sip € arg e Vilailh; si, i, 0;).

It is well known that, for ambiguity neutral agents, we have a refined dynamic pro-
gramming result:’

Proposition 9 For every s} € S; and p;(+]-) € AT (S ), the following are true:
(1%) [s¥] contains a fully (p;(+|-), Idy,)-unimprovable strategy if and only if

7

Vh € H(s}), si € arg Sirgl;:)((h) 2 Ui(i,5—i) - pu, (s—ilh);

(2%) st is a fully (p;(+]-), Idy,)-unimprovable strategy if and only if

Vh € Hi, (s}, 5;,) € arg max Ui(si,5-3) - pu, (s—i|h).
5;€8;(h) s

Full-improvability solves the difficulties described above. Intuitively, we can interpret
a (p;(+|-), ¢;)-fully unimprovable strategy s; as the plan of an agent in role ¢, which can be
obtained with a “folding back” dynamic programing procedure on the subjective decision
tree implied by CPS p;(+]-). In our perspective, the fact that the beliefs of an agent with
perfect recall are given by a CPS reflects the epistemic unity of the agent’s self: the
agent always incorporates new information into his system of knowledge and beliefs in a way
that is consistent with his previous beliefs and with the rules of conditional probabilities,
even when new information follows previously unexpected information.

Before we move on to model strategic reasoning, we verify that even if SCE is strength-
ened by requiring full unimprovability, the set of possible outcomes does not change.

35 Definition 9 requires maximization over actions; hence, it considers only the information sets where 7 is
active. The following propositions relate to maximization over strategies; hence, they also include (ex ante)
maximization at {@} even if ¢ is not a first mover. Also, recall that, according to our notation, (s}, s} )
is the minimal modification of s} that makes h reachable and plays like s} at all information sets h’ that
do not strictly precede h.
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Definition 10 A fully unimprovable self-confirming equilibrium of (I, f,¢) is a
profile of strategy distributions (o})icr with following property: For every i € I and s} €
Suppo? there is a OPS pg(-|-) € AHi(X_;) such that

(rationality ) s¥ is fully (/LZS;(-’-), ¢;)-unimprovable,

(confirmed beliefs) fi4« ({O'_i €Y F(sf o) = Fi(s;‘,a*_i)} \{@}) =1.

Note that the confirmed beliefs condition refers only to the initial beliefs pg(-|{@}) be-
cause it implies that conditional beliefs are confirmed by observed conditional frequencies
at every history that is reached with positive probability in equilibrium (see the proof of
Lemma 4). By inspection of Definitions 5 and 10 it is also clear that every fully unimprov-
able SCE is also an SCE. The following proposition implies that SCE and fully unimprov-
able SCE are realization equivalent.

Proposition 10 For every SCE there is a corresponding fully unimprovable SCE that
yields the same probability distribution on terminal nodes.

Intuitively, since SCE does not rely on complete information and does not model strate-
gic thinking, requiring rational reactions to unexpected moved adds little to the analysis:
Agents are not assumed to know the preferences of others, hence they are not assumed to
rule out irrational reactions to deviations.

8 Knowledge of the game and strategic reasoning

What if (T, f,#) (or a part of it) is common knowledge? Then it makes sense to explore a
notion of “rationalizable SCE” according to which agents reason strategically about their
opponents taking into account their preferences and feedback functions (cf. Rubinstein and
Wolinsky 1994, Battigalli 1999, Dekel et al. 1999, Esponda 2013, Fudenberg and Kamada
2015). We illustrate this with two simple examples.
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(7)

Figure 3: Entry game

(o)

Example 8 (Cf. Fudenberg and Levine, 1993). Figure 8 depicts the so called “Entry
game” often used to illustrate the shortcomings of the Nash equilibrium concept. To com-
plete the specification of (T, f,$) assume observable payoffs (hence, in this case, perfect
feedback) and let ¢ be an arbitrary pair of strictly increasing functions.>® It can be checked

that the set of SCE’s of (T, f, ¢) is
{(01,03) € A(S1) x A(S2) : 01(A) =1, or (07(A) <1,05(L) =1)}.

First-movers who choose A (go Across) get no feedback and can thus hold trivially confirmed
beliefs that make them play A. As for second-mowvers, their plan becomes relevant only if a
positive fraction of first-movers choose D (go Down). In that case, the only rational choice
is L (Left). In equilibrium, first-movers going Down correctly predict Left, which makes
Down a strict best response. How can a first mover expect that the second mover goes Right
with high probability (i.e., that a large fraction of second movers play Right)? Informally,
this is possible if either the first mover gives a high probability to the second mover being
wrrational, or—more reasonably—if the first mover does not know vo. If instead the first
mover knows ve and believes in the rationality of the second mowver, then he predicts that
Down would be followed by Left, and he would go Down. Intuitively, only one SCFE is
consistent with belief in rationality and knowledge of the game: (D,L). However, this is
not formally captured by the confirmed beliefs condition of Definition 10. According to such
definition, if an agent in population 1 does not play Down, he can keep the belief that the
second mover would play Right after Down: If va is unknown to first movers, they have no
way to understand that only Left is rational. Relatedly, the set of equilibrium distributions
on terminal nodes is unchanged if we adopt the stronger definition of unimprovability: The
latter implies 04(L) = 1, but the first movers who go Across because they have wrong beliefs

360ne can show that ambiguity aversion does not matter when players have only two strategies.
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have no way to find out they are wrong; hence, the equilibrium distributions on terminal
nodes are the same. A

Example 9 (Rubinstein and Wolinsky 1994, Battigalli 1999). Two players must simulta-
neously choose a location among the equally spaced points 0, 1, 2, 3 on the real line. Their
payoff is the negative of the distance between their chosen locations and each player, that
is, Ui(s1,82) = —|s1 — sa|; furthermore, each player observes this distance and, of course,
remembers his action: F;(s1,s2) = (s;,|s1 — s2|). Again, let us fix an arbitrary concave ¢
and—for simplicity—Ilet us focus on the symmetric equilibria. The set of symmetric SCE’s

symSCE = {(0,0),(1,1),(2,2),(3,3),(1,2),(2,1)}.

Of course, (1,2) and (2,1) are not Nash equilibria. They are symmetric SCE’s supported
by confirmed beliefs according to which each agent assigns the same probability to the co-
player being either on his right, or on his left. However, if the game is common knowledge,
an agent with such beliefs infers that with probability .5 his co-player is “cornered” at an
extreme point and cannot be best responding to confirmed beliefs. This is unlikely to be
a stable situation under complete information if players reason strategically, because no
player has reasons to believe that the co-player would keep playing in the same way. A

Symmetrically rationalizable SCE We capture with an inductive definition the be-
havioral consequences of the following assumptions on rationality and interactive beliefs:
(1) agents are rational (in the sense of full unimprovability) and have confirmed beliefs,
and (2) there is common belief at the beginning of the game that (1) holds. This is easier
to do in a particular case, i.e., when all agents in the same population follow the same
plan (symmetric SCE) and there is common full belief of this.3" To simplify the analysis
we focus on games without chance moves. Then, the CPS p; (+|-) on (3_;, H;) is supported
by Dirac models, and therefore it is isomorphic to a CPS p,, on (S_;, H;). A variation of
the algorithm defined by Battigalli (1999) (see also Esponda 2013) precisely captures the
foregoing epistemic assumptions.
Given a CPS y,(-|-) € AHi(X_;), we let

ri(pi (), ¢3) = {Si € 8;:Vh € H;, s;p, € arg max Vi(ai|h;si, p; (+]) 7¢i)}
a; €A;(h)
denote the set of fully (1;, ¢;)-unimprovable strategies of 5. When f;(-|-) is isomorphic to a
predictive CPS p;(-|-), as in the case we are considering right now, it makes sense to write

ri(pi(-]-), &5)-

3TNote, we did not say “belief at the beginning of the game,” because now we mean “probability 1 belief
conditional on every information set.” This is called “full belief” in epistemic game theory (e.g., Battigalli
et al. 2017).
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Definition 11 For each i € I, let B? =5; x M, and

k+1 _ S k. apl(’) S AHZ(S*Z)agl € rl(pl(’)7¢z)7
b= {( o) € B pi (5, (ma) 0 {s_i : (55, F,(51,5-4))j € BE} {@}) =1 }

for each k € Ng. A strategy profile 5 is a symmetrically rationalizable SCE for game
(T, f, @) (without chance moves) if (3;, Fi(5))icr € Xicr ﬂ BE. The set of symmetrically

keN
rationalizable self-confirming equilibria of (T, f, @) is denoted by symRSCE(T, f, ).

Intuitively, (5;,m;) € B} if 5; is justified by some CPS such that i is initially certain

to get message m; if he plays 3;. Thus, (S;, Fi(5))ier € Xier ﬂ B} if 5 is an unimprovable
keN

SCE (with beliefs supported by Dirac models). Then, (5;,m;) € B? if 5, is justified by some
CPS such that ¢ is initially certain to get message m; if he plays 5;, and furthermore he is
initially certain that everybody else is playing strategies justified by confirmed beliefs. The
iterations capture higher levels of (initial) mutual belief in rationality and in confirmation
of beliefs.

Remark 5 A strategy profile 5 is a symmetrically rationalizable SCE for (T, f, ) if
and only if there is a profile of finite subsets (B;)icr € xicr2%*M such that, for everyt € I,
there is m; € M with (5;,m;) € B;, and for every (3;,1m;) € B;, there is p;(-|-) € ATi(S_;)
with §; € ri(pi(-|-), ¢;) and

pi(F5 () N {5+ (55, Fj(3i,5-0)) 24 € B-i} [{@}) = 1. (10)

The Remark above shows that our inductive definition is an extensive-form version
with ambiguity attitudes of Rubinstein’s and Wolinsky’s (1994) rationalizable conjec-
tural equilibrium. Next we offer a characterization with sets of strategy profiles. Let
symSCE°(T, f,¢) = S and

symSCEkH(F, fi0) =

B L Vie I 3pi(-]) € Ai(S_)), 5 € rilpi(-]), 6;),
{S € symSCEk(F,fv QS) : i (Ffl(E(g)) N symSC’Ek(F, 1, ¢)§Z|{@}> =1 }’

Si

where, for any subset X C S and strategy s; € S;,
Xgi = {S_i €S (§Z',S_i) S X}

is the section of X at 5; (thus, symSCE¥(T, f, ¢)s, is the section of symSCE*(T, f, ¢) at
5;). Note that symSCFEL(T, f, ¢) coincides with the set of fully unimprovable symmetric
SCE’s of (T, f, ) justified by confirmed beliefs supported by Dirac models. Thus, § €
symSCE?(T, f, ) if each 5; is a best reply to a confirmed belief that assigns probability
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1 to other players choosing best replies to confirmed beliefs supported by Dirac models,
given §; and message m; = F;(5).
The following result shows that symmetric RSCE is characterized by the iterated dele-

tion of strategy profiles (symSCEk(F, 7, ¢))k€N:

Lemma 2 Foreveryk € N, ands € S, 5 € symSCE* (T, f, ¢) if and only if (5;, Fi(3));cr €
B*. Therefore,

ﬂsymSCEk(F, [, ¢) = symRSCE(L, f, ).

k

Example 10 One can easily check that the only rationalizable SCE for the game of Fig-
ure 8 is (D,L), independently of ¢: Only L is fully unimprovable for player 2, thus
symSCEYT, f,¢) = {(A,L),(D,L)} and symSCEL(T, f,¢)a = {L}. Therefore,

symSCE*(T, f,¢) = {(D,L)}.
A

Example 11 Now consider the rationalizable SCE’s set for the distance game of Example
9:

symSCENT, f,¢) = symSCE(T, f,¢) = {(0,0), (1,1),(2,2),(3,3),(1,2),(2,1)}.

Let 5 = (1,2). We show that 5 ¢ symSCE?(T, f,¢). Consider player 1. If we had
5 € symSCE?(T, f, ), then 51 = 1 would be a best reply to a belief p1 such that pi({0,2}N
symSCEYT, f,¢)s,|{@}) = 1. But symSCEX(T, f,¢)s, = {1,2}. Thus

{07 2} N SymSCEl (F’ f7 ¢)§2 = {2};

and the best reply to so = 2 is s1 = 2. A similar argument shows that (2,1) ¢ symSCEY(T, f, ¢).
Hence only the pure Nash equilibria are symRSCE. A

We can prove for the symRSCE correspondence two monotonicity results analogous to
those obtained for the symSCE correspondence (cf. Corollary 5 adapted to symSCE and
Theorem 6):

Theorem 11 Fiz two games with observable payoffs and no chance moves where no player
moves more than once, (I, f,¢) and (T, f,¢), so that (T, f,¢) features more ambiguity
aversion than (T, f,¢). Then,

symRSCE(T, f,¢) C symRSCE(T, f, ¢).
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Theorem 12 Fix two games with ambiguity aversion, observable payoffs, and no chance
moves, (T, f,¢) and (T, f, ®), so that (T, f, ) features more ambiguity aversion than (T, f, $).
Then, for every 5 € symRSCE(T, f,$) there is some s € symRSCE(T, f,¢) such that,
for each player i, s; is realization equivalent to s;; therefore,

((symRSCE(T, f,¢)) € ((symRSCE(L, f, $)).

Intuitively, these results rely on the following intermediate step:>®

Monotonicity of the justifiability correspondence: For every information set
h € H; and compact subset ¥, € A(S_; (h)), if an action a; is justified as a best reply
to some conditional belief p;p € A (E“h) given baseline ambiguity attitudes ¢;, then there
is some p;p € A (Eﬂh) that justifies a; as a best reply given the more ambiguity averse
attitudes ¢;. This holds, in particular, when X, = {(55% 15, €8 (h)} is the set of
Dirac distributions in A (S—; (h)).

With this, we can show that if a strategy is fully (ﬁi, Q_Si)—unimprovable, then it is also
fully (p;, ¢;)-unimprovable for some suitably chosen belief system p; that coincides with p;
on the equilibrium path (by the usual argument that equilibrium actions are unambigu-
ous, hence deviations become less appealing), and can be chosen off the equilibrium path
invoking monotonicity of the justifiability correspondence.

Rationalizable SCE We now define rationalizable SCE for population games, that is,
we consider the general non-symmetric version of rationalizable SCE. In doing so, we
reintroduce chance moves. By analogy with Lemma 2, we perform an iterated deletion of
distributions of strategy profiles.

To ease notation, let

ﬁ]_i(si, 5_1') = {U_z‘ eX_;: Fi(siy O'_Z') = Fi(si, 5_2')}
denote the partially identified set of co-players strategy distributions observationally equiv-
alent for 7 to _; given s;. Moreover, let

Voit Xjep\AlS;) —  2(8-4),
(0)jen\ (1} = XjeR\(i}95-
denote the homeomorphism that associates each profile of opponents’ distributions (includ-

ing &) with the corresponding product measure.
With this, let SCE(T, f,¢) = x;e1A(S;), and for every k € Ng,3°

SCE*YT, f,¢) =

38 See Lemma 10 and its corollary in the Appendix; cf. Battigalli et al. (2016a) and Weinstein (2016).

39Note the following slight abuse of notation. If for some k € Ny, s; € S;, and 6_; € X_; the set T =
S i(si,54) NY_;(projs_,({Go} x SCE*(T, f,$))) is not measurable, then the requirement ps, (TH{o}) =1
means that there is a measurable set T C T with pu , (Y'[{2}) = 1.
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Vi AE I,Ys; € Suppay, Ipg, (+]-) € AHi(Eﬂ‘),Si € 1ips, (), #4),
s, (Efi(siaa'fi) N (projs_. ({50} x SCEX(T, f, ¢)))H®}> =1 [

Note that SCE(T, f, ¢) is the set of fully unimprovable SCE’s of (T, f, ¢).

{(Ui)iel € SCEF(T, f,9):

Definition 12 A profile of strategy distributions (7;)icr s a rationalizable self-confirming
equilibrium for (T, f, ¢) if
(Gi)ier € () SCEMT, [, 9).
keN

The set of rationalizable self-confirming equilibria of (T, f, ¢) is denoted by RSCE(T, f, ).

The most important difference with respect to the definition of rationalizable symmetric
self-confirming equilibrium is best understood by looking at the second step, where agents
check if it is possible that others are best responding to confirmed beliefs. If there is
common belief of symmetry, an agent playing strategy s; is certain that all the other
agents in population ¢ also use s;, and this is taken into account when he checks whether
the agents in co-players’ populations are best responding to confirmed beliefs. If instead
it is understood that different agents in population ¢ may use different strategies, an agent
playing s; may think that only a negligible fraction of other agents in ¢ is playing s;,
therefore, the fact that he is playing s; does not enter this calculation. Essentially, we are
assuming that each agent has a belief about the whole profile of distributions, that is, a
belief over ¥ = X crA(S;). For the purpose of computing best replies, only the marginal
over YX_; matters. But in order to check whether everybody is best replying to confirmed
beliefs, the distribution of strategies in population ¢ is crucial (see Fudenberg and Kamada,
2015, 2017).

Say that I" (hence also (T, f, ¢)) has observable deviators if the factorization

Sty (h) = Xje1,Sj (h)

holds for each information set h of each player. Intuitively, this means that if an information
set is reached unexpectedly the active player is able to understand who deviated from the
expected path (cf. Fudenberg and Levine 1993, and Battigalli and Guaitoli 1988). We can
prove for the RSCE correspondence a monotonicity result analogous to the one obtained
for the SCE correspondence (cf. Corollary 5):

Theorem 13 Fix two games with observable payoffs and observable deviators where no
player moves more than once, (I, f,¢) and (T, f, @), so that (T, f, ) features more ambi-
guity aversion than (T, f,$). Then RSCE(T, f,¢) C RSCE(T, f, ¢).

We assume observable deviators because in the proof we use a version of the previous
result about monotonicity of the justifiability correspondence where S_;(h) is replaced by
the (compact) space of product distributions {70} x (X jep {73A(S;j(h))), which makes sense
if S_;(h) is a product set.
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9 Discussion

We discuss the relevance of some assumptions, some extensions, and possible modifications
of solution concepts.

9.1 Pure equilibrium and absence of chance moves

We extended the monotonicity result of BCMM and proved monotonicity of the (ratio-
nalizable) SCE correspondence with respect to ambiguity aversion in games where players
move at most once on any path, and in games without chance moves if attention is re-
stricted to symmetric, i.e. “pure,” equilibria. Here we discuss the relevance of symmetric
(rationalizable) SCE in games without chance moves.

We justified our assumption that players do not randomize arguing that if randomiza-
tions were feasible they could be represented in the extensive form by means of chance
moves. Thus, when we exclude chance moves we implicitly assume that players cannot
randomize at all. We point out that, in our analysis of symmetric rationalizable SCE, this
assumption is made for simplicity and that it is crucial for Theorem 12 only.

A methodological reason to be interested in pure equilibria is that we may want to ana-
lyze explicitly the population game as a grand game with many players who are randomly
matched.?’ Assuming that individual agents do not randomize (see the previous comment),
we should consider the pure equilibria of such grand game. While this argument justifies
the focus on pure equilibria, it also implies that we should allow for chance moves.

We focus on pure equilibria of games without chance moves because this improves our
understanding of the interaction between non-monotonicity of the equilibrium correspon-
dence and dynamic inconsistency of preferences. We do not claim that they are plausible,
or interesting, in all applications.

9.2 Heterogeneous populations

Our analysis can be easily extended to the case of populations with heterogeneous personal
traits affecting preferences, or feedback. Let ©; be a parameter space of possible personal
traits of agents in population i. Parameter 6; € ©; may affect tastes and risk attitudes (vg, ),
ambiguity attitudes (¢y,), and feedback (fp,). Each agent’s personal traits are privately
known to him. Assume for simplicity that ©; is finite and let 7; € A (©;) denote the
exogenous distribution of personal traits in population 7. For any j € I and 0; € ©; we
let op, denote the strategy distribution in the subpopulation of agents with trait 6;. For

any profile of distributions (O'gj) €A (Sj)@j and any s; € S; the aggregate fraction

0;,€0;
of agents playing s; is Zgje@j 75 (0;) 09, (sj). With this, we can extend SCE and the
refinements analyzed in this paper by taking into account that unimprovability and belief

confirmation depend on personal traits (cf. Ch. 7 in Battigalli 2017, and Dekel et al. 2004):

40That is, if each population i has n agents, the grand game has n x |I] players.
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A profile of distributions ((091.)9, e®~> ; is a selfconfirming equilibrium if there is a profile
i€9i) e
of beliefs ((Maivsi)Gie@i,lesuppJgi),L-el such that, for all i € I, 0; € ©;, and s; €Suppoy,

1. s; is unimprovable given py, ., vp;, and ¢y, ,

2. o,s; ({a’,i €X_;: (si,o’ ;) = Fy, (Sz', X (Zajeej 75 (05) U9j))}) =1

The definition of rationalizable SCE can be extended in a similar way, taking into ac-
count what is assumed to be commonly known about the exogenous distributions of traits.
Our results about nonsymmetric SCE can be seamlessly extended to such notion of (ratio-
nalizable) SCE. As for the results about symmetric (rationalizable) SCE in games without
chance moves, they only apply to the case in which all agents of the same population use
the same strategy despite differences in personal traits. Therefore, these results are less
relevant.

9.3 Incomplete information

A related extension concerns the case where some features of game are not known or
commonly known. It is straightforward to relax the assumption that the probabilities of
chance moves are (commonly) known: Chance can be analyzed as an indifferent player;*!
then, one just applies the definitions we already have for games without chance moves,
letting the chance player distribution be the one obtained from the objective probabilities
of chance moves. Of course, there cannot be symmetric equilibria of such game, because
the strategy distribution of the chance player is strictly positive. More generally, we can
parametrize all the features of the game that are not commonly known with a parameter
profile 6 = (6;) jely € ©, where 0y parameterizes chance probabilities and other non per-
sonal aspects of the game such as some aspects of the consequence function, and each 6;
(i € I) parameterizes privately known personal features. Then we can give definitions of
SCE at a given #, and of rationalizable SCE given that it is common knowledge that 8 € ©
(cf. Ch. 7 in Battigalli 2017, Battigalli and Guaitoli 1988, and Esponda 2013).

9.4 Rationalizable selfconfirming equilibrium

We put forward a relatively simple definition of rationalizable SCE that can be formally de-
rived from the epistemic assumptions of (a) subjective rationality, (b) belief confirmation,
and (c) initial common belief of (a) and (b). These epistemic assumptions can be formally
stated by means of extensive-form type structures (see, e.g., Battigalli et al. 2017). The
derivation of symmetric rationalizable SCE from assumptions (a)-(c) is quite straightfor-
ward for the symmetric case, which is relevant for repeated games played by impatient

*1More precisely, chance can be analyzed as an indifferent player with no feedback. Ex post perfect recall
applies only to real players.
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players. The derivation from (a)-(c) of nonsymmetric rationalizable SCE in population
games is more complex. We can think of one that goes through approximations wvia large
finite populations. We provide below a critical discussion of rationalizable SCE based on
our knowledge of dynamic epistemic game theory and our intuitions about learning dynam-
ics. We emphasize that this discussion is not specifically related to the issue of ambiguity
aversion.

While plain SCE can be justified as the set of rest points of learning dynamics (e.g.,
Battigalli et al. 1992, Battigalli et al. 2016¢ and references therein), we are not aware
of any learning foundation for rationalizable SCE. As we think about one, the very defi-
nition of rationalizable SCE appears questionable. Let us consider the simplest possible
scenario: A fixed set I of completely impatient players plays I' infinitely many times, with
imperfect monitoring about past periods outcomes (terminal nodes) given by the profile
of feedback functions f = (fi),c;; if players have nonneutral attitudes toward ambiguity,
they are represented by the profile of second-order utility functions ¢ = (¢;);c;; (I, f, ¢)
is common knowledge. Suppose that players are rational and there is common belief in
rationality at the beginning of the first period. Also suppose for simplicity that players’
initial beliefs about first-period strategies assign strictly positive probability to opponents’
first-period strategies consistent with rationality and initial common belief in rationality,
called “initially rationalizable” strategies (Battigalli et al. 2017).#> Then players never
observe zero-probability events and have well defined updated beliefs that always satisfy
one-period rationality and common initial belief in rationality; hence, they play initially
rationalizable strategies of (T, f, ¢) in every period. If one-period strategies and updated
beliefs converge, then the limit is a pure SCE in initially rationalizable strategies of (T, f, ¢).
This is a weaker equilibrium concept than rationalizable SCE, because it requires common
initial belief in rationality, but it does not require common initial belief in confirmation.
This (somewhat informal) argument shows that the conjunction of SCE and initial ra-
tionalizability is a necessary condition of steady states of learning dynamics that satisfy
the foregoing epistemic assumptions. The arguments offered by Rubinstein and Wolinsky
(1994) suggest, however, that this condition may not be sufficient for stability (cf. Exam-
ples 9 and 11). We conjecture that rationalizable SCE is a sufficient condition for stability,
but it is not clear to us why it should also be necessary.

Be as it may, why should we assume players hold strictly positive beliefs over the set of
initially rationalizable strategies? After all, the epistemic assumptions that justify initial
rationalizability do not require any kind of strict positivity of beliefs. If we drop this as-
sumption about the support of initial beliefs, we open the door to surprises as the learning
dynamic unfolds and we have no reason to suppose that surprised players keep believ-
ing in the strategic sophistication of the opponents, or even their subjective rationality,
unless we strengthen the assumptions about players’ belief in the strategic sophistication

#2Initially rationalizable strategies can be obtained with an iterated elimination algorith similar to the
one used to define symSCE, but without the confirmed-belief requirement.
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of opponents. Indeed, the very definition of initial rationalizability allows surprised play-
ers to assign positive updated probabilities to never-best-replies of the opponents. Thus,
we suggest that a more interesting approach is to assume “common strong belief” in ra-
tionality: players always assign probability 1 to the “highest level of strategic sophisti-
cation” of the opponents consistent with what they observe. Within a one-period play,
these epistemic assumptions yield a solution concept called “strong rationalizability”
(Battigalli et al. 2017). Suppose that these epistemic assumptions hold and the learning
dynamic converges; then the limit must be a pure SCE in strongly rationalizable strategies,
which is—essentially—the concept first put forward by Battigalli (1987) and Battigalli and
Guaitoli (1988). Thus, SCE in strongly rationalizable strategies is a necessary condition
for stability under the foregoing epistemic assumptions. Again, arguments ¢ la Rubinstein
and Wolinsky (1994) suggest that it may not be sufficient. We can give a definition of
“strongly rationalizable SCE” in which “initial belief” is replaced by “strong belief.”
We conjecture that strongly rationalizable SCE provides sufficient conditions for stability,
but it is not clear to us that these conditions are also necessary.

Of course, the assumption that players are impatient is just a simplification. If a player
is somewhat patient and plays a repeated game, he may sacrifice short-run expected payoffs
to experiment, or to teach opponents to play in future periods in ways he finds advantageous
to him. This is why the literature on learning and convergence to equilibrium in games often
focuses on population games: if populations are large, the incentive to teach is shut down,
and the incentive to experiment disappears in the long run if updated beliefs converge.
The interaction of epistemic assumptions and learning dynamics in recurrent play within a
population game scenario is hard to analyze, and learning foundations for (nonsymmetric)
rationalizable SCE are therefore harder to provide. An alternative route is to put forward a
definition of rationalizable SCE for repeated games, similar to the definition of “subjective
equilibrium” of Kalai and Lehrer (1993a,b, 1995), but with the additional requirement
of common belief in rationality. Arguments similar to those offered above suggest that
an equilibrium concept based on common strong belief in rationality and—possibly—in
belief confirmation could capture interesting necessary and/or sufficient conditions for the
stability of beliefs (about repeated games strategies) under learning.

To sum up, it is not surprising that more than two decades after Rubinstein and Wolin-
sky (1994) put forward the rationalizable SCE concept a learning foundation is still lacking.
We suggest that, as one seriously tries to provide such a foundation, different versions of
the rationalizable SCE will concepts turn out to be relevant.

10 Appendix

To ease notation, throughout the appendix we let o denote a profile of distributions (o;);er,
whereas o_; will still denote a product distribution in ¥_; (thus including &) like in the
main text.
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10.1 Proof of Proposition 3

Fix any sequential equilibrium in behavioral strategies f = (Bz)z clo of game I' (chance
has been included for notational convenience). For each i € Iy, let 7; denote the mixed
strategy associated with §; according to Kuhn’s (1953) transformation:

Vs; € S;, 05 (si)

heH;

Let pz, = d5_, for every i. By construction, these beliefs are correct, hence confirmed. To
show that & = (7;);er is an SCE justified by these confirmed beliefs, we must prove that,
for each i € I, each 5; € Suppa; is (u;,, ¢;)-unimprovable.

It is well known that every pure strategy in the support of a sequential equilibrium is
a sequential best reply to the equilibrium beliefs. Therefore, for every i € I, h € H; and §;
such that Hh'eHi B; (Ei,h'|h/) > 0, that is, for every 5; € Suppay,

Si E h) IP’
S’L,h € arg alrell‘,?;}((h) ey ( z|h7al B .CL'| ZEZZ ZUHaZ |:E) Wi (Z) ’

where P 3 (+|-) denotes the probability of a node conditional on an information set, or

an earlier node, determined by the behavioral strategy profile (SZ', B_Z) Since 6_; is by

construction realization-equivalent to 5_;, Py, 5_, () =Ps;5_; (-[-); hence,

Vsi € Si(h), Ui (si,a_;|h) = ZIP’ 5., (z|h) ZIP’ ) u (2)

x€h zeZ

Since pg, = d5_,,

Va; € A; (h), Vi (ailh; 5i, ps,, ¢5) = &5 (63 (Ui ((Sin» ai) ,5-ilh))) = Ui ((Sin, i) ,5—i|h) -
Therefore s; is (,ugi, qﬁi)—unimprovable. ]

10.2 Example 6

We provefthat in Example 6, there exists a concave and strictly increasing transformation
&1 = @00, such that for every belief u;, Out is not prescribed by any (¢py, uy )-unimprovable
strategy of player 1. As anticipated in Example 5, we look for a ¢, such that

o1 () = Bi(uw)=au ifueld,9],
5,(36) = 6> k=0, (36) > 6, (9) = 3,

with k& = ¢ (36) close to 3.
For every o2 in A(A2({(In, G)})) = A({L,R}), let

em(oz) =1-09 (L) +36-09(R)
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denote the objective expected payoff of M in the subgame. For every probability measure
v on A({L,R}), define G, : A({L,R}) — [0, 1] as

Gy(o2) =v ({0 € A{L,R}) : em(o) < ewm(o2)}).

Player 1 prefers M to T only if

VIM[{(In, G)} 5 81, 1, ¢1) = 9 = Vi(T[{(In, G) } 5 1, py, ¢1)-

Let v = py (+| {(In, G)}). Then, for every oo € A({L,R}),*3

01" (Gu(02) - d1(em(02)) + (1 = Gu(02)) - ¢y (36)) > Vi(M[{(In, G)} ; 1, 11y, 1),

that is,

Gu(o2) - ¢1(em(02)) + (1 = Gu(o2)) - 91 (36) = ¢y (Vi(M[{(In, G)}; 51, 11, 61))-

Therefore, a necessary condition for 1 to choose M over T is that, for every o9 € A({L,R}),

Gy(o2) - ¢1(em(02)) + (1 — Gu(02)) - k > 3.
Solving for &9 such that ey (d2) = 17/2, we get
k-3
k—+/17/2

The interpretation is that the probability assigned to the models under which action M
has an (objective) value lower or equal than 17/2 must be sufficiently small if player 1 is
to choose M at (In, G).

Now, we return to the choice of player 1 at the root of the game. Note that

p =y (1{2}) = py ([{(In, G)})

because the belief about the co-player cannot change upon observing one’s own move, or
a chance move. The DM is sophisticated, therefore, before choosing between In and Out,
he predicts his behavior at (In, G). There are three cases:

Gu(62) < (11)

1. Player 1 understands that his subjective belief ;1; makes him play T at (In, G). Then,
since In.T' is preferred to Out for every belief, he will play In at {&}.

43 Given the belief v and a model o2, G, (02) is the probability assigned by v to the models that, paired
with action M, yield an (objective) expected utility lower or equal to the one obtained under model os.
Therefore, the value of action M under v cannot exceed the value of M under the following belief: the
models that, paired with action M, yield an (objective) expected utility equal to the one obtained under
model o2 have probability G, (o2), whereas dr has probability (1 — G, (032)).
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2. Player 1 understands that his subjective belief 1; makes him play M at (In, G). But
then, it must be the case that (11) holds. Therefore, the probability assigned to the
models that (given In.G) yield an objective expected utility of choosing action M

larger than or equal to 17/2 is at least 1 — zc_k7_137/2 In turn, this implies that the

probability assigned to the models that, ex-ante, yields an objective expected utility

of strategy In.M larger than or equal to 17/4 is at least 1 — ﬁ But then, the

evaluation of strategy In.M under belief ji; satisfies the following conditions:*4

-~

1 k—3 17 k—3
o oy M 0) 2 o (5] 2t v () (1

2

VIT k-3 (m . 1)
2 2 ’
N
For k = ¢, (36) sufficiently close to 3, ¢;(Vi(In| {@};In.M, p;,¢;)) is higher than 2,

thus player 1 chooses In over Out.

3. Player 1 understands that his subjective belief p; makes him play B at (In,G). A
similar argument as for the previous case shows that for k sufficiently close to 3 also
in this case player 1 chooses In over Out.

Summing up, there is a concave and strictly increasing transformation ¢; = ¢, o ¢,
such that Out is not prescribed by any (p;, ¢; )-unimprovable strategy for all beliefs ;.
10.3 Monotonicity of the SCE correspondence
Define the set of messages for ¢ consistent with an information set h € H; as follows:

M;(h)={m:3(zx,z) e hx Z,(x <2)\N(m=fi(2)}.
Lemma 3 FEzx post perfect recall implies that
sam= U Flm
mGMl(h)

forallie I, h € H;, and s; € S; (h).

' The first inequality is due to the following fact. The probability assigned by p, to the models that,

ex-ante, given strategy In.M, yield an (objective) expected utility larger or equal than % must be larger or
_ k-3 : :
equal than 1 Py Therefore, the value of action In given strategy In.M under p, cannot be lower

than its value under the following belief: the set of models that, given strategy In.M, yield an (objective)
.. 17 . . T _ k—3 . o . . 1.
expected utility equal to 7 has subjective probability 1 Pt whereas 01, has subjective probability

k-3

k—y/17/2°
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In words, S_; (h) is the union of the sets of preimages of messages consistent with h,
because these messages “record” that A has been reached.

Proof. Fixi € I, h € H;, and s; € S; (h) arbitrarily. First recall that perfect recall
implies
Sfo (h) = Sz (h) X S_i (h) .
We first prove that

Samc |J Film).
meM;(h)
Fix any s_; € S_; (h); since s; € S; (h) and Sy, (h) = S;(h) x S_; (h), then (s;,5_;) €
St (h), that is, x < ( (s;, s—;) for some « € h. Thus, by definition of M; (h), fi (¢ (si,s—i)) €
M; (h). Hence, s_; € Fz_st (m) for some m € M; (h).
Next we prove by cdntraposition that the converse

S22 |J Film

mEMZ‘(h)

is implied by ez post perfect recall. Suppose that we can find some m € M; (h) and
s, € Fl_si (m)\S_; (h). We show that this implies a violation of ex post perfect recall.
Since m € M; (h), there is a pair (x,z) € h X Z such that x < z and f; (z) = m. Fix any
s_; €projs_,¢ "1 (2), so that (si,s_;) € S; (h) x S_; (h) = Si, (k) for some s; € S;(h). Let
z = ((si,5—;) and 2’ = ( (s;,8";). Then, by choice of s_; and s, f; (z) =m = f; ('), z is
preceded by a node of h, and 2’ is not preceded by any node of h. Hence, there are z,2’ € Z
such that z has a predecessor in h, 2’ has no predecessor in h, and yet f; (z) =m = f; (2/),
thus violating ex post perfect recall. |

The following result says that the value of equilibrium actions is unambiguous, hence
independent of ambiguity attitudes:

Lemma 4 Let 3 be an SCE of the game with observable payoffs (T, f, @) justified by the
confirmed beliefs (Msi)iGI,SZ'ESupp&i' For every i € I and s; € Suppd; and h € Hi(ug,) N
H;(si), action s;p, is p;(-|h)-unambiguous, and its value is the conditional objective expected
payoff, that is,

Vi(sinlh; sis ps,, @) = Ui(si, 0—ilh).

Proof. By ex post perfect recall and Lemma 3,
Sahy= U Film (12)
mEML(h)

for each h € H;. Also, recall that

~

S (5,55) = {a_i €S Vm,o_i(F-t (m)) = o_i(F L (m)>}

1,84
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is the partially identified set of co-players distributions of strategies observationally equiv-
alent (obs.eq) for i to g_; given s;.
Fix any h € H;(ps,) N Hi(s;). Then,
Vo_; €3 i (si,64),
12,0bs.eq) _ 12,conf

ot (S-i () "=V 5 (51 () ME g, (5L () > 0, (13)
where the first equality follows from eq. (12) and the fact that o_; is observationally
equivalent to o_;, the second equality follows from eq. (12) and belief confirmation (conf),

that is pg, (EALZ (si,é,i)> = 1, and the inequality follows from h € H;(ps, ).
Fix any m € M; (h); by observable payoffs (obs.p), there is " € R such that u; (¢(s;, s—;)) =
u™ for all s_; € S_; with f;(¢(si,s—;)) = m. Then, observable payoffs and eq.s (12)-(13)

imply that
Vo_; € > i (8i,0-i), Ui(si,0_4|h) = Us(si,0_4|h). (14)

Indeed, we have

Uil S T Clsss-i)
s_;€5_i(h)

" o_i(F L (m)o™

(12,0bs.p) 0—i (Fzsl (m))v™ (obs.eq)
a 2 o—i(S-i(h)) Y o—i(S-i(h))

meM;(h) meM;(h)
(12,0bs.p) a_i(s—i) (def) _
= ———u;(C(84, 5—5 ="U;(s;,0_4|h).
X Syt G

Confirmed beliefs (u,, (f]_i (84, 64)) = 1), the updating formula (5), and eq.s (13)-(14)
yield
Vi(silhi sis pig, d5) = 67 (/E " ¢i (Ui(si, 0-ilh)) ps, (d0¢|h))

2 (fortoim G B )

(Leont (az( o) [ mu <da_z->)

(13)

6" (& (Ui(si,5-ilh))) = Ui(si, 5-ilh).

An increase in ambiguity aversion (weakly) decreases the values of actions:
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Lemma 5 If (I, f, ¢) features more ambiguity aversion than (T, f,$). Then,
Vi(ai|h; Siaﬂivgbi) > Vi(ailh; sis by, ¢;)
foralliel, p, e A(X_y), s; €S, he€ Hi (1), and a; € A; (h).

Proof. Fix i and s; arbitrarily. For every h € H; and a; € A; (h), define the following
auxiliary function:

Us,;,h,ai . E,i (h)

o_;

—
—

R
Ui ((sipn> ai) o —i|h).

With this, for every pu; € A(X_;) and h € H; (11;), the conditional belief p; (-|h) is well
defined and

Vi(ailh; Siaﬂi>q_5i) = Q_ﬁ;l (Eui(~|h) [GBZ ° Usz',h,ai}) ) (15)
Vilailhs siopis d) = 67" By, (n) [65 © Usihail) -

Since ¢; = ¢ o ¢; for some concave and strictly increasing ¢ : &; (V;) — R, Jensen’s
inequality implies

# Byt [0 © Usinas]) 2 Byyiny [©0 65 0 Usinas] = By (830 Usi ] -
By monotonicity of ¢ and ¢;, and recalling that ¢¢_1 =¢; 1o o1, we obtain
EM('VL) [gﬁz ° Usi,h,ai] 2> 9071 (Eui(-lh) [p; 0 Usi,h,ai]) )

6" By [9:0 Usina]) = (657 007 By 1910 Usinanl) = 67" (B 165 © Usina])
By eq. (15), Vi(ai|h; Siama&i) > Viailh; i, p;, 6;)- u

Lemma 6 Fix two games with observable payoffs, (I, f, ¢) and (T, f, $), such that (T, f, ¢)
features more ambiguity aversion than (U, f,¢). Fix an SCE & of (T, f,$) and justifying
beliefs ('U'Si)iel,siGSuppE'i' Suppose that for each i € I, every s; € Suppo; is (pg,, 9;)-
sequentially optimal. Then, there exist maps 8; : Suppa; — S;, © € I, such that

(i) for everyi e I and h € Hi(s;), Si(si)n = sin, and

(ii) o = (5; 05 Y)ier is an SCE of (T, f,¢) where for every i € I and s; € Suppa;, L,
Justifies 8;(s;).

(So, o and & are realization equivalent and are justified by the same beliefs.)
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Proof For every i € I and s; € Suppd;, we construct a (i, ¢;)-unimprovable strategy
Si(si). Map s; : Suppg; — S; is such that (1) §;(s;)p = s, for all b € H;(s;), and (2)
Si(si) is derived by folding back on H; (u,,) \Hi(s;) given p, and ¢;.*° Therefore, by
construction, for every h € H; (p,) \Hi(s;),

Si(si)p € arg _ma_}({h)%(ai\h;gi(si)aﬂs“@)-

a; €A;
Now, let h € H; (usi) N H,(s;). For every a; € A;(h), we have

%(gi(si)hm;gi(si)aﬂspd’i) = V;(Si,h‘h;siwusia(bi)
(L4)

Ui(si, 5'7i|h)
L4 -
(:) ‘/Z'(Si,h‘h; Sis Mg, s ¢7,)
(s.opt)

> %(az|hagl(sz)7/}’sz)a)z)

(L5)
Z ‘/z(az|ha gi(si)7 :U’sp gbl)?

where the first equality follows from construction of 8;(s;), the second and the third equal-
ities from Lemma 4, the first inequality from sequential optimality (s.opt), and the second
inequality from Lemma 5. This shows that §;(s;) is (us,, ¢;)-unimprovable.

To conclude, note that the profile (c‘n o§2._1, (usz) where 5. (1) =

§7;€Supp(c‘77;o§i_1))iel’
ts,(+) for some s; with 5; = §;(s;), also satisfies the confirmed beliefs condition (because
(Ei(si), (G0, (0 Ogj_l)jel\{i})> and (s;,0_;), induce the same distribution over terminal

nodes). Therefore (&; 0§; ');es is an SCE of (T, f, ¢). [

10.4 Symmetric equilibria

In this subsection and the following ones, we consider games without chance moves. There-
fore, the outcome function and the strategic-form feedback and payoff functions of player
1 are, respectively,
(:85— 7,
Fi=fio¢:S— M,
and
Ui=ujo(: 5 —R.

The proof of Theorem 6 requires some preliminary results. For every ¢ € I, consider
the augmented collection

Hi=H;Uu{f ' (m):me fi(2)}

5 Note that if h ¢ H;(s;), and ' = h, b’ ¢ H;(s;), therefore the folding back construction is well defined.
See Section 4 for the description of folding back optimality.
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that includes also i’s terminal information sets. By ex post perfect recall of H;, we can
derive from the game tree a transitive and antisymmetric precedence relation < on ﬁz that
makes it a directed forest (collection of directed trees). Furthermore, we can extend to
H; the definition of the sets S (h), S; (h) and S_; (h) so that S (k) = S; (h) x S_; (h); in
particular, for each m € f; (2),

S(f71(m)) = F;'(m)=projg F; ' (m) x projg_,F; ' (m)

3 3

= S (f;l (m)) X S_; (f;l (m)) .

Note that, for each p;, we can define the collection of information sets in H; that are
possible under g,:

A~

Hi () = { € Hi py (54 () > 0}

Note that, H; (u;) C fIzA(,u%) Also, for each h € H; and a; € A; (h), we define the collection
of information sets in H; that “immediately” follow h and action a;:

i(hya) = {W' € Bis (h < W) A (s () = a5) A (B € Hish < " < W) |

Finally, it is convenient to extend the formula for the values of actions (given strategy and
belief) from H; (u;) to H; (11;). Thus, we stipulate that if h = ;7! (m) then A; (h) = {a}"}
is the singleton that contains only the pseudo-action “i observes m.” By observability of
payoff, if h = fi_1 (m), then V; (a*|h; si, 145, ¢;) = i (2) for every z € h, independently of
(Siv s ¢z)

Remark 6 By ex post perfect recall, for everyi € I, h € H; and a; € A; (h), {S—;(h)
is a partition of S_;(h).

}hleﬁi(h,ai)

Proof We first prove that distinct elements of the collection {S_;(h')},,. 1 are

disjoint. By ex post perfect recall S (h') = S; (h') x S_; (W) for each B’ € H;. Let

h’zai)

Si(hyai) = {si € Si (h) : sin = a;}
dAenote the strategies of i allowing for h apd choosing a; at h. Then, by definition of
H;(h,a;), S; (k') = Si (h,a;) for each h' € H; (h,a;), because i does not move again after
choosing a; and before any such h’. Therefore,

vh' € ﬁz (h,ai) , S (h/) =5; (h,ai) X S_; (h/) .

Take any h/,h" € H;(h,a;) with b’ # K" (if such distinct information sets exist). By
definition of H; (h,a;), h’ A h"” and b 4 I'. By perfect recall, this implies that

(ez:I el 2 n{ ez " cha" <2} =0,
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which in turn implies that S (') NS (h") = 0. Since S; (h') = S; (h,a;) = S; (h”), then
S_; (h’) nS_; (h”) = 0.
Note that
U s.()csan
h'eH;(h,a;)
because h < h/, hence S_; (') € S_; (h), for each ' € H;(h,a;).
To prove the converse, pick any (s;,s_;) € S;(h,a;) x S—_; (h) and let h’' be the first

information set in H; after h (possibly a terminal information set) reached by the path
with terminal node ¢ (s;, s—;). Then b’ € H;(h,a;) and s_; € S_;(h’). Therefore,

S_i(h) € U S_i(h).
h’eﬁi(h,ai)

We conclude that {S—i(h/)}h'efli(h o;) 18 & partition. W

We say that a belief u; € A (X_;) is supported by Dirac models if

Lbi ({(5571. 1854 € S’,i}) =1.
Then
Vs_; € S, (6571-) = Py, (S—i)
and
Vh € H; (1) ,Vs—i € S—i (h), p; (05 ,|h) = py, (s—i|h) .
If p; is supported by Dirac models,

Vi (ailhs si, pi, &) = & Z Py, (5—ilh) &; (Ui ((sijn> ai) s s—i))

SfiES,i(h)
Since ¢; is strictly increasing, maximizing V; (a;|h; s;, p;, ¢;) is the same as maximizing
o; (Vi (ai|h; i, py ;) = Z Pu, (5-ilh) ¢ (Ui ((Si|h7 ai) 75—1‘))
s_;€S_;(h)

and we can focus on the latter expected value. Under a belief supported by Dirac mod-
els, ¢; (Vi (sin|h;si, g, ¢;)) is a weighted sum of the expected values given by s; at the
next information sets (including the terminal ones), where the weights are the predictive
probabilities of reaching them.

Lemma 7 Fiz anyi € I and a belief supported by Dirac models ji;. Then, for every s; € S;
and h € H; (f;),

¢; (Vi (Sz’,h‘h§ Siy fbis 9;)) = Z Dp,; (S—i (h/) |h) o; (Vz (5i|h”h/; Sis flg, ¢z)) .

WeH; (h,sip)
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Proof. Fix s; € S; and h € H; (j1;) arbitrarily. By Remark 6 and taking into account that
i1; is supported by Dirac models, we can write

&; (Vi (sinlh; siy by ¢;)) = Z Dby, (5—ilh) ¢; (Uz‘ (Si|h7 S—i))

s_iES_i(h)

= Z Z pm (s—ilh) &; (Us (sijns s—i))

W eH;(h,s; 1) S—i€S—i(h

i, (8—ilh)
- Z Py, (S=i (1) |R) Z m@ (Ui (835 5-4)) -

W €H;(h,s; n):pa; (S—i(R')|R)>0 s_;€S_; (W)

By the chain rule, for every h' € H;(h,s;) with pp, (S—i (K')|h) > 0 and for every
s_i € S_;i(h),
i, (8—ilh)
pa, (S—i (7') [h)
Furthermore, for every h' € H;(h, sip) and s_; € S_; (h'), U; (si‘h,s_i) =U; (si‘h/,s_i),
because both s;; and s;;,, make h' reachable and make the same choices before h' (by
perfect recall), at h', and after b’ (by definition of replacement); thus,

pﬂl (572|h)
~ . /
s_;€8_;(h") pﬂi (S—z (h ) ‘h)

= Z i, (s—ilh") &; (Us (sirs 5-1)) = &3 (Vi (sape [0 53, 5, 8;) )

s_i€S_i(h')

= i, (s-l1).

¢i (Ui (sifn 5-i))

and we obtain the desired result. ]
Iterating the previous formula and using the chain rule, one can prove the following:

Corollary 14 Fizi € I and a belief [1; supported by Dirac models. Then, for every s; € S;
and h € H; (f1;) ,

¢; (Vi (Si,h|h; Sy by, §;)) = Z Pp, (5-ilh) ¢; (Ui (Si\h; S—i)) .

s_;€S5_;

Thus, maximizing the conditional value of a strategy under a belief ji; supported by
Dirac models is the same as maximizing the subjective expectation of the transformed
utility u; = ¢, o U;. Applying Proposition 2 to fi; and 4; we obtain the following:

Lemma 8 For every i € I and fi; € A(X_;), if [i; is a belief supported by Dirac mod-
els, then the set of (fi;, ¢;)-unimprovable and (fi;, ;)-sequentially optimal strategies of i
coincide.
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Note that, for every belief p; € A (X_;) there is a unique belief fi; supported by Dirac
models with the same predictives as p,:

Vs_; € S_i, fi; (0s_;) = pp, (5-3).
This implies that
Vhe H;(1;),Ys—i € S—i (h), ii; (85_,|h) = pp, (5-ilh).

We show that, for an ambiguity averse agent, ji; is the “most pessimistic” belief with the
same predictive as ; in the following sense: for every h € H; (1;) = H; (fi;), the value at
h € H;(u;) of a (u;,®;)-unimprovable strategy is at least as high as the value at h of a
(f1;, ¢;)-unimprovable strategy. Formally:

Lemma 9 Fiz i € I, u; € A(X_;), and a concave second-order utility function ¢;. Let
i; € A(X_;) denote the belief supported by Dirac models with the same predictive as p;,
and let s be (u;, ¢;)-unimprovable; then,

Vs; € Si,Vh € H (1;), Vi (s5plhs sto s &3) > Vi (8iplhs i, fui ;) -

Proof. First note that H; (ul)—wmh the obvious precedence relation—is a directed
forest and its leaves are also leaves in H; as well, that is, if & is a leaf in H; (u;) then h
is a set of terminal nodes (h € {fz (m) :m € f;(Z)}). Furthermore, H; (1) = H; (f1;)
because py, (S—i (h)) = pp, (S_Z- (h)) for every h € H;. We prove the result by induction on
the depth of k within H; (u;).

Basis step. Let h = f; ! (m) be a terminal information set in H; (;1;). Then the weak
inequality holds trivially as an equality: in particular, by observable payoffs

Vz € h7 V; (S;h‘h; S?auiv(bi) = Uy (Z) = ‘/Z (Si,h|h;5i7:u’i7¢i) .

Inductive step. Let h have at least one follower in H; (1;) and suppose, by way of
induction, that for every ' € H; (u;) with h < R/,

Vil il s 875 13 i) = Vi(siwe |05 81, gy ). (LH.)

Consider the replacement plan s? = (s;‘“ B s@h), that is,

s i B = h,
Vh' € H;, (s,h) = (s;“h,si7h> = (W) iR <h,
" g St if 1/ £ h.

Since s} is (p;, ¢;)-unimprovable
Vi (S;h|h§ S;aﬂm ¢i) >V (Si,h|h§ 8:7#1'7 b;) -
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Next we prove that
‘/:i (Si,h|h; 3;!(7 s gbz) > VYZ (si,h|h‘; Siy ﬂi? d)z) )
which implies the thesis.
To ease notation, write

H; (hyai, ;) = H; (hya;) 0 H; (1)

for the collection of information sets that immediately follow h after a; and can be reached
with positive probability under u;; H; (h, a;,0_;) is snmlarly defined (thus, H; (h,a;,0_;) =
H; (h, a;, 50_2.)) By Remark 6, the definitions of V; and s , Jensen’s inequality, the chain
rule for o_; (-|-), Bayes rule for y; (-|-), Lemma 7, and the Inductlve Hypothesis,

&; (Vi (si,nlhs 85 1, 07)) (R&:dea/E .(h)ff%‘ > Y ol (shs ) p; (do—i|h)

hIEHi (h,si,h) S—ies—i(h,)

B ‘ o (8- (W i bilh) g V| (o
_/2 i(h) o Z —i (53 (W) Ih) Z o (S— (h/)\h)UZ< v _Z> p; (do—;|h)

- hleﬁi(h,si’h,o_i) S,iGS,i(h/)

(Jen,ch) / /
> /E_i(h) Z o, (S_z‘ (h) |h) o8 ( Z o_; (S—i|h ) U; (s?, s,)) w; (do—;|h)

h’Gﬂi(h,Si h,Uﬂ')

S / oy (5 0 1) 00 (U (s oln) ) s (il

W E€H; (h,si pott;)

= Y s [ T (U (s ) ) s

W eH;(hysinop; ) -

"N (s

W eH; (hysi not;) o

(déf) Z Pu, (S—’L( ) |h) d)z( ( zh”h/’ ;ka/%ad)z))

W eH; (h,si nop;)

oy (0 (s 7)) s (el

(L7)

Z p,ul( ( )|h) qbz( (Slh'|h SZHUJz?qb)) = gbz( (51h|h S’L’Mz?¢z))'

W EH; (h,sinott;)

(LH.)
>

Since ¢, is strictly increasing, V; (s; n|h; S5, ts, &;) > Vi (Sinlh sis iy, @;) - |
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Proof of Theorem 6. Let z* € ( (symSCE (F,f, g?)) . Then, there is a symmetric
SCE (s7),¢; of (I, f, ¢) such that z* = (((s]);c;)- Let (s}),c; be justified by the profile
of confirmed beliefs (p;);,c;- For each i € I, let m] = f;(2*), and let f1; € A(X_;)
be the belief supported by Dirac models with the same predictive as p,;, so that H; (u;) =
H; (f1;). Compute by folding back a (ﬂi, iﬁz) -unimprovable strategy 57; let 5; be the strategy
that coincides with equilibrium strategy s; on each path observationally equivalent to the
equilibrium path, and with 5} on the other paths, that is,

s¥, if b < f71 (m*)
Vhe Hy din=9q 4" . SRY
" { 6, ifh A f7 (m").

By construction, ¢ ((8:);c;) = ¢ ((s});e;) = 2*. For each i € I, since y; is a confirmed
belief and fi; has the same predictive as pu,,

P, (S=i (f7H(m*))) = pu, (=i (f 71 (m"))) = 1.

Therefore, each belief in profile (fi;);c; is confirmed under both (s}),.; and (3;)

i el We are

going to prove that each §; is (ﬂz, qbi)—sequentially optimal, which implies that (5;),.; is an
SCE of (T, f,¢) and that Lemma 6 applies. Therefore, there is an equivalent symmetric
SCE (s;);e; of the more ambiguity averse game (I, f, ¢) such that C((si)id) = z*, as
desired.

Sequential optimality of 5; under ((?bl,/lz) We show that §; is (q@i,ﬂi)—unimprovable.
Since fi; is supported by Dirac models, Lemma 8 implies that 3; is also (/li, &i)—sequentially
optimal.

By belief confirmation and perfect recall, the collection of information sets over which
s7 and §; coincide is given by those that are possible (indeed, certain) under (;, fi;), that
is,

Hi () N H; (3:) = {h € Hy : h < f7 1 (m")},

because i expects message m* with certainty given that he plans to play §;.
By (ex post) perfect recall, for all h,h’ € H;(ji;) such that h A f;*(m*) (hence
h ¢ H;(3;)), h < h' implies B’ 4 f; ' (m*). Therefore,

Vh e Hi (i) \H; (3i), $in = 87,

and
By (ﬂl, g?)z) -unimprovability of 57, this implies

Vh € H; (f;) \Hi (%), $i,n € arg max Vi (@ilhs 34, fiz, ;) - (16)

a; EA;
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Next consider any h € H; (fi;) N H; (3;), hence any h < f; ! (m*). Belief confirmation
(for both p; and fi;) and payoffs observability imply

uz(Z*) =V (3?,h|h; 8:7 s (_bz) .
By definition of §;,
Vi (86,0103 iy iy 63) = wi2*) = Vi (stplhs s§, g, 67) -

By Lemma 9,

Vi (siplhssispi, d;) > Vi (85 41hs 87, iy &) -
Hence: ) )
Vi (80.nlhs 84, g, ;) = Vi (85415 87, fuiy 67)

By definition of §; and (ﬂi, @i)-unimprovability of 5}

vai S A’L (h) \{éi,h}y ‘/Z ( 7,h‘h7 17M17¢z) > V (Gz’ha z?Mi?Eﬁi) - Vi (az’ha gz:,&m(_bz) 3

where the equality holds because ;; = 357, and 3; coincides with 8} after deviations from
an expected path. Collecting these equalities and inequalities, we obtain

Vh € H; (fu;) NV H; (3;), 8in € arg max V; (a;|h; 8, 4, &;) - (17)

a;€A;(h)

Eq.s (16)-(17) imply that §; is (ﬂi, g?)i)—unimprovable, hence—by Lemma 8—sequentially
optimal and the thesis follows from Lemma 6. [ ]

10.5 Full Unimprovability and Rationalizable SCE

For the reader’s convenience we recall some notation and definitions of Section 7. H; =
H;U{{@}} is the extended collection of information sets that includes the initial information
set {@} even if i is not a first mover (H; = H; if i is a first mover). With this, we
let H; (n;) = H;(p;) U {{@}} be the subcollection of reachable information sets given
prior ;. A CPS fi; (-|-) € AHi($_) C [A(S_)]" for player i specifies an initial belief
a; (-|{2}) € A(X_;) and a conditional belief f; (-|h) for each h € H;. Full (g; (-]), ¢;)-

unimprovability requires value-maximization over actions at each h € H;, that is, at the
information sets where i is active. The initial belief i; (| {@}) matters to compare full
(1; () , ¢;)-unimprovability with (u;, ¢,)-unimprovability, because in the latter u; has to
be interpreted as an initial belief. Furthermore f; (-|{@}) captures how i strategically
analyzes the game before playing it.
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10.5.1 Equivalence of SCE and fully unimprovable SCE

Proof of Proposition 10. First note that, for every prior u; on ¥_;, one can find a
CPS 1;(-|") on (X_;, H;) such that p,;(:|h) = j;(-|h) for all information sets h € H; (u;):
Let 1;(-|[{@}) = u; and derive fi;(-|h) by conditioning for all h € H;(p;). Next, for every
h € H;\H;(;) whose immediate predecessor h in (H;, <) belongs to H; (y;), fix some
fi;(-|h) € A(X_;(h)) such that p; (p)(S—i(h')) > 0 for all the information sets h' that
weakly follow h, and derive f;(-|h") from fi;(-|h) by conditioning. One can check that the
constructed array (i;(-|h))peq, € [A(E_;)]"i is a CPS.

Fix an SCE & justified by confirmed beliefs ('U’Si)iGI,SiGSuppE'i‘
si € Suppay, let fig (-]-) € AHi(X_;) be a CPS such that fig (-|h) = p,,(|h) for every
h € H;(us,) (see above). Now construct a new strategy 8;(s;) so that (1) 8;(s;)(h) = s;(h) for
all h € H;(jg,), and (2) 8;(s;) is derived by folding back on H;\ H;(u;) given fig (-|-). Since s;
is (4, ¢;)-unimprovable, 8;(s;) must be fully (L, (-|-), ¢;)-unimprovable. By construction,
(54, 11;) and (84(s4), s, (-[{2})) imply the same probabilities of terminal nodes, because they
reach the same information sets, H;(s;) N H;(pg,) = H;i(3i(s:)) N Hi(fis,(-[{2})), where s;
and §;(s;) prescribe the same actions.

By ex post perfect recall and the self-confirming conditions for &, for every ¢ € I and
s; € Suppay, (si,ps,) and (s;,6-;) yield the same probabilities of reaching information
sets of i: p, (S_i(h)) = 6_4(S_i(h)) for every h € H;(s;). Therefore, by construction,
pﬂsi(S,i(h)HZ@}) = 6_i(S—i(h)) for every i € I, s; € Suppag;, and h € H;(s;). Now, for

every ¢ € I, consider the pushforward measure ; = 5; o é;l, that is,

Vs; € Si, &Z(SZ) = Z 51(82)

s5}:8i(s})=si

For each 7 € I and

By construction ¢ and & yield the same distribution over terminal nodes, because they reach
the same information sets and, for each ¢ € I, the pure strategies in the support of o; take
the same actions as the associated pure strategies in the support of &; at all reachable infor-

mation sets. Furthermore, the profile (&i, (ﬂ§i('|'))§¢68upp&i>ie[’ where fig, (-|-) = fig, (-]")

for some s; € §; 1(4;),% also satisfies the confirmed beliefs condition on top of the full
unimprovability condition. Therefore ¢ is a fully unimprovable SCE. |

10.5.2 Monotonicity of the symmetric RSCE correspondence

Recall that in the analysis of symmetric RSCE, we assume that there are no chance moves.

Proof of Remark 5 (Only if) Let B; = ﬂ BE for each i € I; it can be checked that
keN

(B;)icr satisfies the required property.

461t can be checked that it does not matter which s; € é;l(éi) we pick.
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(If) We show by induction that if (B;);er € x;¢7r2%*M has the required property, then
B; C Bf for every ¢ € I and k € Ny. The claim is trivially true for £ = 0. Suppose it is
true for k € Ng. Fix i € I and (8;,7;) € B; arbitrarily. Then (3;,1;) € Bf (inductive
hypothesis), and there is p;(-|- ) e Afl (S_z) with §; € ri(pi(+]-), ¢;) such that eq. (10) holds.
By the inductive hypothesis, B_; C B ; hence

b (Fg%mi) N {5t (5, (i) € BE {2}
> pi (B3 0m0) 0 {55, Fy(5i,5-0))s € B-i} [{2)),
and (10) implies
pi (B3 i) 0 {0 (s Fy(Sins-0))j € BY, } {2}) =
Therefore, (8;,10;) € BFtt. |

Proof of Lemma 2. The statement is trivially true for & = 0. Suppose, by way of
induction, that

symSCEX(T, £,6) = {5+ (51, Fi(3)),es € B'}.
We first show that, for every fixed s in the above set and ¢ € I

F; ' (Fi(5)) N symSCE* (T, f,¢)s, = F5, ' (F;(3)) N {Sﬂ' : (85, Fj(8i5-4))jen\(iy € BE }
(18)
(Proof of C) By definition of section and the inductive hypothesis,

symSCEk(F,f, s, = {s_ (8i,8-4) € symSCEk(I‘ fs ¢)}
= {S—ii((5i7ﬂ(§ia5—z'))7(SjaFJ(Su i))jengi}) € }

{S—i D (85, F(8iy8-4))j2i € BZ}-

N

Hence
Fi (F(8) N symSCEM, £,0)s, € i M(F(8) 0 Lt (87, Fy (50 5-))yen € B}

(Proof of D) Let 3_; € Fg "(F;(5)) N {s—; : (s, Fj(5i,5— i))jengy € BX;}. Since §_; €
F:Y(Fi(5)) and (5, Fi(5)) € BF, then F(s,, _;) = Fy(5) and

(56, Fi(50:3-4)), (35, Fy(5i,3-)) jenay) € B"
Hence, _; € symSCE*(T, f,¢)s,. Thus

F U (Fi(s)n {S—z‘ (85, Fj(8i,5-4))jen (i € BF } C F; 1(Fi(s)) N symSCEX (T, £, ¢)s,.

5
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This completes the proof of (18). O

Now, let 5 € symSCE*Y(T, f,¢); then — by definition — 5 € symSCE*(T, f, ¢) and
the inductive hypothesis implies that ((5;, F;(5)));c; € B*. Let (pi(-|"))icr be as in the
definition of symSCE*1(T, f, ). Then, by eq. (18),

pi (ngl(Fz’(E)) n {Sﬂ' 2 (85, Fj(5is5-i)) jen iy € Bfi} | {®}> =1
for every i € I, and (5;, F;(5));c; € B¥. Similarly, let (5, Fi(8)),c; € B*™; then, by eq.

(18)?
pi (Fo (Fi(3) N symSCEM (T, £,0)s, {@}) =1

for every i € I, and 5 € symSCE*(T, f, ¢). ]

Our results about monotonicity of the RSCE correspondence rely on the following result
of monotonicity of the justifiability correspondence: Consider a decision problem under
uncertainty (A, S,4) where A and S are finite sets of actions and states, and 4 : Ax S — R

is a vN-M utility function. Fix a non-empty and compact set of distributions 3 C A (S‘)

Let ZC C RR denote the set of strictly increasing and continuous functions. For each
¢ € ZC and p € A(X) define the set of (u, ¢)-best replies:

#(n¢) = angmae | 6 (B, [ala, ) o (o).
Similarly, for each p € A (S*) we write
#(p,¢) = argmax y ¢ (i(a, s))p(s),

ses

which is the special case when p is supported by Dirac beliefs and p is the corresponding
predictive belief. If an action is a (p, ¢)-best reply we say that it is ¢-justified by u; we
say that it is ¢-justifiable if is ¢-justified by some p. Battigalli et al. (2016a) proved
that the ¢-justifiability correspondence is monotone with respect to concave and strictly
increasing transformations (see also Weinstein, 2016):

Lemma 10 For all ¢, 7 € IC, if 7 € IC is a concave transformation then

U #wred)2 | #i9).

HEA(S) REA(S)

Since § = {63 18 € S} CA (S’), letting N = {55 18 € S} in Lemma 10 we obtain the
following:
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Corollary 15 For all ¢,7 € IC, if T € IC is a concave transformation then

U rod)2 |J #(5.9)
peA(S) pen(S)

From now on, whenever we refer to games in which every player moves at most once
along every path, strategies will be omitted from the formulas of values because, in this
class of games, the value of an action at an information set depends only on the action
itself and not on the overall strategy of the agent.

Proof of Theorem 11. To prove the result, we will show that
Vk € N, symSCE*(T, f,$) C symSCE®(T, f, $).

Then the claim follows from Lemma 2. The statement is trivially true for £ = 0. Suppose,
by way of induction, that

symSCE*(T, f,¢) C symSCEX(T, £, $). (LH.)
Fix 5 € symSCE*L(T, f,$) and i € I arbitrarily. By definition of symSCFE**! and the in-

ductive hypothesis, there is ;(-|-) € Ai(S_;) such that &; is fully (p;(-]-), ¢;)-unimprovable
and

_ (LH.)
Supppi(‘| {2}) € (F& (Fi(3)) N symSCEX(T, £,6)s,) € (i (Fi(s)) N symSCEX(T, £, 0)s,)

We construct p;(-|-) € AHi(S_;) such that p;(-|h) = pi(-|h) for each h € Hy(p;(-| {@})) and
5; is fully (ps(+|), ¢;)-unimprovable. Since

Supppi(| {2}) = Supppi(| {2}) € (F5, (Fi(5) N symSCEM(T £, 6)s,)

and the construction holds for each 4, this implies that 5 € symSCE*(T, f, ¢).

(Construction of p;(+]-)) Since i moves at most once on every path, H;(s;) = Hj;
furthermore, the value of any action a; € A; (h) (h € H;) is independent of i’s strategy. To
construct p;(+|-), keep the same initial belief as p;: p;(:|{2@}) = pi(-| {@}). By symmetry
(pure equilibrium), no chance moves, confirmed beliefs and ex-post perfect recall, there is
a unique h € H;(pi(-|{9})) = Hi(pi(:| {@})) that i expects to reach with probability 1
under p;. Thus, let p;(-|h) = pi(-|{2}) = pi(:|h) for h € H;(p;(-| {@})) even if h # {@}. It
follows that for the unique h € H;(p;(-|{@})) and for every a; € A;(h),

L4
Vi(5inlh;pi, d;) -
L4 -
LD Vi(5inlh; pi, &;)
(uprv.) _
> Vi(ai|h; pi, ¢;)
(L5

)

Uz(g)
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where the equalities follow from h € H;(pi(-|{@})) = H;(pi(-|{@})) and (given the observ-
ability of payoffs) Lemma 4, the first inequality follows from (p;(-|[{@}), ¢;)-unimprovability
of 5; (uprv.) and the second one from Lemma 5. )

Now, consider any h € H;\H;(p;(-|{@})). Since §; is fully (p;(+|), ¢;)-unimprovable, we
have B B

5ip € arg e Vi(ailh; pi, ¢;) = arg e By, (h) [0 © Un,a,] -
By Corollary 15 there exists some p; ,, € A (S_;(h)) such that
sip € arg max By, (06,0 Un] = arg max By, (650 Una).

Let p;(-|h) = pin. By the one-move assumption, h has no strict predecessors or followers
in H;. Then, the array (p;(:|h)),cq, is a CPS. By construction §; is fully (p;(-|), #;)-

unimprovable. [J
We conclude that 5 € symSCE* (T, f, $). ]

Proof of Theorem 12. Throughout the proof, for each s = (s;)jer, let [s| = Xjer [sj]
and [s_;] = X,z [sj]. To prove the result, we will show that for every £ € N and 5 €
symSCE*(T, f, $), there exists s € symSCEF(T, f, ¢) with s € [5]. Then the claim follows
from Lemma 2. The statement is trivially true for £ = 0.

Suppose, by way of induction, that the statement is true for k. Let

5= (8i)ier € symSCEMNT, f,¢) C symSCE*(T, f, )

(the inclusion holds by definition). By the inductive hypothesis, for every i € I, there exists
some s* = (s})ic; € symSCEX(T, f, ¢) such that s* € [3]. Since 5 € symSCE* (T, f, ¢),
for every i € I there is some CPS p;(-|-) € AHi(S_;) such that 5; is fully (p;(-|), &;)-
unimprovable and

Supppi(| {2}) € (i (Fi(3) N symSCEX(L. £,6)s,)

It can be checked that, for any s = (s;,5_;) € symSCE*(T, f, ), if s; € [s!], then

7

(s¥,5_;) € symSCE*(T, f,¢) as well. Then, by the inductive hypothesis, for every s_; €
symSCE(T, f, ¢)s,, there exists s’ ; € symSCE*(T, f, ¢)s: such that s’ ; € [s—;]. More-
over, since strategic feedback depends only on the realization equivalence classes of strate-
gies, for each s_; € F§:1(FZ(§)) and s'; € [s_], we have s’ ; € F.'(Fi(s*)). So, we can
construct a belief pf € A(S_;) with Z

Suppp; © (Fi;'(Fi(s") N symSCEX(T, £,6).; )
such that for each 5_; € Suppp},

pi ([8-i]) = pi([5-] [{2}). (19)
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Since p;(-| {@}) is the predictive probability isomorphic to a belief over Dirac models, by
Corollary 14 player i’s preferences are dynamically consistent. Thus,*”

5; € arg max Z ¢ (Ui(si, 5—i)Pi(s—i| {2})).

SiE€S;

But then, by eq. (19), we also have

5 € argmaqubZ i(8i,5—i)p; (5-i))- (20)

8;€S5;

Consider the decision problem (A, S, 71) where A = S;, § = F;l(Fi(s*))ﬁsymSCEk(F, [y 8)sz,
and 1 is the restriction of ¢; o U; on A x 8. By eq. (20), 5, is ¢,-justified by pf € A (S‘)
By Corollary 15, there exists p; € A (5’) that ¢;-justifies 5;. Let p;(-|{@}) = pi. Then

pi(-1{2}) € A (F'(Fi(s) N symSCEMT, £,6),; )

and

3; € arg maxZ(;ﬁz i(8i,5-i)pi(s5—i| {D}))-

$;€S;

By dynamic consistency of player i’s preferences and standard arguments, this implies that
for every s; € [5], for every b’ € H;(p;(-|{2})) N H;(5;),

Sip € arg g‘ax Z¢ (Sijnr> i), s—i| R )pi(s—i|h'),
a;

where p;(s_;|h’) is derived by conditioning.

Next, fix h € H;(5;)\H;(pi(-| {@})) with b’ € H;(p;(:| {@})) for all k' < h. By dynamic
consistency, we can frame the continuation of the game as a (static) decision problem
(A,S’,ﬁ), with A = S;(h), S = S_; (h) and 4@ is the restriction of ¢; o U; on A x § =
Si(h) x S_; (h). By the same argument as above, since 3; is ¢,-justified by p;(:|h), Corollary
15 implies that §; is ¢;-justified by some p;(-|h) € A (S_; (h)). By dynamic consistency
of player i’s preferences and standard arguments, this implies that for every s; € [5;], for
every = Hl(pz(|h)) N Hz(gz) with h < h/,

Sin € arg glAax Z¢1 ZW,ai),s_i|h')pi(3_i\h’),

*TRecall that, for every p € A (S) and every strictly increasing function ¢,

arg max ¢~ (By [¢ (Uis,)]) = arg max E[¢ (Uis,)].

S,E€S; s;€S;
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where p;(s_;|h’) is derived from p;(s_;|h) by conditioning.

Repeating iteratively the operation at all information sets that are not reached with
positive probability under the probability measures already constructed, one can finally
construct a CPS p;(-|-) € Ai(X_;) such that p;(-|h) = p;(-|h) for each h € H;(5;) with
pi(S—i(h)|W) = 0 for all K’ < h. Since every s; € [3;] is (pi(-|-), ¢;)-unimprovable at every
h € H;(5;), there exists a fully (p;(+]-), ¢;)-unimprovable s; € [5;] = [sf]. Let s = (s;)icr-
By construction,

Pi(1{2}) € A (F (Fi(s7) N symSCE(T, f,0); )

By s; € [sf] and s € [s*], F2'(Fi(s*)) = F-'(Fi(s)). So, s € symSCEYT,f, ).

If £k >0, for all &, € S, (isf,sﬁi) € symSCENT, f,¢) if and only if (s;, s ;) €
symSCEYT, f,¢). So, symSCEl(F f,0)ss = symSCEY(T, f,$)s,. But then, p;(-| {@}) €
A (F; 1 (Fy(s)) N symSCENT, f,8)s,), and 0 5 € symSCE?(T, f, ¢). Inductively,

(| {e}) eA(F L(Fi(s)) N symSCE*(T, £, 6)s )

and so s € symSCEML(T, f,¢). [ |

10.5.3 Monotonicity of the RSCE correspondence

We first use Lemma 10 to prove a preliminary monotonicity result for the set of fully
unimprovable SCEs. Here we reintroduce chance moves.

Lemma 11 Fiz two games with observable payoffs where no player moves more than once,
(I, f,¢) and (T, f,¢), so that (T, f,$) features more ambiguity aversion than (T, f, ).
Then SCE\(T, f,¢) C SCE\(T, f, ¢).

Proof of Lemma 11. Let 0 € SCENT, f,¢). Fix i € I, s; €Suppd; and let fig (-|-) €
AHi(3_;) be such that s; is fully (i, (|), #;) —unimprovable and

A def. ~
Suppfiy, (1{2}) € Soilsin o) S {0 € Ti Bsi o) = Bisio-) -

We will construct p, (+|-) € AT () such that tis, (|h) = R, (|h) for each h € H;(f,, (-| {2})),
and s; is fully (ug,(+]-), ¢;)-unimprovable. Since
Suppji,, (-| {@}) = Suppp, (- {2}) € Si(si,5 ),

this implies that & € SCEX(T, £, ¢).
Recall that H;(s;) = H; because i moves at most once on every path. To construct
ts, (|-), keep the same prior belief: pg ([ {@}) = [, (-| {@}). For each h € H;(fig, (| {2})) =
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Hi(ps, (| {@})) define pg, (+|h) by conditioning. Hence, for each h € Hy(fi,, (1| {@})), ps, (-|h) =
fis,(-|h). Thus, for every a; € A;(h),

(L4)

‘/i(si,h|h; Hg;» ¢z) =

(14) .
=" Vi(sinlh; ps,, ;)
(uprv.) _

(L5)
> V;(a”t|h, s, ¢z)a

Ui(si, 5_i’h)

where the equalities follow from Lemma 4, the first inequality from full (fg, (-]-), ®;)-
unimprovability of s; (uprv.), and the second one from Lemma 5.

Now, consider any h € H;\H;(fis, (| {@})). Since s; is fully (g, (-|-), ¢;)-unimprovable
and fig (X_;(h)|h) = 1 by condition (1) of Definition 7, we have

Sip € arg maX/ &i(Ui((8ijn, i), 0—ilh) s, (do—i|h)
a;€A;(h) Jx_,

— arg max /E I D SRR )] PACISTNCS

a;€A;(h) 5 58 4(h)

where we abuse notation and write ¢ (a;, s—;), because i does not move before h, nor after
h, hence the terminal node reached depends only on s_; € S_; (h) and the action chosen
by i at h. Next, we consider the problem of choice under uncertainty (fl, 5’, @) where
A= A;(h), S = S_i(h), @ai,s_;) = ui(C (as,5_;)). Recall that we assumed observable
deviators, hence
S_i(h) = Xjer\iySj (h).

Under this assumption, each conditional measure o_; (-|h) is a product measure. Therefore,
the set of conditional measures given h is a subset of ¥_; (h). With this, consider the
following compact set of product distributions

Efi\h = {U—i €EX ;0 (S_Z (h)) = 1} cX, (h),

that will play the role of subset Y in Lemma 10. The following map associates each
o_; € ¥_; (h) with the corresponding updated distribution defined in eq. (1):

Shi: Z_i(h) — T 0
o_; — lg_i(h) () m

[15_,(n)) denotes the indicator function of set S_; (h)]. Note that ¥_; (h) is a (relatively)
open subset of the Polish space ¥_; and ¢, _; is continuous. Furthermore, the restriction
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Sh,—i|x_;, 18 the identity on ¥_;;,, because o_; (S—; (h)) = 1 implies

o_; (S,i)

o (s—ilh) = e (Samy (5-2)

for each s_;. Therefore ¢ _; is also onto and ¢;, _; is a measurable surjection that yields
the onto pushforward map

Sh—it AE=i(h) — A(E—qh)
M = RO,

Let ﬂsi|h = :asq; (’h’> © g}_L’lfi € A(E—ﬂh)v that is,
VE € B(Efi\h% ﬂth(E) = ﬂsi (glzl—z(E)’h)
For every a; € A;(h), we have:

/Zi(h)dh‘ Z o—i(s—ilh)vi (7 (¢ (ai, 5-2))) | B, (do—s|h) =

s_iES_i(h)
/ ol 0 olsalh)i(a s ) | e p(do s (1h)).
Yilh s_i€S_s(h)

Lemma 10, eq. (21), and the above equality imply that s; 5, is ¢;-justified by some belief
tijn € A(E_4), that is,

sip € arg max /E o; Z o—i(s—ilh)i(ai, s—;) | pyp(do—; (-|h)).
—ilh

ai€Ai(h) 5_€S_i(h)
—1 —1

Now go back to a belief on ¥_; (h): Since the pushforward map <j, —; is onto we can find
some belief p, (-|k) with p, (-|h) € ¢! (Mi\h) C A(X_; (h)) such that

S;in € arg max/ o; Z o_i(s—i|h)u(a;, s—;) usi(da_i('|h))
S_i(h)

i€A;(h
“ (R) s_;€S_;(h)

= arg max / ¢i(Ui(ai70—i|h))Ms-(da—i“l)-
a;€Ai(h) J_;(n) '

We can do this for every off-path information set h € H;\H;(fi4, (/| {@})) and ob-
tain an array (i, (-]h))hegv € Xpem,A(X-i(h)) (recall that pg, coincides with fig, on

H;i(fis,(-|{@})) that satisfies condition (1) of the definition of CPS by construction. Since
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every player moves at most once on every path, condition (2) trivially holds. Finally, by
construction, s; is fully (u;(+|), ¢;)-unimprovable. |

Comment: What matters in the previous proof is that the range ¢ —; (¥_; (h)) of
the continuous map <j, —; is a compact subset of A (S_;(h)) even though ¥_; (k) is not
closed. We used the assumption of observable deviators to prove this fact. There are
simple examples of games without observable deviators where ¢j, _; (¥_; (h)) is not compact
and therefore we cannot apply Lemma 10. However, we have not yet found examples of
games without observable deviators where players move at most once and monotonicity of
¢ — SCENT, f,¢) (hence, monotonicity of RSCE) does not hold.

Proof of Theorem 13. Lemma 11 shows that the result holds for £ = 1. Suppose by
way of induction that SCEX(T, f,¢) C SCEX(T, f,¢). Fix ¢ € SCE*(T, f,), i € I,
si € Suppa; arbitrarily and let fi, (-|-) € A7 (3_;) be a confirmed CPS that ¢;-justifies s;
(that is, s; is fully (fig, (+|-), ¢)-unimprovable) with

fis, (S-i(s1,0-) N_i(projs_ ({50} x SCEX(T, £,8)))|{@}) = 1

Since & € SCE*Y(T, f, ¢) C SCEX(T, f, ¢), the inductive hypothesis implies & € SCE*(T, f, ¢),
so there is i, (-]-) € AHi(X_;) such that s; is fully (i, (-|-), ¢;)-unimprovable. Let s, (-|-) €
AHi(3_;) be such that p, (-|h) = fi,,(-|h) for each h € H;(,,(-|{@})) and p,,(-|h) =
fis,(-|h) for each h € H;\H;(f,, (-] {@})). By same argument employed in the proof of
Lemma 11, g, (-|-) is a CPS and s; is (jug,(|-), ¢;)-unimprovable. Moreover, by construc-

tion and the inductive hypothesis,

te, (S-isi,0-4) Nw_i(projs_ ({0} x SCE(T, ,0))| {2})
> g, (S0, 5-4) N i(proje_ ({o0} x SCEX(T, £,6)))| {2})
= i, (B-ilsi,0-0) NY_i(projy_ ({0} x SCEM(, £,9)))| {@}) =
Therefore s; is ¢;-justified by a confirmed CPS that initially believes projy_.({Fo} X
SCEF(T, f,¢)). This holds for every i € I and Suppa;, thus, @ € SCEF(T, f, ¢). [ |
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